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Investigation on the Stability of Rock Slopes
Subjected to Tension Cracks via Limit Analysis

W. Wu, S. Utili

Abstract—Based on the kinematic approach of limit analysis, a
full set of upper bound solutions for the stability of homogeneous rock
slopes subjected to tension cracks are obtained. The generalized
Hoek-Brown failure criterion is employed to describe the non-linear
strength envelope of rocks. In this paper, critical failure mechanisms
are determined for cracks of known depth but unspecified location,
cracks of known location but unknown depth, and cracks of
unspecified location and depth. It is shown that there is a nearly up to
50% drop in terms of the stability factors for the rock slopes
intersected by a tension crack compared with intact ones. Tables and
charts of solutions in dimensionless forms are presented for ease of use
by practitioners.

Keywords—Hoek-Brown failure criterion, limit analysis, rock
slope, tension cracks.

I. INTRODUCTION

OCK slopes are treated as intact continuums in most of the

classic models in geotechnical engineering. However,
even with the naked eye, tension cracks can be seen on the
surfaces of most rock slopes. Since the surfaces of cracks have
much poorer characteristics than the intact rock, it is necessary
to consider whether tension cracks can give any indication of
slope instability. However, it is extremely difficult to quantify
the impact of tension cracks since their lengths and locations
are unknown.

A linear Mohr-Coulomb (M-C) failure criterion is widely
applied in the study of rock slope stability. Based on the
Mohr-Coulomb  failure criterion, Limit equilibrium is
implemented to evaluate the influence of cracks on soil slope
stability (e.g. [1], [2]) and rock slopes (e.g. [3]) as well.
Recently, Utili [4] used limit analysis to investigate the stability
of slopes made of cohesive soils with cracks. Likewise,
Michalowski [5] proposed a similar technique to assess the
stability of rock slopes under the assumption of planar failure
mechanisms. The authors advocate limit analysis over limit
equilibrium, because the latter cannot be proved to be rigorous
due to the arbitrary assumptions made regarding the interslice
forces [6].

However, geotechnical materials exhibit certain degree of
non-linearity, which is very significant for rocks. The
non-linear Hoek-Brown (H-B) failure criterion, known as the
most accepted one for rock, was proposed by Hoekand Brown
[7]. Collins et al. [8] developed a "tangent line" technique to
study the stability of intact rock slopes made of Hoek-Brown
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material with limit analysis. Yang et al. [9] improved the
analysis of Collins et al. [8] with recent modifications on the
generalized Hoek-Brown failure criterion [10]. Neither Collins
et al. [8] nor Yang et al. [9] considered the presence of tension
cracks.

In this paper, the stability of rock slopes subjected to tension
cracks will be investigated by using limit analysis. Although
rock masses always exhibit discontinuity surfaces of various
sizes and orientations, we assume only one tension crack
appears as the weak plane within the rock mass. For the rest of
the rock slope, there are a sufficient number of closely spaced
discontinuities with similar surface characteristics and their
sizes are small compared with the rock slope. Thus, the rock
slope can be treated as an isotropic Hoek-Brown material [7].

II. HOEK-BROWN FAILURE CRITERION

All geotechnical materials show a certain degree of
non-linear features (e.g. [7]). Thus, it is necessary to implement
a non-linear failure criterion to make accurate predictions on
the stability of rock slopes.

Based on the result of a series of field investigations and
triaxial tests on rocks, Hoek & Brown ([7], [11], [12]) and Hoek
et al. [10] introduced the well-known Hoek-Brown failure
criterion which has become the most employed method for the
characterization of rock strength by far. The original H-B
failure criterion can be expressed as

0, =0, +Mo,0, + S0,

with o,, o, the major and minor principle stress respectively,

(D

o, uniaxial compression strength for intact rock, m a

parameter related to the rock type considered and S degree of
fracturing of the rock mass.

