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Abstract—This paper considers the bent and hyper-bent properties
of a class of Boolean functions. For one case, we present a detailed
description for them to be hyper-bent functions, and give a necessary
condition for them to be bent functions for another case.
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[. INTRODUCTION

ENT function is a class of Boolean functions with even

variables and with the maximal distance to all affine
functions. In fact, the distance of an n-variable bent function
to any affine function equals 2”~' —2% ~!, Bent function was
introduction by Rothaus [9] in 1976, later in 2001 Youssef et
al [10] found a subclass of bent functions with even better
cryptographic properties, which was named as hyper-bent
functions. Thanks to their applications in cryptography, coding
theory and combinatorial design, many interests have been put
in bent and hyper-bent functions recently[2], [3], [4], [6], [7],
(8].

In this paper, we consider a class of Boolean functions

defined on Fa» of the form:
2 - 1 )7 (1)
where n = 2m, m = 2k (mod 4), k € {0,1}, a € Faon
and b € Fi5. When m = 2 (mod 4), with the help of the
factorization of 2°4+2+4a~"! and Kloosterman sums, this paper
characterizes the cases for f (Yb) to be hyper-bent. Further more
,fora e FQ% , we list all the hyper-bent functions of the form

f(Tb (z) := Te(az" " V) + Trd(ba

a,

of fyb) . When m =0 (mod 4), we give a necessary condition
for fgg to be bent.

The rest of paper is organized as follows. In Section II,
we give some notations and recall some basic knowledge
for this paper. Then we describe the hyper-bent properties of

fgg when m = 2 (mod 4) and study the bent properties of

fgg when m = 0 (mod 4) in Section III and Section IV
respectively. Finally, we conclude our work in Section V.

II. PRELIMINARIES

The sign function of Boolean function f is x(f) := (—1)/.
Definition 1: A Boolean function f : Fon — o is called
a bent function, if Yp(w) = Y, cp,, (—1)7@+ITws) —
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+2% (Vw € Fan), where Tr} is the absolute trace function
defined as Tr7 () ==z + 22 + 2% +--- 22" .
Hyper-bent function is an important subclass of bent functions
defined as

Definition 2: A bent function f : Fon — Fo is called a
hyper-bent function, if, for any ¢ satisfying (7,2" — 1) = 1,
f(x%) is also a bent function.

Charpin and Gong [4] gave the following property to
determine a hyper-bent function.

Proposition 1: Let n = 2m, « be a primitive element
of Fon and f be a Boolean function over Fan satisfying
F(e® ' z) = f(z) (Vo € Fan) and f(0) = 0. Let £ be
a primitive 2™ 4 1-th root in F3,.. Then f is a hyper-bent
function if and only if the cardinality of the set {i|f(¢)) =
1,0 <i<2m}is 2m— L

Kloosterman sum is a powerful tool to study the hyper-bent
properties of some classes of boolean functions.

Kloosterman sums on [Fy» are defined as

1
K,.(a) = x(Tri"(az + =)), a € Fam.
@:= 30 ATt )

Some properties of Kloosterman sums are given by the
following proposition.

Proposition 2: ([5],Theorem 3.4]) Let a € [Fam. Then
Kp(a) € [1—2m+2)/2 1 4 2(m+2)/2] and 4 | K,,(a).
Quintic Weil sums on Fyn are

Qm(a) == > x(Tr{"(a(z® +2° +2))), @€ Fam.
zE€Fym

And the value of @Q,,(a) is related to the factorization of the
polynomial P(x) = 2% 4+ 2 +a~ ' [1].

