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Abstract—In this paper, we obtain some new subclasses of non-
singular H-matrices by using o diagonally dominant matrix.
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I. INTRODUCTION

LET A (a"ij)nxn € onxn, M(A)

my |

Then we call M (A) is the comparison matrix of A. Suppose
A is an n by n matrix over the field of real numbers. If A
can be expressed in the form A ol — B where B is a
nonnegative matrix and o > p (B) the spectral radius of B,
then A is called a nonsingular M-matrix. This class of matrices
has been much studied .

If M (A) is nonsingular M-matrix, then A is called a
nonsingular H-matrix. If

jaiil > > laijl, i
i
then we say A is strictly diagonally dominant. If there exist
positive number x1, o, - - - &, such that

T |all|>Z‘T] |a’ij|7 i L2,---.n
J#i

(my;), where

|(l”|,l 7

L 1,2,....n.
—lai;l,i / J,

1727”’7”7

then we say A is generalized strictly diagonally dominant!?!.

A matrix A be a nonsingular H-matrix is equivalent to that
A be a generalized strictly diagonally dominant matrix [3].

H-matrices have important applications, for instance, in
iterative methods of numerical analysis, in the analysis of
dynamical systems, in economics, and in mathematical pro-
gramming. But how to determine whether an n by n complex
matrix is a nonsingular H-matrix is not easy in practice. In
this paper, we will give some new subclasses of nonsingular
H-matrices.

II. MAIN RESULTS
We will use the following notations:
Ri() Ylagl, Si()
J#i
ie(n) {1,2,---,n},

> lagal,

iFi
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[T lai;| / 11 Ri(A)

S i€V

or [ layl / TTG(A) [~

S S%

1(A) {veS(A)

g {Z e<n >| |aij| > aR; (A)+(1 *O[)SZ' (A)},
¢ o<n>\ ¢,

Ba  {i€<n>|aR;(A)+(1—a)S;(A)>0}.

Definition [} Let A (a;;) € C™ ™. If there exists a €
0,1, |ay| > aR; + (1 —a)S;(i € N) holds, then we call A
is a diagonally dominant and denote A € Dy(«). If all the
inequations are strict, we denote A € D(«).

Lemma 14 Let A (a;;) € C"". If A € D(a), then A
is a nonsingular H-matrix.

Lemma 24 Let A (a;;) € C™™. If for a € 0,1,
lai;| > aR; + (1 — «)S; holds, and for ¢ which satisfies
lai;| aR;+(1—a)S; there exists a non-zero elements chain
iy s Qiyigs - -y Qipg / 0 such that j € J {J eN | |(L”| >
aR; 4+ (1 —«a)S;} / @, then A is a nonsingular H-matrix.

Theorem 1. Let A (ay), ., € C"*", forac 0,1, if

o 11—« . o
lagi| > - Z laij| x5 + o Z lajilyj, 1€ 7 (D)
b gt BT

lai| = - ( > laiglz; + X |ai.i|>
JENY JENgG,j#i

1—«

S ajilyi+ > el |, i€ §

JENY JENG j#i

€y

Ji

where 0 < z; < 1, 0 < y; < 1, i € (n). Then A is a
nonsingular H-matrix.
Proof: Let

Ty lai| — yioe Y- laijlzy — (L —a) 3 fagi| y;z;
iFi i

’ yice 3 lagjlzj + (1 — ) 3 |ajil yjzi
j#i j#i
ie ¢
From (1) we know that 0 < b; < 400. Let

%; las;| ; %; lajil y;

¢ b fi b )

LY al Y agl
JENg jENG
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when > Ja;| 0, > Jaj| 0, we denote ¢; oo, f;
jENg jENg
o0, according to the hypothesis of this paper, we have c¢; >
0, fz > 0.
We denote
° fie Sl 1}, 5 {ie Sy 1)

There must exits a small enough positive number &, such
that

L PO o S 1}

. 1—a;}, , 1—y;
ieNg\N;{ i} ieNg\N;;{ y,}}

We choose positive diagonal matrix

diag (dl, dg, st dn)
and
diag (e1,e2,- -, €n),
where
ZT; 1€ (11 Yi i€ (ll
d; X i€ g €; Yi 1€ g
xi+e 1€ g\ ¢ yite i€ g\
In the follows, we just need to prove that (bij)
is a strictly a diagonally dominant matrix.
For Vi € ¢, according to (3) we have
|aij|1’z'yi (14 ;) < > |aw| T;Yi
J#i
+(1—a) Z lajilyjzi | - &)
J#1

There will be four cases:

Case one: > lai;| > laj;| 0, according to(1)we
JENS JENY

have:

(I-a) Z lajily; - i

bii  Yilai| i > yiOéZ |aij| z; +

i#i i
a Y byl + (1 —a) > [bil
JENY JENY
aR; ( )+(1—a)Si( ).
Case two: > |ag] 0, > laji| / 0O, in this case,
jéNg jéNg
la;;| O forany j€ §. accordmg to (4) we have:
€<fi<:>€ Z |aji| <biZ|aji|yj
jeNg J#i

S (14+0) Y lajily; > > lagily; +¢ D lagil. (6

i i jENg

With (5), (6) and the hypothesis of the paper, we have:
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yic (1 +b;) Z |aij| 2
+(1-a)(1 +b ;laﬂyﬂi
VED

>
je ¢

j/i

> Yy |a”|.LJ

(1 =a) | D lajilyj+e Y lajl | 2

i jENg

>y laijlzj +2; (1 —a) x

2
je §

Jj/i

>
je ¢

j/i

lagilys + > lajily; + Y lagil (y; +¢)

JENg JENG\N2

aRi ( )+ (1-a)Si( ).