The original Hoek-Brown failure criterion was designed for
intact rock with high cohesion. In Hoek et al. [10], a new
parameter N is introduced to extend the applicability of the
criterion to loose and broken rocks. Thus, the generalized
Hoek-Brown failure criterion can be written as

2

n
0-3
01 =0, +0y| M—2+s

Cl
with n a parameter accounting for degree of imperfection of the
rock mass. The failure envelop for the H-B failure criterion in
terms of major and minor principle stresses is shown in Fig. 1.
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Fig. 1 Hoek-Brown failure criterion

III. ROCK SLOPE STABILITY ANALYSIS

Although there is no lower/upper bound solution available
for the stability of rock slopes with cracks, it was still expected
by Li et al. [13] that the rigorous limit analysis results were
found to bracket the true slope stability number to within £9%
or better for the intact case. In this paper, the upper bound
solutions following the Mohr-Coulomb failure criterion are
provided in the first place. The solutions are not directly
applicable to materials obeying the H-B criterion. However, in
principle, limit analysis can still be employed as long as the
material considered obeys the normality rule. A detailed upper
bound solution of a rock slope with a vertical tension crack will
be given in this section.

A. Limit Analysis for Mohr-Coulomb Failure Criterion

For illustrative purposes, only a horizontal upper slope with
failure line passing through the slope toe is examined (see Fig.
2). For more general cases like failure line passing below the
slope toe and the non-horizontal upper slope are illustrated in
Appendix I-II. The slope has a height of H and an inclination of
f , with aregion of rock E-D-C-B rigidly rotating away about a
center of rotation P . The remaining part is bound by a crack
B-C and logarithmic spiral D-C with an equation written in
polar coordinates with reference to P

r=r,exp[ tang(60-6,)]

with r the distance of a generic point of the spiral to its center,
O the angle formed by r with a reference axis (see Fig. 2), and
6, and y, identifying the angle and distance of a particular point
of the spiral to its center. According to normality rule [14], the
angle between the sliding rate U of the rock mass and the
failure line D-C must always equal to ¢ . However, it is not the
case for the angle ¢ between U and the crack B-C, which can
be different from ¢ (Utili [4]).

From Fig. 2, the following geometrical relationships can be
obtained as

r=r, exp[tan #(¢ —)()] 3)
and

r,=r, exp[tan¢(v—;()] “4)
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with r_and r, the radii of the spiral at the ¢ and v angles
respectively, and

H=r, {exp[tan¢(v—;()]sinv—sin;(} (5)
s=r, {exp[tan¢(é’—;()]sin§—sin;(} (6)

sin(y+ /4 sin(v+f
L=r, {S(iTﬂ)—exp[tanﬂv—;()]S(iTﬂ)} (7)

L =r, {cos;(—exp[tangﬁ(g“—;()]coscf} (®)

with L, and L, horizontal lengths as indicated in Fig. 2, and &

being the crack depth.

Three different types of mechanisms will be analyzed:
(a) slopes with a crack of known depth but unknown location
(b) slopes with a crack of known location but unknown depth
(c) slopes with cracks of unknown location and depth

In conditions (a) and (b), certain geometric constraints are
introduced for the selections of y,v and { . For cracks of

known depth, the following constraint is found

exp(tan¢~§)sin§ = eXp(tan¢-;()sin;((l—%j+

(€))
o .
ﬁexp(tan¢ -v)siny
Similarly, for cracks of known location, it is concluded as
exp(tang- y)sin y = exp(tang-v)sinv +
10)

exp(tang-v)cosv —exp(tang-¢)cos s
x/H

Then, the internally dissipated energy \/\'/d along the failure

line D-C and the external work rate W,_, for the slope are to be

detailed respectively.