When a € Fin,, m = 2my, Kp(a) and Q,,(a) have the
following properties

Proposition 3: (Lemma 3 [1]) If a € F5.ny, m = 2my,

) 1-Ky(a)=(1—- Ky, (a)?—2-2m,

(1) if my = 1 (mod 2), then Q,,(a) € {0, 2-2™/2 —4.
2m/2}

Proposition 4: [11] The Ramanujan-Nagell equation 22 —
D = 2"*2 has at most 4 solutions (z,n), which are

(x7n) = (2k_37 1)7 (Zk_lak)a (2k+17k+1)3 (32}€_152k+1)7

where £ € N and D € N is odd.
With the help of the solutions of Ramanujan-Nagell
equation,
Lemma 1: If a € Fom,, m = 2mq, my > 1, then K,,,(a) #
—4.
Proof: By Propostion 3, if K,,(a) = —4,

(1— Ky, (a))?=2-2™ 5. (2)

1SN1:0000000091950263
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It is easy to check that when m; < 5, 2-2™1 45 is not a square.
By Propostion 4, (2) has at most 4 solutions (| (1 — K, (a)) |
n), which are

(1= K, (a)) |;mi —1) =

(28 -3,1), 2" -1,k), 2" +1,k+1), (3-2F — 1,2k +1),

where & € N. We can check all the 4 solutions can not satisfy
(2). For example, if (| (1 — K, (a)) |,m; — 1) = (3-2F —
1,2k + 1), then

(3-2% —1)? 3)

When k = 1,2, (3-2F — 1)% & 22k+142 1 5 When k > 3,
(3-2F —1)2 > 22k+1+2 1 5 Thus (3) has no integral solution,
therefore (2) has no integral solution either, which concludes
the proof. ]

— 22k+1+2 _"_ 5

III. THE HYPER-BENT PROPERTY OF f.") WHEN m = 2
(mod 4)

In the this section, we consider the Boolean function f (r)
defined by (1), where n = 2m, m = 2 (mod 4), a € an
and b € F14. As the cyclotomic coset of 2 module 2" — 1
containing 2n5_ Lis

m—1 _, 2" —1
. . 23,
5 5 5 5

}.

Its size is 4, or o(%2=21) = 4, which means fab (") is neither in
the class considered by Charpin and Gong [4] nor in the class
studied by Mesanager [6], [7].

Let o be a primitive element of Fon, f = ot , € =

"L U =< €>, V=< € >, Since 5/(2™ + 1), V is the
subgroup of U and #V = QMTH

For any ¢ € Fom, define

Si= 3 X(T¥}(ag’®" D))

2"
5

veV
= X(Tr}(a %)) = > x(Tr}(ag*""))
veV veV
= Y M) (as & e)
veV
From the definition of S;,
Si =5i (mod 5)- (4)

To study the hyper-bent properties of fa > we define the
following character sum
> ()W)

Ar(av b) = )
uelU
Similar to the

Proof of Proposition 9 in [1], the hyper-bent
properties of f,;

can be described as

Proposmon 5. f (Erg is a hyper-bent function if and only if
A (a,b) =

Before our work on fa b
fé,b which is defined as

fap o= T} (ax

let us consider a general case of

1

2" —
=)
)

@1y 4 Tyd (pek ©)
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where a, b is defined as above and k£ € N.

When k = 0 (mod 5), f(T M = T (az"@" D) + Trd(b)
is a special case studied by Charpin and Gong in [4]. In this
paper we only consider the case of £ Z 0 (mod 5).

Proposition 6: The hyper-bent properties of f(T *) can be
represented by that of f 15 , efficiently, where a € Fan, b € Fyg,
kE#0 (mod 5). 7

Proof: For b € Fig, b can be written as b = wf37, where
w3 =1,0<j <4. Thus

2" —1

Tr (b7 ) = Trf (a7 ) = Tl (w(BFa™5)"),
It is easy to check,
T (we = ) = Tri (w?a? 571)
= Tr}(wa? = ) = Tr}(w? 235 1).
Then Tr? (ba"*57) = Ted (b'2*5), where b € F%,
Hence the result stands |

A step further, f . has following proposition.

Proposition 7: Let fgb) be defined as (1) and (7,5) =
then f(r) is a hyper-bent function if and only if f(r) ,is a
hyper- bent one, where a = a fZ € Fon, a e Fom, b b

bOé_iz o € Fy.