> laigl /0, > ajil
jENG jENG
proof of case two, we can obtain

[bisl > Ri ()2 Ci ()7

Case three: 0. As the same

Case four: > lai;| / 0, > |aj| / 0 according to (4)
jENgG jENg
we have:
eS¢ <=¢€ Z |aij|<biZ|aij|wj
jENg i
& (1+b)) agle; > Y lagle +e Y ail.
J#i J#i JENY

From the above inequation and the inequation (6), we have
a(l+b)y Z lai;] x;
(l—a)(1+b) i 2 lajil v

J#i

bii  Yilais| s

> ay; (Z laijlzj +e > |au|>

.162

t(l-a)z; (;Iaﬂlyﬁrf 2, |ajz‘|>
JF

jENg

>

JENS JNg

laglz;+ D

JENZ\Ne

> ay; (x5 +€) |aij]
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+z;(1—a) S laslyi+ Y. W +e) lagil

JENg je ¢
aRi( )+ (1-a)Si( ). 7/

For any ¢ € §, from the choice of € and the positive
diagonal matrices D and E, we know that 0 < d;,e; < 1, for

anéie 2- e o« =) [ Y gy + D agi
aseone:i € SN O jene T
; JE 2
J/i

|bii|  |au] > a laijl2; + |ag]
et 2 stra| Sl t X laslre+ Y fa

E 2 jENS JENS\Ng jeNg
+(1-a) Z |ajz'| Y; + Z |aJ’L| Yj +¢) Z |ajz|
JjeEN¢ j € NS\NS JENT
+(1-0a) Z|aji|yj+ Z |ail ' iri ! '
seNg je 3
j /i aRi( )+ (1 —a)Si( ).

Case three: i ¢  $,i € ‘; as the same proof of case two,
we can obtain

Case four: i ¢ ¢,i¢ ¢, from (2) we have

>« Z lasj| x5 + Z ;]

Je(n)\Ng je @

x

J/i (yi +¢) lai| (zi +¢)

+(1-a) Z laji|y; + Z |ajil > (yite)a Z|azg|%+ Z |aij

JE(n)\Ng JEN¢ o
] / Z ] / i
aR; ( )+(1—a)Si( ).
Case two:i € §,i¢ o, if a / 1, from (2) we have +(1—-a) Z laji|y; + Z laji| | (z; +¢)
JENY
by
(yi + ) |aiil J / i
Since
>yite)al| X lagle;+ > agl
jEN? 7 c %
(yite)a| X laglej+ >0 lagl [ >aRi( ),
J/i , (D jENe : o
1 J (S B
Jj/i
+(1-a) ,Za lagily; + >0 lajil
I8 i€ 3
J /i
A=) | Y lajily;+ D agl | (zi+e)
Hence jeNe ) N
1 _] (S b
bii|  (yi +¢) |a] J/i
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>(1—a)S; (),

we have
i (yi +¢€) lail| (z; +¢)
>Wite)a| X laglzj+ > ayl
JENY je g
Jj/t
+(1-a)| Y laj| | (wi +¢)

JENg

lajily; + Z
i€ 3
J/i

>aRi( )+ (1—a)Si( ).

We see that for any 7 € (n), we have |b;| > aR;( )+
(I —a)S;( ). According to Lemma 1, we know that matrix
B is a nonsingular H-matrix, so matrix A is a nonsingular
H-matrix.

Let A (ay),,, € C™™ 0 <z, y; <1, ic (n) satisfy
the equation (2), we denote

, « 11—«
Ko Qi€<n>|lay|> ;Z|au|mj +TZ|%|M

g b
Theorem 2 Let A (ay),,, € C"*", for a € 0,1, if
0<m <1, 0<y; <1, i€ (n) satisfy the inequations (2)
and

|ai;| = %ZWH%‘ + QZI%I% i€ ¥ ®
" Vi Gz

and K, / 0, for any iy € (< n > \K,), there exists
a nonzero elements chain a;,;, a;,i, - - - @i, ,i, / O such that
i, € K,, then A is a nonsingular H-matrix.

Proof: we structure two positive diagonal matrices: D
diag (z1,22,---,7,) and diag (y1,Y2,- -, yn), and
notes B (b;;) EAD. So for any i €< n >, we have

bii| > aR; (B) + (1 — a) S; (B).
Obviously, K, can be note

K, {ie<n>]||by|>aR;(B)+(1—-a)S;(B)},

for any i € K., we have b;,;,bi,4, - - bi, i, / O such that
i, € K4 . So according to Lemma 2, we know that matrix
B is a nonsingular H-matrix, so matrix A is a nonsingular
H-matrix.

From Theorem 2, we can get the following corollary.

Corollary Let A (aij),,,, € C"*" be irreducible, for
ae(0,1),if0<z <1, 0<y; <1, i€ (n) satisfy the
inequations (2) and (8), 7 / 0, where
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i |ai| z; / icw R, (A)

or  yilaiilzi / C; (A)} )
1€V i€V

~

i {veswl,

1€

Ri(4)  wi Z laijlx;, Ci(A)
i

then A is a nonsingular H-matrix.

zi Y lasily;,

J#i
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