Fig. 2 Failure mechanism

According to upper bound theorem and the assumed
kinematic mechanism, energy is dissipated only along the
logarithmic spiral shaped failure line D-C, which is indicated as
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I' in the integral

W, = | cucos ¢ =co| r’'do=
! : (11
cor, .[ exp [2 tan ¢( 6 :Id P
from which the following expression is obtained
W, =caor’ex [2tan¢(;’_ )]eXp[Ztan¢(V_§)]—l_
T o 2tan ¢ T (12)

Ca)r; fd (ls v, é’a ¢)

As shown in Utili [4], the rate of external work due to the
rock weight of region E-B-C-D is computed as the work done
by region E-F-D minus the work of region B-F-C. And the rate
of external work for region E-F-D is the result of work done by
P-F-D subtract P-F-E and P-E-D. Likewise, work done by
B-F-C is expressed by the summation of work done by P-F-C
subtract P-F-B and P-B-C. W, , W, , W, , W, , W, and W,
indicate the work done by P-F-D, P-F-E, P-E-D, P-F-C, P-F-B
and P-B-C respectively. Therefore, the total rate of external
work due to the rock weight is given by

W, =W, -W, -W, —(V\'/4 ~W, —V\'lé)
=W, —W, —W, —W, +W, +W,
-f,-f,-f,+f+f)

(13)
=oyr, (f,

WWWWW

The calculation of the work rates 5 and

W can be found in Chen [14] and Utili [4], so here only the
final expressions are given:

2)](3tangcosv +sinv)—3tan gcos y —sin

P exp[}tanqﬁ(vf
4 3(1+9tang’)

1 z

(14)

=y (2.v.9)

W, = ayr; {ésinjgrh

Ve

{2005){—%}} =aoyr f,(z.v.5.4) (15)

X

| éexp[tanqé(v—;g)}{sin(v—1)—%sinv}
W, = w;/r; g (16)
x{cos;(—rh+cosvexp[tan¢(v—;()]}

X

=oyr) £ (1.v..9)

. exp[Stangﬁ(;f;()](han¢cos§+sin{)—3tan¢c0sl—sinl
" 3(1+9tang’ )

W, =

(17

= a)yr; pl(ls§’¢)

W, = wyr; {ésm;(L [ZCosz—L—ﬂ—a)}/l’;pz(}(,f,(/ﬁ)(lg)
Z

x
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%exp[Z tan¢$(§—;()}(cosg“)2 x
{exp[tan¢(§—;{)]sin§—sin;{}
= wyr; P, (Z:§7¢)

W, = wyr’
o = @Y (19

Equating the rate of external work (Wy ) to the rate of internal
energy dissipation (W, ) gives

W, =W,

a)yrj(fl— f,—f, -

(20)
@n

f,+f,+f)=cor’f,

Dividing by @ and r; and rearranging the stability factor,

H
Ny_c = 2 for Mohr-Coulomb failure criterion is obtained as
C

NMfc :T:g(l»é/av):
f, x{exp[tanqﬁ( ]sinv—sin;(} 22)
fi—f,—f,—f,+f +f

B. Limit Analysis for Hoek-Brown Failure Criterion

Drescher & Christopoulos [15] first proposed a linear failure
surface which is a tangent to the actual non-linear failure
surface to get an upper bound solution. Meanwhile, the same
“tangent line method” was employed by Collins et al. [8] to
linearize a non-linear Hoek-Brown failure criterion. Likewise,
Yang et al. [9] introduced the same method as Collins et al. [8]
but more complicated conditions like sophisticated geometry
(e.g., inclined slope wupper surface), different strength
parameters (e.g., N for the generalized H-B failure criterion)
and pore pressure distribution are considered.

Considering the generalized Hoek-Brown failure criterion,
Yang et al. [9] proposed a tangential technique to obtain a

revised stability factor N, -

c
compressive strength of the rock which is used in the definition
of the stability factor N,_ instead of C.