Proof: Notice that Va € Fon, a = alfi, where o’ € Fom,
€ =a?" ! is a primitive 2 + 1-th root of unity in Fa» and
0<7<2™. We have

,1)) i Trzll(bx 2n5_1)
%x)r(zm_l)) + Tri(ba~ " =

1(a:1c(
= Tr(a (
_ ) ok
7fa/,b/(a LE),

i 2

where b = ba 7 5 € Fys.
Thus f (Tb is linearly equivalent to f r) /7y » that is to say, f ")

() =

FE (0t )

is a hyper-bent function if and only if f (r ), is a hyper-bent
one. o |

By Proposition 7, if a = a'¢, and 3 = « *5—, we have the
following results

o f é p 1s linearly equivalent to f o b

fé p is linearly equivalent to f & b g2

fé , is linearly equivalent to f ) b

By Proposition 7 and Proposition éﬂ when a € Faon,k €
N, b € Fyg, the hyper—bent properties of f "*) can be fully
b € Fq6. Since
the hyper-bent properties of f (511)) had been studied elaborately

in [1], in the following parts of this Section we only consider
the rest cases of r.

. f;b is linearly equivalent to f(i,

represented by that of fa p» Where a € Fom,

A. The Case of r =5

1) The hyper-bent properties of f , where a € Fom:
Proposition 8: Let n = 2m and m = 42,46 (mod 20),
If b e {0} U{B]i = 0,1,2,3,4}, then the Boolean function

856 1SNI:0000000091950263
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f (‘)b) is not a hyper-bent function. Further, if b € F;\{3¢|0 <

al

i<d4}, f ;b is a hyper-bent function if and only if
S (T () = 1.
veV
Proof: By (5),
5
> X (w)

uelU

= 37 X(Te} (0w D)) x(Te (bu”
uwelU

Notice that U =< & >, V =< € > and U
OvyetvV eV eV V. Then,

A5 (CL, b) =

).

As(a,b) = o
S0 3 (T BE ) T )T (af€'0) ")
i=0 veV

- Z Z X(Try (b(€’ 5 D)X (Tr7 (a (€512 152" 1))
i=0 veV

®)

Since (£°1)2"~! € V and m = 42,46 (mod 20), (5(2™ —
1), #V) = (5, 2%) = 1. Then v — (£79)2" ~15C" 1) js
a permutation of V. Hence,

ZZX Trd (b(E'0) "5 )X (Tr (av))

=0 veV
- "1
=" (e =) (Y (T (av))).
=0 veV
As €555 = (@2 ) EREEE _ grmel gtz
B3,
4
As(a,b) =3 x(Tri 8 ) (Y x(Trf (av)))
=0 veV
4
=" (@) (O X(Trf(av))). )
1=0 veV

By (9), when b = 0, A5(a,0) =5 > x(Tr{(av)), and thus
veV

As(a,0) # 1. By Proposition 5, f(5) is not a hyper-bent
function.

When b # 0, b can be represented as b = wf?, where
w?=1and 0 < j <4. Then

4 4 4
Do x(Tri089) = Y x(Tri(wp™)) = D x(Tri(wps")).
i=0 i=0 i=0 (10

Since w? = 1 and w* = w, we have

Tr} (wf') = Tri(w*BY) = Tr] (wp™).

E X(Tri(B8Y). As j satisfies
0, Tr4(ﬁ) 1,i # 0. Then

If w=1, Ex(Trl b3l =
=0
BB LR+ =

International Scholarly and Scientific Research & Innovation 8(5) 2014

:io (T (65%)

= —3. Therefore,

As(a,b) = =3 x(Tri(av)),b= 7,0 < j < 4.

veV

is not a hyper-bent function. When

J

By Proposition 5, ff)
w # 1, we have

Trf(wpB) + Trf (wB?) = Tri(w(B + 52))
=w(B+ B2+ 8>+ Y+ (B+ 2+ 82+ 5Y)
=1.

