
 

 

 
Abstract—In this paper, thick walled Cylindrical tanks or tubes 

made of functionally graded material under internal pressure and 
temperature gradient are studied. Material parameters have been 
considered as power functions. They play important role in the 
elastoplastic behavior of these materials. To clarify their role, 
different materials with different parameters have been used under 
temperature gradient. Finally, their effect and loading effect have 
been determined in first yield point. Also, the important role of 
temperature gradient was also shown. At the end the study has been 
results obtained from changes in the elastic modulus and yield stress. 
Also special attention is also given to the effects of this internal 
pressure and temperature gradient in the creation of tensile and 
compressive stresses. 
 

Keywords—FGM, Cylindrical pressure tubes, Small deformation 
theory, Yield onset, Thermal loading. 

I. INTRODUCTION 

UNCTIONALLY GRADED MATERIALS (FGM) are 
heterogeneous materials in which the elastoplastic and 

thermal properties change from one surface to the other, 
gradually and continuously. The material is constructed by 
smoothly changing the volume fraction of its constituent 
materials. Since ceramic has good heat-resistance and metal 
has high strength, Ceramic–Metal FGM may work at super 
high-temperatures or under high-temperature gradient field.  

Classical method of analysis is to combine the equilibrium 
and compatibility equations with the stress–strain relations to 
arrive at the governing equations in terms of the stress 
components. 

Elastic and elastic-plastic analyses of thick-walled 
cylindrical pressure vessels subjected to internal pressure and 
temperature gradient are important in solid mechanics and 
engineering applications. 

Obata and Noda [1] presented the steady thermal stresses in 
a hollow circular cylinder and a hollow sphere made of a 
functionally gradient material, in order to understand the effect 
of the composition on stresses and to design the optimum 
FGM hollow circular cylinder and hollow sphere. Tutuncu and 
Ozturk [2] presented the closed-form solutions for stresses and 
displacements in functionally graded cylindrical and spherical 
vessels subjected to internal pressure alone, using the 
infinitesimal theory of elasticity. Eraslan et al [3] presented 
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Plane strain analytical solutions to functionally graded elastic 
and elastic–plastic pressurized tube problems were obtained in 
the framework of small deformation theory. The modulus of 
elasticity and the uniaxial yield limit of the tube material were 
assumed to vary radially according to two parametric 
parabolic forms. 

It was used the Airy stress function to derive exact solutions 
for plane strain deformations of a functionally graded (FG) 
hollow cylinder with the inner and the outer surfaces subjected 
to different boundary conditions, and the cylinder composed 
of an isotropic and incompressible linear elastic material. For 
the shear modulus given by either a power law or an 
exponential function of the radius r, it was derived explicit 
expression for stresses, the hydrostatic pressure an 
displacements [4]. In investigation [5], the effect of material 
nonhomogeneity on the mechanical behaviors of a thick-
walled sandwich cylindrical structure embedded with a 
functionally graded interlayer is investigated. The inner of the 
sandwich cylindrical structure is a homogeneous and isotropic 
layer. The outer is a homogeneous and orthotropic layer and 
the middle is a transition layer. Sadeghi et al [6] studied Strain 
gradient elasticity formulation for analysis of FG micro-
cylinders. The material properties are assumed to obey a 
power law in radial direction. A power series solution for 
stresses and displacements in FG micro-cylinders subjected to 
internal and external pressures is obtained. Numerical 
examples are presented to study the effect of the characteristic 
length parameter and FG power index on the displacement 
field and stress distribution in FG cylinders. Also, several 
thermal stress problems in a hollow cylinder were analytically 
solved [7]-[10]. 

It is found that, unlike the deformation behavior of 
homogeneous cylindrical pressure tubes, the plastic 
deformation may commence at the inner surface or at the outer 
surface or simultaneously at both surfaces. Heat conductivity 
of FGM has a great effect on the temperature distribution. As 
a result, the thermal loads and material parameters affect on 
the deformations and stresses in the tubes. 

II. HEAT CONDUCTION SOLUTION 

Consider a thick cylindrical tube of inside radius a and 
outside radius b made of FGM. The geometry of the cylinder 
in relation with the coordinate axes is shown in Fig. 1. It is 
assume that the mechanical and thermal loads and their 
associated boundary conditions are such that the stress field is 
a function of variables r, θ and z. 
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Fig. 1 Cylindrical (r, θ, z) and Cartesian (x,y,z) coordinates 
 

It is well-known that the modulus of elasticity E and the 

yield limit y  are the most important material properties in 

determining the strength of structural elements during 
operation. Also, the thermal conduction coefficient k and the 
coefficient of thermal expansion  are the most important 
material properties in heat conduction during operation. For 
this reason, in this work, these material properties are assumed 
to vary in the radial direction according to the relations 
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where 0 0 0, ,k E and 0  are the reference values of , ,k E
and y  in other order, and r the radial coordinate, and 

, ,   and are the grading parameters. By considering the 

variation of ( ), ( ), ( )k r r E r and ( )y r , an elastic and a 

plastic region is formulated in the framework of small 
deformation theory. 

