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Abstract—In this paper, the generalized (2+1)-dimensional
Calogero-Bogoyavlenskii-Schiff (shortly CBS) equations are investi-
gated. We employ the Hirota's bilinear method to obtain the bilinear
form of CBS equations. Then by the idea of extended homoclinic
test approach (shortly EHTA), some exact soliton solutions including
breather type solutions are presented.
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. INTRODUCTION

HE generalized (2+1)-dimensional nonlinear evolution
equations is

D

where a and b are constant parameters. For different values
of these parameters we have special kinds of equation (1),
eg., for a = 4 and b = 2, we have the (2+1)-dimensional
Calogero-Bogoyavlenskii-Schiff (CBS) equation

Ugt + AUz Ugy + bumwuy + Uggry = 07

)

the (2+1)-dimensional breaking soliton equation for a = —4,
b= -2,

Ugt + 4uxuzy + 2uzmuy + Uggry = 07

©)

and the (2+1)-dimensional Bogoyavlenskii’s breaking soliton
equation for a = b = 4,

Ugt — 4uxuxy - 2umacuy + Ugzry = 07

(4)

In recent years, many kinds of powerful methods have been
proposed to find solutions of nonlinear partia differential
equations, numerically and/or analyticaly, e.g., the variationa
iteration method [1], [2], [3], the homotopy perturbation
method [4], [5], [6], [7], [8], parameter expansion method [9],
[10], [11], spectral collocation method [12], [13], [14], [15],
[16], homotopy analysis method [17], [18], [19], [20], [21],
[22], and the Exp-function method [23], [24], [25], [26], [27],
[28].

In this paper, we solve equation (1) by the EHTA and
obtain some exact and new solutions for (2), (3) and (4).
There are some studies on CBS equations. [29] obtained
some new traveling wave solutions for the (2+1)-dimensional
Calogero-Bogoyavlenskii-Schiff  equation. Wazwaz [30]

Uyt + dgUspy + UpaUy + Upgay = 0.
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considered the (2+1)-dimensional Calogero-Bogoyavlenskii-
Schiff equation. He employed the Cole-Hopf transformation
and the Hirota's bilinear method to derive multiple-soliton
solutions and multiple singular soliton solutions for the
equation. Also he derived the necessary conditions for
complete integrability of the equation. Also he [31] employed
the Hirota's bilinear method to the (2+1)-dimensiona
Calogero-Bogoyavlenskii-Schiff equation.

Il. DESCRIPTION OF EXTENDED HOMOCLINIC TEST
APPROACH

For a governing eguation like (1), we consider a genera
form of a higher dimensional nonlinear evolution equation

) =0, ©)

where u = wu(z,y,t) and F is a polynomia of u and its
derivatives. The basic idea of this method applies the Painleve
analysis to make a transformation as

u=T(f) (6)

for some new and unknown function f. Then we use this
transformation in a high dimensional nonlinear equation of the
general form. By substituting (6) in (5), the first one converts
into the Hirota's bilinear form, which it will solve by taking
a specia form for function f and assuming that the obtained
Hirota's bilinear form has solutions in EHTA, then we can
specify the unknown function f; cf. [32].

Fu, ut, Ug, Uy, Ugg, Uyy, - - -

I1l. NEW APPLICATION OF EHTA

In this paper, we investigate explicit formula of solutions of
the following generalized (2+1)-dimensional nonlinear evolu-
tion equations

Ugt + AUy Ugy + DUgplly + Uggzy = 0, @)
To solve eg. (8), we consider the following cases:
A. Casel: a=b
Suppose a = b, hence we have
Uzt + QUL Ugy + Uz Uy + Ugzey = 0. 8

To solve eg. (8) we introduce a new dependent variable w by

6
w= (), ©
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where f(z,y,t) is an unknown real function which will be
determined. Substituting eg. (9) into eg. (8), we obtain the
following Hirota's bilinear form