Then x(Tr}(wB)) + x(Tri(wp?) = O
Y(Trd(wB?)) + x(Tri(wp*)) = 0. Therefore,

Similarly,

As(a,b) = Z X(Trf (av)),b=wp 0 < j < 4,0 =1,w # 1.

veV

By Proposition 5, the second part of this proposition follows.

|

In Proposition 8, we cons1der the hyper-bent properties of

the Boolean function f( 3 for m = £2,46 (mod 20). The

proposition below discusses the hyper-bent properties of f (5)
for m =10 (mod 20).

Proposition 9: Let n = 2m, m = 10 (mod 20), a € Fam,

b € Fi. then the Boolean function ff'b) is not a hyper-bent

function.
Proof: Notice that As(a,b) =
S2M 1 n i m_
S im0 Sy X(Tri (06 )X (T (a(€7)>" ~1o? " 1)),
Since m = 10 (mod 20), 25|(2™ 4 1) and
(5(2m — 1),2%t) = 5. Then v —— 02"~V is a 5

to 1 morphism from V to V° := {v°|v € V'}. Therefore,

s(a,b) =5 > x(

i=0 veV>5

(T (a(€7)?" 1)),

Hence, 5|As(a,b) and As(a,b) is not equal to 1, By
Proposition 5, fa:r’b is not a hyper-bent function. [ ]
By Proposition 8§,

Do X(Trf(av)) = > x(Trf(a®" 7).
veV veV

Notice that »  x(Tr](av)) = Sp in [1]. By Proposition 15

veV
in [1],

S (T (a)) = £ 1

veV

Further, By Proposition 16 and 18 in
following results.

Proposition 10: Let n = 2m, m = :l:2 +6 (mod 20),
m > 6 and b € F 6\{ﬂl|0 < i < 4}, then f( is a hyper-bent
function if and only if one of the assertions (1) and (2) holds.

(D Qm(a) =0, Km(a’) ==

(2) Qm(a) =2™, Kip(a) =2+

[1], we have the

2m1 — 4,

857 1SNI:0000000091950263
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2) The hyper-bent properties of ffb) where a € Fan: In
this part, we always assume n = 2m, m = 2m;, m; € N.

Lemma 2: Letb € Fig, 7 € {z€Fm : 25 =1,2#1} =<
oFt >, then

4
. 1, B £ 1
;x@r‘f(bw)—{ R

Proof: Firstly, if b° = 1,

4 4 i
ST (Br) = Yox(Trl(r) = 14+ Y x(Tri(:?)
i=0 =0 =0

=1+4x(Tri(v)) = -3.

Secondly, if b° # 1,
4 . 4 , = ;
SO A(TE () = 3O x(Tr () = S0 x(TH (7).
i=0 =0 =

Since Vb € Fig, b =wiqy?, 0< 5 <2, 0<i<4, we have

Z x(Tri(b) =1+ Z (Tri (b))

bEF16 beFT,
2 4
=1+ > x(Tri(w’y")
7=0 =0
4 4 4
=14 x(Tri(v)) + D x(Tri(wy)) + > x(Tri(w’y"))
4 .
=1+4(=3)+2> x(Trj(wy")).
i=0
Notice  that S x(Tri()) = 0,  hence
beF 16
Z?:o x(Tr}(by?)) = 1, and the conclusion stands. [
Theorem 1: If a = d'&', ' € Fom, the hyper-bent

properties of ffb) can be described as follows:
(1) when m = 10 (mod 20), jfb) is not hyper-bent.
(2) when m = £2,£6 (mod 20), f 55,)) is hyper-bent if and
only if Sy; = 1.
Proof: To the character sum of fé‘r’b) :

A@'€,b) = " x(fF7),, (w)
welU
= 3 (T (@ €t D))y (Trd (bu ™)
uelU

=3 (T (A € (E0)> " D)) (T (b ) 7

j=0veV

4
= > > (T

)

)X(TH} (0 §1gP 7 Dy 71y,

j=0vev
(12)
If m = 10 (mod 20), then
(5, #V) = 5 By (12, A(d€.b) =

53520 Lo evs X(TH (085X (T (a €167 ~0')),
where V° = {v° | v € V}, v = 0®@"" D is a5 to 1

International Scholarly and Scientific Research & Innovation 8(5) 2014
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morphism from V to V5 . Thus A(a'€%,b) # 1, and f("b) is
not a hyper-bent function.