The first law of thermodynamics for energy equation in the 
steady-state condition for the functionally graded cylinder is 
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0
T

kr
r r r
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where T(r) is temperature distribution. The thermal boundary 
conditions are assumed as 
 

   ,a bT a T T b T   (4)

 
Using the definition for the material properties, the 

temperature equation becomes 
 

1 2T c r c   (5)
 
Using the boundary conditions (4) to determine the 

constants 1c and 2c  
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III. ELASTIC SOLUTION 

Small deformations are assumed in the long cylindrical 

symmetric case without support ( 0z  , 0z  ). Using the 

formal notation for the stresses and strains [1] 
 

e p T
r r r       (8)

e p T
         (9)

 
where strain in relations 8 and 9 can be written by Hooke's law 
as follows. 
 

 1e
r rE      (10)

 1e
rE      (11)

T T   (12)
 

Here i the total strain components, 
e the elastic strain 

components,
p the plastic strain components, ν the Poisson’s 

ratio, and i are the stress components in radial and 

circumferential directions. For elastic stress state 0p
i  . 

Using the equilibrium and compatibility equations 
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the stresses then reduces to 
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where 1 , 2 , 1l  to 4l  and 1e  to 4e  are given in Appendix 

and 3c and 4c are the arbitrary integration constants. 

IV. NUMERICAL RESULTS AND DISCUSSION 

The analytical solution obtained for spherical vessel in the 
same way is validated with the results of the published paper 
in [11]. 
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A thick FGM Cylinder with inside and outside radii a=0.06 
and b=0.1mis considered. The material properties shown in 
Table I are assumed. The results of behavior of this tube under 
different boundary condition with different material 
parameters are shown in Table II. 

 
TABLE I 

MATERIAL PROPERTIES (OUTER SURFACE IS ASSUMED PURE STEEL) 

 0E GPa  200  

 0
1

C 
 11.7  

 0 MPa  415  

ν 0.3 

 

In Table II, positive sign means tensile stresses and negative 
sign means compressive stresses. The striped surface shows 
progress of the plastic zone in the section. 

As seen in Table II, material parameters have much 
influence of the behavior of FGM in Cylindrical structures. 
The temperature gradient has the opposite effect in creating 
stresses towards inner pressure loading. 

As seen in Fig. 3, internal pressure causes tensile stresses. 
Compressive stress is created by adding the thermal loading. 
This causes the yield point to be reached at a later stage of the 
thermal loading.  

The second and third rows in Table II demonstrate the 
important role of the parameter related to the modulus of 
elasticity. The fourth and fifth rows in Table II also 
demonstrate the role of the parameter related to the coefficient 
of expansion in changing the plastic region. 

 
TABLE II 

RESULTS FOR THE BEHAVIOR OF THE CYLINDRICAL TUBE 
N γ ξ μ η  yp MPa (°C)yT

T=0°C 
(

0yP
) 

T=0.5
0yT  

°C 

P=0 MPa 
(

0yT ) 
P=0.5

0yP  
MPa 

P=
0yP
 

MPa 
1 3 -1.1 2 2 39.6 59.4 352 528 704 

 
2 -2.1 1.1 -1.4 3 34.9 

 

52.5 

 

83 124 165 

 
349 

 
70.5r mm  

327 

 
68.5r mm  

305 

 
66.5r mm  

3 -2.1 -1.5 -1.4 3 22.2 

 

11.1 

 

31 15.5 0 

 
324 

 
1 69.0r mm  

2 83.5r mm  

3 84.5r mm  

343 

 
1 69.5r mm  
2 84.0r mm  
3 85.5r mm  

361 

 
1 70.0r mm  

2 84.5r mm  
3 86.0r mm  

4 -3 0.5 -0.5 -0.5 187.3 

 

161.1 

 

92 66 39 

 
147 

 
93.0r mm  

220 

 
85.5r mm  

293 

 
81.0r mm  

5 -3 0.5 -0.5 0.5 112.4 

 

168.5 

 
Both of 
Surface 
together 

88 76 60 

 
92 

 
60.5r mm  

132 

 
90.5r mm  

176 

 
84.5r mm  
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