(D3Dy + D,Dy)f - f =0, (10
where the D-operator is defined by

D DED} f(2.y.1) - gl y.1) =

[f(zla3117751)9(3327927?52)]7
and the right hand side is computed in

Ty =T =0, 1 =Y2 =Y, t1 =tz =1.
Now we suppose the solution of eq. (10) as

f(z,y,t) = e 8 4§ cos (&2) + 62 bt (11

where

and a;, b;,c; and §; are some constants to be determined |ater.
Substituting eg. (11) into eg. (10), and equating all coefficients
of exp(&1), exp(—&1), sin (€2) and cos (€2) to zero, we get the
following set of algebraic equations for a;,b;,¢;,0;, (i = 1,2)

b2a23 +ciay + a13b1 — agCy — 3a12b2a2 — 3&22(11131 = 0,
a23b1 — 3a12b1a2 + 3b2a22a1 — C201 — C1Q9 — a1362 = O7

45121)2@23 — 61202a2 + 4cla152 + 16 013b152 = 0.
(13)
Solving the system of equations (13) with the aid of Maple,
yields the following cases:

case i:

2 2
by = 0,¢1 = 2a1bzay, 2 = by (—a1? + a2?),
5o — 512(a12+3a22)
2= 77 84z

(14)

for some arbitrary complex constants ai, as, b2 and d;.
Substitute eg. (14) into eq. (9) with eg. (11), we obtain the
solution as

f(z,y,t) = e ™5 + 6 cos (&) + d2e™!

and
_ =& : &1
a1e”% + 1 sin (§2) ag + d2a1€
pr— 1
u (1'7 Y, t) 6 a (e_& n (51 cos (52) n 52851) ( 5)
for
&1 = a1x + 2 a1baast,
€o = agx + boy + (—a1?ba + bpag®) t
and 0l ,
1) 3
5y = S+ 302 (16)

8&12
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If 59 > 0, then we obtain the exact breather cross-kink solution

2a1+/03 sinh(&; — 0) + 61 sin (&2) as
a (2163 cosh(& — 6) + 67 cos (&2))

u(x,y,t) =6

for 1
0= 3 In(ds).

If 55 < 0, then we obtain the exact breather cross-kink solution
2 a1/ —d3 cosh(& — 0) + 01 8in (£2) as

) 7t = 6 .
u(@yt) a (2+/—=02sinh(& — 0) + 61 cos (&2))
for 1
0= 5 ln(—dg)
case ii:
a9 = O,bl = O,Cl = O, Coy = —a12b2 (17)

for some arbitrary complex constants a1, b2, 91, d2. Substitute
eg. (17) into eg. (9) with eq. (11), we obtain the solution as
follows

f (l‘, Y, t) = e_fl + 61 COs (52) + 62651

and
—a1e”8 + fyaieft

e~ + &y cos (€) + daeb1)

u(w,y,t)zﬁa( (18)

for
o = boy — a1 2bat
If 55 > 0, then we obtain the exact breather cross-kink solution

—2a14/02 sinh(&; — 0)
a (24/8; cosh(&; — 0) + 6 cos (€))

61 = a1r )

u(z,y,t) =6

for 1
0= 5 111((52)

If 52 < 0, then we obtain the exact breather cross-kink solution

—2a1+/—05 cosh(& — 0)

w(@,y,6) =6 (2+/=5; sinh(& — 0) + 6y cos (€))

for 1
0= 5 111(762)

case iii:

(19)

for some arbitrary complex constants as, b1, ba, c2, 61. Substi-
tute eg. (19) into eg. (9) with eg. (11), we obtain the solution
as follows

. . . 2
a] = 1a9,C1 = 4za22b2 — 1Co +4a22b1,52 = %

f(z,y,t) = e 5 + 51 cos (&) + de!