If m = 42,46 (mod 20), then (5, #V) = 1. By (12) and
),

Ad'€',b) = Z D X(Tr(b87))x (Tr} (0 €v))

7=0veVv

= (O (T8O (T (a (€770 o)),

veV

" n_
whereﬁzazsl,5251

then by (4),

= j3. Since 5 = 2 (mod 5),

Aa'¢',b) = (Z X(TE (b8) (Y x(Trf (@ (€7)*" 0)))

veV
4 .
= (O x(Tr}(b537)))Sas.
=0
By Lemma 2,
i _ S2i7 b5 7£ 1
Ma€',b) = { —385;, b =1.

If 0> = 1,3 | A(a'€’,b). Thus ),
function. 7
If b° # 1, then [ ® ) , is a hyper-bent function if and only
if So; = 1. | ]

is not a hyper-bent

B. The Case of r =2

When b = 0, the hyper-bent propriety of f,° %) has been
studied by Canteaut et al in [2]. We consider the case of b #0.

Proposition 11: Let a € Fam, b € ], we have

(1) if b = 1, then Ag(a,b) = 50 — 2(51 + Sg) = 25) —
A2 (a, O)

() ifb € {B+82, B+, B%+B%, 33+ 1}, then Az(a,b) =
So.

(3)if b= or %, then Ay(a,b) = —Sy — 25,.

(4)if b= B2 or (3, then Ay(a,b) = —Sy — 25.

(5)ifb=1+p8 or 1+ B4 then Ay(a,b) = —Sy + 255.
6)ifb=1+p5% or 1+ 3, then Ay(a,b) = —Sy + 25;.
(7) if b= B+ B4, then Ag(a,b) = So + 255 — 25;.

(8) if b= 32 + B33, then Ay(a,b) = Sy — 255 + 29].

Proof: Similar to proof of Proposition 13 in [1] the results
hold. ]
Corollary 1: Let a € Fam, b € Fj4, we have
(1) ffg holds the same hyper-bent propertyies as f (1

(2) if b satisfies (b+1)(b* +b+1) = 0, then f( ) holds the

same h -b i )
yper-bent properties as fu,b.
Proof: (1) By Proposition 11 and Proposition 13 in [1],

AQ(CL b) = Al(a bZ)

Hence f (E is a hyper-bent function if and only if f, ) b2 18
(2) Similarly, if b satisfying (b+1)(b* +b+1) = 0, then,

A2 (CL, b) = Al(CL, b)

Thus fé?g holds the same hyper-bent properties as f(g,lb). |

1SNI:0000000091950263
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C. The General Case of r

Theorem 2: Let n = 2m, m = 2 (mod 4), a € Fom and
b € Fig. If (r,27) > 1, then fyb) is not a hyper-bent
function. Further, if (r, 21) = 1, then

() If » = 0 (mod 5), then fyb) and ffb) has the same
hyper-bent properties.

(2) If r = 41 (mod 5), then f(r) and f( ) has the same
hyper-bent properties.

(3) If r = £2 (mod 5), then f(r) and fézb) has the same
hyper-bent properties. 7

Proof: Notice that

4
D)= 3 3 I () TN (al€iv) D))
i=0 veV
4
)X (Ta? (agmi " =Dy =1))).
1=0veV
Let d = (r(2™ ) #V) = (r, 2m+1) then A, (a,b) —

IS (T ) ey (T (o (agr i )

where V¢ = {viv € V}. If d = (r, 252) > 1, d|A,(a,b)

and A, (a,b) # 1. Hence, fi ; is not a hyper bent function.
When d = (r, ) =1,

4
= x(Tr]

=0

)

)Y x(T (g " Vo).

veV
(13)

Ifr=0 (rnod 5), from €75 = 3%, we have

Ar(a,b) Zx(Tr (66%)) 3 X (Tr} (a€™ " Vo))
veV
= Z x(Tr} (bBY)) Z x (T} (av)).
veV

Then A, (a,b) = As(a,b). Therefore, f(g_y and f(5) has the
same hyper-bent properties.
Ifr=1 (Inod 5), then

Z X Tr1 (bf

1=0

7)) D> XTI} (ag" " o)),

veV

By Proposition 10 in [1], A,.(a,b) = A(a,b). Hence, fyb)
and f () has the same hyper-bent properties.
If r =2 (rnod 5), then
7)) > X(Tr

Z NOHU
veV

= Z X(Tr(b5%))Sa;
=0

(a,b) = P (ag?" D))

=D (T (b)) Sei = Y x(Tri(b5*))S;

i=0 i=0
By Lemma 1 in [1],

Ar(a,b) =x(Tr}(b))So + (x(Tri(b8)) + x(Tr1(54)))S
+ (X(Tr}(b8%)) + x(Tx}(b3%))) 52 (14)
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Hence, A.(a,b) = As(a,b). fyb) and ffb) has the same
hyper-bent properties.

If r =3 (mod 5),

1) 3 AT (g D))
(

X Tr%(bﬁgi))sai =

4

A (a,b) =Z X(Ted (b5
110 |
> Xl X(Tri(b3%))S;
1=0

> X
veV
4
i=0
From Lemma 1 in [1],

Ap(a,b) =x(Tr}(0))So + (x(Tr}(bB)) + x(Tr}(b8*))) S
+ (x(Tr{(b8%)) + x(Tr}(b5%))) Sz (15)

Hence, A, (a,b) = As(a,b). From (14) and (15), we have
As(a,b) = As(a,b). Thus, f » and f have the same
hyper-bent properties.

Similarly, if » = 4 (mod 5) then A, (a,b) = A4(a,b) =
Ay(a,b). Thus, f7)
properties. !
Above all, the results stand. [ |
Fr((nn the above discussion, we have the following results
Proposition 12: Let a € Fom and (r, Qﬁsﬂ) =1, then
(D) If $[1 — Kp(a) + 2Qm(a)] = 1, then the following
Boolean functions

(a) farb, beFi\{Bi=0,1,2,3,4}, r =0 (mod 5).

(b) f(” r#0 (mod 5), b* +b-+1=0.

are hyper-bent functions.

) If —= K, (a)) —4Q.,(a)] = 1, then the Boolean

function fﬁs) (r £ 0 (mod 5)) is a hyper-bent function.
Proof: By Theorem 2, (11), Proposition 8 and Proposition
16 in [1], this proposition follows. [ ]

With Proposition 12, we can generalize Theorem 3 in [1]
to the following theorem.

Theorem 3: Let n = 2m, m = 2mq, my
my > 3 and (r,zmT“) =
(2) holds,

(D plx)=2"+z+a?!
—4.

() p(z) = 2%+ + a~! is irreducible over Fom. The
quadratic form q(z) = T} (z(ax* + az® + a*z)) over Fam
is even. K,,(a) =2-2™ — 4,

Then the Boolean functions

(a) fjb, beTFi\{Bi=0,1,2,3,4}, r =0 (mod 5).

(b) f(” r#0 (mod 5), b* +b+1=0.

are hyper bent functions.