and
i =& _ §; si 1) &1
(o) = 6 iase 18in (&2) ag + id2aqe @)
(e=&1 4 41 cos (&2) + 62681 ) a
88 1SN1:0000000091950263
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for
& =idasr + by + (4 ia22b2 —ico + 4a22b1) t,
§2 = a2x + bay + cat,

and 52

We make the dependent variable transformation in equation
(20) as follows

as = iA27
by — i By, 22)
ey =10,

where A5, By and C, are real. We obtain new form for

equation (20) as

AQG_G — 01 sinh (f;) Ay — 5214265;
a (e_éf + 61 cosh (&) + 52e§f)

u(x,y,t) =6 (23

for

ff = 7A2$ -+ bly + (4 A2232 + CQ - 4A22b1) t

f; = —Agl‘ + Bgy + Cgt
If 55 > 0 then we obtain the exact breather cross-kink solution

6 Az (2 v sinh(&f — §) — 4y sinh (&3))

2) 7t = -
u(@y,1) a  2/05cosh(& — B) + 61 cosh (€3)
for
1 5,
ﬂ = 5 ln(ég) 5 52 = %

If 55 < 0 then we obtain the exact breather cross-kink solution

_6 Az (2+/=03 cosh(&f — ) — 01 sinh (£3))

t
u(z,y,t) 2/=3y sinh(¢F — ) + 6; cosh (&)
for
1 N
0 = 3 In(—d2) , 2= %'
B. Case 2 a#b
For a # b, we have

a+b a+b
Ugt + 2 uwumy + 2 umzuy +uwxm/+

(24)
%uruzy + Z’_T“umuy =0.
To solve eg. (24), we introduce a new dependent variable w
by

2
) (25)

where f(z,y,t) is an unknown real function which will be
determined. Substituting eq. (25) into eq. (24), we obtain the
following Hirota's bilinear form

(D3D, + D,Dy)f - f+

w =

(26)
Lgb) f? 8;1(Dm(lnf)m “(In f)ay) = 0.
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We suppose that
95 (Do (I f)ag - (In f)ay) = 0, (27)
then eg. (26) reduces to
(DeDy+ DyD3)f - f = 0. (28)
Now we suppose the solution of eq. (28) as
f(x,y,t) =e ™5 4+ 6; cos (&) + 6o e (29)
where
LG =ax+bytet, i=1,2 (30)

and a;, b;,c; and §; are some constants to be determined later.
Substituting eg. (29) into eg. (28) and eg. (27), and equating
all coefficients of exp(&1), exp(—&1), sin(§2) and cos (&2)
to zero, we get the following set of algebraic equations for
ai,bi,ci,6i7 (Z = 1, 2)

boas® + cra; + a13b1 — asca — 3a1%baas — 3ax?a1by =0,
a23b1 — 3aibras + 3bsas?a; — cpaq — crag — a1°by =0,
461%byas® — 612¢coas + 4c1a102 + 16 a13b169 = 0,
—4as?brar® +4biai3as + 4biaras® —4datby =0,

—a23b2a1 + b1a12a22 + a24b1 — a2b2a13 =0,
(31)
Solving the system of equations (31) with the aid of Maple,
we obtain the following cases:

case i:

b2a1 (*3 (122+a] 2)

as ?

by =24 ¢ = —
) (32)
_ 51201?2

4a,2
for some arbitrary complex constants ai, as, b; and 6.
Substitute eg. (32) into eg. (25) with eq. (29), we obtain the

solution as

f(zy,t) = e &1 + 4 cos (&) + Jyeft

Coy = b2a22 — 3a12b2,52 =

and
_ =& o 31
aje”5t 4 0y sin (&2) az + d2aq€
u(x,y,t) =12 33
(x,9,1) (@ +0) (65 + 01 cos (€2) F 6pe8) O
for .
é.l =z + baaiy _ b2a1(73 as“+ay )t7
& = azx + bay + (boas® — 3ay1?by) ¢t
and 52,2
Gy = — 122 34
2 1.2 (34

If 55 > 0, then we obtain the exact breather cross-kink solution

—2a1+/d2 sinh(& — 6) + 81 sin (&) az
(a + b)(2 /85 cosh(&; — 0) + 51 cos(&2))

u(z,y,t) =12

89 1SN1:0000000091950263
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for )
0= 3 In(ds).