Proof: By Proposition 16 and Theorem 3 in [1] and
Proposition 12, this theorem follows. [ ]

By Proposition 16 , Proposition 12 and Theorem 2 in [1],
w(e )have the following results for the hyper-bent properties of
f T

Theorem 4: Let n = 2m, m = 2mq, m; = 1 (mod 2),
my > 3, (r,258) = 1 and 7 # 0 (mod 5) then fél is
a hyper-bent function if and only if the following assertions
holds.

and f o have the same hyper-bent

on

= 1 (mod 2),
1, If one of two assertions (1) and

over Fom is (1)(2)? and K,,(a) =

1SNI:0000000091950263
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is irreducible over Faom.
= Tr*(x(ax* + ax?® + a®z))

M px)=2+x+at

(2) The quadratic form q(x)
over Fom is even

(3) Km(a) = (2_2m1)

IfaeF,s, the hyper-bent properties of f (r)

Theorem 5: Let n = 2m, m = 2mq, m = 1 (mod 2) and
my > 3. If n # 12,28, any Boolean function in

{f"a € Fyp,be Fig) (16)
is not a hyper-bent function. Further, if n = 612, all
the hyper-bent functions in (16) are TriZ(az" —V) +

12 _ m
Trd(ba*5), where r # 0 (mod 5), (r, 2 S =1, (a+

(@ +a*>+1)=0and b= B4i =1,2,3,4 If n = 28,
all the hyper-bent functions in (16) are Tr2®(az""*~1)) +
Tr‘ll(bx%), where r # 0 (mod 5), (r, 2FL) = 1, (a +
1)(a"+a+a®+a*+a®+a?+1) =0and b = 5°,i = 1,2, 3,4.

Proof: Notice that a € F, = . By Theorem 2, if fgg is a

hyper-bent function, (r, 271) = 1.
o™ 41
5

Suppose (r, ) = 1. we ﬁrst prove that f( 0 is not a
hyper-bent function when r = 0 (mod 5) By Theorem 2,
f érg is a hyper-bent function if and only if f 1 is a hyper-bent
function. If b = 0,

As(a,0) = Y x(Tri(au®®" 7)) =53 x(Trf (av
uelU veEV
Hence, 5|A5(a,0) and As(a,0) # 1. Therefore, f 0 is not a
hyper-bent function. Then féfg is not a hyper-bent function.
When b # 0, by Theorem 3, f 57,)) is a hyper-bent function if
and only if f(l) (b4 +1 = O)Vis a hyper-bent function. By
Theorem 5 in [1], f(l) (bt + b +

function. Hence, f (r) 18 not a hyper-bent function when r = 0
(mod 5).
Now we discuss the case r = 1 (mod 5) and (r,

1 =0) is not a hyper-bent

om 1y
5
1. By Theorem 2, f ) is a hyper-bent function if and only if

fé , is a hyper-bent functlon By Theorem 5 in [1], there are
only two cases. The first case is n = 12, where a and b satisfy

(a+1)(a®*+a®>+1)=0,b=p3"i=1,2,3,4.
The second case is n = 28, where a and b satisfy
(a+1)(a"+a’+a®+a*+a>+a*+1) = 0,b= 5%, i =1,2,3, 4.

When r = £2 (mod 5) and (r, 2:*1) = 1, we have similar
results.
Above all, this theorem follows. [ |

(r)

IV. THE BENT PROPERTY OF f,; WHEN m =0 (mod 4)

In this section we consider the bent properties of f ,
where m =0 (mod 4), a € Fon, b € Fyg.
Proposition 13: Let a = a &F € F5., b € Fi, a e Fm,
0 <k <2m, m = 0 (mod 4), m = 2m;. One necessary
condition for f ") o be a bent function is: (r,2m + 1) =1,
a € Fym \Fgml, b £ 1, Xf(r)(O) =27 and K,,(a') = —4.
Proof: Notice that Vo € F3,., © = yu, where y € [F5,,,
we U =< a? !> Since m =0 (mod 4), 5| 2™ — 1.