If 6o < 0, then we obtain the exact breather cross-kink solution
—2a1y/—02 cosh(& — 0) + d1 sin (&2) aqs

u(z,y,t) =12 (a +b)(2 V=03 sinh(&; — ) + 6, cos(é2))
for 1
0= B In(—d2).
case ii:

(35)

a1 = iaz, 1 = 4as?by, 2 = 4bsas?,

for some arbitrary complex constants as, by, b, 41, 2. Substi-
tute eg. (35) into eg. (25) with eg. (29), we obtain the solution
as follows

f(z,y,t) = e + 6 cos (£&2) + d2e

and
—iage™% — &y sin (&) ag + idaazest
7 iage 181 (§2) a2 22
u(z,y,t) =12 (a+b) (e=€1 + 6y cos (&) + doebt) (39
for

51 = ia2x+b1y+4a22b1t, 52 = a2x+b2y+4b2a22t.

We make the dependent variable transformation in equation
(36) as

g = —1 A27 (37)

where A, is rea. We obtain new form for equation (36) as
follows
Ay (—e 81 + 46y sin (&) + de81)

£) =12
u(z,y,t) (a+b) (=€ 401 cos (&) + 62051 )

(38)

for
ff = Agx + bly — 4A22b1t

5; = —iA2$ + bgy — 4b2A22t.
If 55 > 0, then we obtain the exact breather cross-kink solution

Ay (—2V/65 sinh(&] — 0) + 6y sin (£3))
(a+b) (205 cosh(&f — 6) + 61 cos (£3))

(0]
.

If 6o < 0, then we obtain the exact breather cross-kink solution

19 Ay (—2\/—752C08h(€ik —0) +id; sin (g;))
(a+b) (2v/=02sinh(&f — 0) + 6 cos (£3))

w(z,y,t) =

for L
0= 5 111(762)
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case iii:

a1 =iag, by = iby, ¢c1 =i (8boas? — ¢2), 05 = % (39

for some arbitrary complex constants as, b1, b, ¢2, 1. Substi-
tute eq. (39) into eg. (25) with eg. (29), we obtain the solution
as

f(zy,t) = e &1 + 4 cos (&) + Jpeft
and

as (z‘e’£1 + 01 8in (&) — z‘ége&)

t)=—-12 40
v 1) (a4 b) (e=8t 4 6y cos (§2) + daest)’ (40)
for
61 =1 (QQI + bgy +8 b2a22t - Cgt) 9
§2 = azx + boy + cat,
and
(5 2
by = %. (41)

We make the dependent variable transformation in equation
(40) as follows

az = iAo,
by =1 B>, (42
C2 = iCZa

where A,, By and Cy are real. We obtain new form for
equation (40) as

Ay (c_G + 01 sinh (&5) — (SQCG)
(a+0b) (e781 + &1 cosh (&) + bae51)

w(z,y,t) =12 (43)

for
£ = —Agx — Byy + 8 BoAy?t + Oyt

6; = AQiE + Bgy + Cgt.
If 65 > 0 then we obtain the exact breather cross-kink solution

12 Ay (28 sinh(¢f — B) — 8 sinh (¢3))

t) =
u(@,y.1) a+b  2+/5;cosh(& — 3) + 61 cosh (&)
for
1 5,2
ﬂ == 5 1H(52) 5 52 = %

If 65 < 0 then we obtain the exact breather cross-kink solution

12 As (2v/=68 cosh(&f — 3) — 01 sinh (£3))

b 7t = .
w@yt) = o s, sinh(€7 — ) + 0, cosh (€5)
for
1 612
0=5In(=d) , b= %.
90 1SNI1:0000000091950263
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IV. EXACT SOLUTION OF THE (2+1)-DIMENSIONAL
CALOGERO-BOGOYAVLENSKII-SCHIFF (CBS) EQUATION

In this section, we investigate explicit formula of solutions
of the following (2+1)-dimensional Calogero-Bogoyavlenskii-
Schiff equation

Ugt + AUy Ugy + 2Upply + Uggey = 0, (44)

using section IV, we have the following exact solutions:
Exact solution I:

If 6o > 0, then we obtain the exact breather cross-kink
solution
—2a1+/d2 sinh (& — 0) + 81 sin (£2) ag

u(z,y,t) =2 (2 /83 cosh(&; — 0) + 61 cos(€2))

for )
0= 5 ln(52)

If 55 < 0, then we obtain the exact breather cross-kink solution
—2a1y/—02 cosh(& — 0) + d1 sin (&2) as

u(z,y,t) =2 (2 /=8, sinh(&; — 0) + 61 cos(&2))
for
0= 1 In(—d2)
2
where

2 2
_ baaiy b2u1(—3(12 +a1 )t
& =ar+ =252 — o )

52 = aox + bzy + (b2a22 — 3@12b2) t

and )
01 &22
4 a12 '

5y = (45)

Exact solution |1I:

If 6o > 0, then we obtain the exact breather cross-kink
solution
As (=2v/8 sinh(&] — 0) + iy sin (€3))
u(z,y,t) =2
(2 V/82 cosh(&f — 6) + 61 cos (£3))
for

1
0= 5 111(52)

If 65 < 0, then we obtain the exact breather cross-kink solution

As (=2V/=0, cosh(&} — 0) +idy sin (&3))

t) =2
u(z,y,t) (2/—=02sinh(& — 6) + 01 cos (£3))
for 1
9 = 5 111(—62)
where

& =ayz+ 24y by (8 0o o)

az az ’

& = aow + byy + (b2ax? — 3a1%by) t
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and )
g 022
4 CL12 '

5 = (46)

Exact solution I11:

If o > 0 then we obtain the exact breather cross-kink
solution
Ap (20, sinh(&f — §) — 01 sinh (&)
u(z,y,t) =2

2 /62 cosh(& — ) + &1 cosh (&3)
for

1 612

B=g5 (@) , &= %.

If 62 < 0 then we obtain the exact breather cross-kink solution

Az (2/=85 cosh(&} — ) — 61 sinh (&3))

t) =2
u(z,y,1) 2\/—0y sinh (¢} — 3) + 6, cosh (£3)
for
1 &
0= 5 hl(—(SQ) CES %
and

& = —Ayx — Boy + 8B2A22t + Cst
f; = AQI + Bzy + Cgf.

V. EXACT SOLUTION OF THE (2+1)-DIMENSIONAL
BREAKING SOLITON EQUATION

In this section, we investigate explicit formula of solutions

of the following (2+1)-dimensional Breaking soliton equation
(47)

Ugt — dUgUgy — 2UggUy + Ugzay = 0,

using section IV, we have the following exact solutions:
Exact solution I:

If 0o > 0, then we obtain the exact breather cross-kink

solution

—2 al\/gsinh(fl — 0) + 61 sin (52) a9
(2V/d cosh(&; — 0) + 01 cos(&2))

u(i,y,t) = -2

for 1
0 = 3 In(ds).

If 55 < 0, then we obtain the exact breather cross-kink solution
—2a1y/—02 cosh(& — 0) + d1 sin (&2) aq

W@y ) = (e —0) T 01 cos(6a)
for
0= L n(—5,)
2
where

baay (—3 a22+a12)t
as ’

_ beary
& =aw+ =5

§2 = aox + bgy + (b2a22 — 3a12b2) t

and s s
(51 a9
0y = — . 48
2= ~us (48)
91 1SN1:0000000091950263
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Exact solution I1I:

If 52 > 0, then we obtain the exact breather cross-kink
solution

Ay (—2v/5; sinh(&; — 6) + i6; sin (€3))

u(@,y,t) = 2 (2 /85 cosh(&F — ) + 61 cos (£3))

for

1
0= 5 ln(ég)

If 65 < 0, then we obtain the exact breather cross-kink solution

Ay (—2\/—62 cosh(&f — 0) + 91 sin (fik))

t) = -2
u(z,y,t) (2 /=02 sinh(&} — 6) + 61 cos (5’2*))
for
0= ! In(—4.
=3 n(—oz)
where

baaq (73a22+a12)t
as ?