International Scholarly and Scientific Research & Innovation 8(5) 2014

=),

2™Mm 1

= 1. Now, consider the Walsh
at 0, which is

Thus uL{1 = (u 2’"+1)
(r)

spectrum of f,

Lo 0= 3 xUR@) =1+ 3 x
zEFyn uelU yeFs,,
m_ 2" -1
=143 3 D el @) (T by )
uwel y€eFs.,
=14 > (M (au® ) 3 (Tl ) (17)
uelU YEFm

4
[F3.. can be written as F3,, = (J 8"V, where V = {25 |
i=0
ze€F5.}, BeFm \ V.
If (r(2™ — 1),2™ 4+ 1) = 1, by (17),

Y=
4 .o2M 1
L+ ) XD (@ &ur@ D) 3 S (T (b(vp) 7))
uelU =0 veV
4

=1+ Z (Txy au) Z x(T 411(bﬁi2 71))

uelU 1=0veV

4 .

=14 > X(Trf(du) Y Zx (Tri (b))

uelU veV 1=

_1 4

=14+ (1 - K, ZX(“4 b)) (18)

1=

r(2m—1),2m+1) =1, u— "1 ig a ermutation in

(r( : p

U, ZUX(TY?(GU2 ) =1-Kpla). v=
ue

5-th primitive root of unity in Fon . If f [Erb is a bent function,

(0) = 1+ (Km(a )~ 1) (-

4
-~ -1 i m
X5 3 ) 20 X(Tri(by)) = £2m.

By Lemma 2,
4 .
(1) if 3 x(Tri(0y)) =
i=0

1)(Km(ar) 1) = —5(2™ +1). Since K,,(a’) is an integer,
however (2 =1 9™ 4 1) = 1, Neither of the two equations
stands, thus f ( is not a bent function.

—3, then K,,(a') = 8 or3(2m —

) if z x(Tr}(by?)) = 1, which means K,,(a’) = —4,
=0
Xpn(0) = 27, or (27 = 1)(Kim(a D—1) = 5@2m+ 1),

Xféfg (0) = —2™. Since (¥~

1) = 1, the last group

of equations can not stand. By Lemma 1, if a € Fom,, then

Km(a/) 7& —4.
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If (r(2™ —1),2"4+1)=d > 1. Since 5 | 2" — 1, 5 1 d.
By (17),

%00 =
4 . 2" —1
L+ Y xX(Tf (e 7D) 3 7S x(Trp (b))
uelU =0 veV
m 1 :
=1+d Y x(Trf(au D= > x(Tri ()
u €U =0

m

4
2m -1 A/ i
=1 +th ;X(Th(b’Y ),

where U? = {u? | w € U}, u = v @" "V isadtol
morphism from U to U¢, h = > cva X(Trf (auw)). If f(rb) is
a bent function,

4
-~ 2m—1 i m
% (0) = 1+ (20 S (M (by) = 27
i=0

By Lemma 2,

(1) if 24) x(Tr](by")) = —3, then 3dh = —5 or 3dh(2"—
1) = 527 + 1),

Q) if i x(Tri(by%)) = 1, then dh =15 or dh(2™—1) =
_52m 4 1),

Notice that d > 1, 5¢d, 312m + 1, (2™ - 1,2 +1) = 1,
all of the above equations can not stand.
Above all, the results follow. [ |

V. CONCLUSION

This paper considers the bent and hyper-bent pro erties
of the Boolean functions ftg g of the form fa by =
T} (az” " =D) + Tri(bz s_l), where n = 2m, m = 2k
(mod4 k € {0,1}, a € Fan and b € F15. When m = 2
(mod 4), we give a detailed description of the hyper-bent
properties of f g), and prove that the hyper-bent properties of

fab (") can be characterized by that of fo (r) ,/» Where a = ad¢te

Ian a e Fom, b, b =ba—r 5 =3 EIF16 We also prove that
fé)b is not a hyper-bent functlon unless n = 12 or n = 28
when a € F, = . Further, we give all the hyper-bent functions
for n = 12 or n = 28. When m = 0 (mod 4), we give a
necessary condition for férb) to be a bent function. To those

strict restrictions, it seems f érb) can not be bent. In fact with
the help of computer, we have checked all of the functions
which satisfy Proposition 13 for m = 4,8, and find that none
of them is bent. Thus we guess when m = 0 (mod 4), f, )
can not be bent.
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