&SH=ax+ bf;y -
52 = asx + b2y + (b2a22 - 3a12b2) t
and

2
01 a22
4&12

dg =

(49)

Exact solution |11:

If 6o > 0 then we obtain the exact breather cross-kink
solution
Ay (282 sinh(£f — ) — 41 sinh (£3))
u(z,y,t) =—2

2 /62 cosh(& — ) + &1 cosh (&)
for

1 6,2

B=5Mn() . &= %.

If 55 < 0 then we obtain the exact breather cross-kink solution

o A2 (2v/=0> coshi(§] — B) — &1 sinh (&)

u(x,y,t) = — 2 /=82 sinh (&5 — 3) + 81 cosh (£3)
for
0=In(-d2) , b= %
and

£ = — Aoz — Boy + 8 ByAy?t + Cot

f; = AQ.T + Bgy + Cgt.
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V1. EXACT SOLUTION OF THE (2+1)-DIMENSIONAL
BOGOYAVLENSKII'S BREAKING SOLITON EQUATION

In this section, we investigate explicit formula of solutions
of the following (2+1)-dimensional Bogoyavlenskii’s breaking
soliton equation
(50)

Ugt + AUgUgy + dUzaUy + Uzgay = 0,

using section IV, we have the following exact solutions:
Exact solution I:

If 6o > 0, then we obtain the exact breather cross-kink
solution
3 2a1y/d;sinh(&; — 0) + 81 sin (&2) as

u(z,y.t) =5 (2/55 cosh(&; — 0) + 61 cos (€))

for 1
0= 5 111(52)

If 6> < 0, then we obtain the exact breather cross-kink solution
3 2a1y/—ds cosh(&; — 0) + 61 sin (&3) ag

U(«T7y7t) = 5 (2 \/T(SQSinh(fl *9) + 01 cos (52))
for 1
0 = 3 In(—d2)
where

&1 = a1z+2 arbeast, o = agw+bay+(—a1’ba + bra®) t

and
612 (CL12 + 3 a22)
8@12

5= - (1)

Exact solution 11:

If 6o > 0, then we obtain the exact breather cross-kink
solution

( . 3 —2a1y/82 sinh(&; — 6)
ulz,y,t) =5 (2162 cosh(& — 6) + 67 cos (€))
for
0= % In(d2).

If 55 < 0, then we obtain the exact breather cross-kink solution

3 —2a1v/—02 cosh(& — 0)

) at =3 .
u(@,y,t) 2 (2/=0;sinh(&; — ) + 6y cos (€))
for
6= L n(—5,)
=3 )
and
& = arz, & = boy — a1bat.
92 1SN1:0000000091950263
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Exact solution I11:

If 6o > 0 then we obtain the exact breather cross-kink
solution
wayt) = 32 (2 V&2 sinh(&f — ) — & sinh (£3))
e 2 2./0ycosh(&F — B) + 01 cosh (€5)
for
1 6,2
B=5 ), 6= %

If 55 < 0 then we obtain the exact breather cross-kink solution

- §A2 (2+/—=02 cosh(& — B) — 01 sinh (£3))

1 JY,t) = ;
u (@) 2 24/—dysinh(&F — B) + &y cosh (£3)
for
1 &
6= In(-8), G=",
and

g’f = —Asx + bly + (4 A22BQ + Oy — 4A22b1) t
&5 = —Asx + Boy + Cat.

VIlI. CONCLUSIONS

In this paper, using the EHTA we obtained some explicit
formulas of solutions for the generalized (2+1)-dimensional
Calogero-Bogoyavlenskii-Schiff equation in some specia
cases of its parameters. EHTA with the aid of a symbolic
computation like Maple or Mathematica is an easy and
straightforward method which can be apply to other nonlinear
partial differential equations. It must be noted that, all obtained
solutions have checked in the (2+1)-dimensional Calogero-
Bogoyavlenskii-Schiff equations. All solutions satisfy in the
equations.
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