, with "o, the uniaxial

The tangential line to the H-B failure criterion is given as

T=0otang, +C, (23)

where 7 and o are the shear and normal stress, C, is the
intercept of the tangential line to 7 -axes in the (o,7) stress

space, and ¢, is an angle of the tangential line at the point
considered to the horizontal line (See Fig. 3.).
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> 0

Fig. 3 A tangential line for a non-linear failure criterion

According to Yang et al. [9], 7 and o are determined by the
following two equations

7 _cosg | mn(l-sing,) e 24
o, 2 2sin @,
1 si mn(1-sing,) vi=n)
—si
[ A R . e
o, m mn 2sin g, m
From (24) and (25), c, is found by
. n/(1-n)
i_cosgo{mn(l—sm(pt)} ~
o, 2 2sing,
‘ (26)

tan sin mn(1-sing,) s
4 (1+ (D‘j . L +—tang,
m n 2sin g, m

For the material following the original H-B failure criterion
whenn=0.5, (26) can be simplified in the form

& _Ml-sing) ] +2 tang,
t

o, 16sing, cosgp, M

C

@27
Compared with (22), the revised stability factor for H-B
failure criterion is defined as

yH _yH ¢

Ny o = . _
" s'o, ¢ SO s'o,
fy 5
—h-f-f+f+f+p,
cosqp[mn(1—sing) """ _tang (| sing \[mn(1—sing)]""
2 2sin g, m n 2sin g, o

f (28)

S
+—tang,
m

exp[tanﬂ (v—z)]sinv—sin;{
S

The minimum value of the function Hzvdon) was found
by evaluating repeatedly the function over the four variables
7,0,¢ and ¢, in the range of values of engineering interest.

IV. RESULTS

A. Tension Cracks of Known Depth
Cracks of known depth will be treated first. In Fig. 4, for a

International Scholarly and Scientific Research & Innovation 8(6) 2014

specific H-B limestone slope of m=7.3 ands =1, the values of
stability factor N, , against the dimensionless crack depth
0/ H for different inclinations (from 45° to 90°) are shown. A
minimum value of N, for each inclination (from 45° to 80°)
can be detected and its corresponding crack depth is &, ,
beyond which the crack depth no longer affects the stability of
the slope [4] and N, _, remains constant for o >0, . It is
important to note J,,, deepens with the growing of each
inclination. When the slope inclination £ equals 90°, the curve
shows a monotonic decreasing trend with a minimum N, at
O/H=1.

It is necessary to learn how much effect (the slope becomes
less stable) the calculations will get when a crack appears

compared with the intact condition. The influence is defined as
the percentage of decrease in the stability factor and it is

)xlOO%,withN

critical/minimum value of the stability factor when a crack
emerges.

expressed as (1 = Nerackmin / Ning erack.min tHE MOSt

45°

—_—50

—_— 0
— O

80"

—_— 50"

Nue
T I - )

1] 01 02 03 04 05 06 07 08 05

Fig. 4 Stability factor against crack depth for various inclinations
(m=7.3:limestone,s=1)

In Fig. 5, for the limestone slopes, the percentage climbs
with the increasing inclination. It can be interpreted that for a
H-B slope with high inclination, the presence of a crack has a
greater impact on the stability of rock slopes. For instance,
there is an almost 20% drop of the stability factor for a cracked
H-B slope of f = 80° and nearly 50% for the case of f =80°.

Parcantage of decrease in stability factor %

45 50 55 B0 65 10 75 80 L5 90

Slope inclination: degrees

Fig. 5 Percentage of decrease in the stability factor against slope
inclinations (Limestone slopes: m=7.3,s=1)
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B. Tension Cracks of Known Location

Next, cracks of known location, measured as the horizontal
distance X from the slope toe with unspecified depth, will be
addressed. In Fig. 6, the curves of stability factors N,,_g

against different X/ H are plotted. N.  is defined as the value

int

of the stability factor for an intact slope. A certain range exists

between X, and X, where a cracked slope of x; < x < X, is less
stable than an intact one. And the range is defined as the zone of
influence. Within this range, the minimum value of the stability
factor N
horizontal distance, which must coincide with the minimum of
N’ when different assumed & is considered (see Fig. 6 (c)).

provides the most critical mechanism for any given

e

(©
Fig. 6 Stability factor against horizontal distance from slope toe for a
H-B slope of m, = 7.3 : limestone,s =1 (a) Various inclinations. (b)

X :Nd‘

min min *

S =45°. (c) Curves meet at their minimum N

C.Tension Cracks of Unspecified Depth and Location

For the most common circumstance, when there is no
information about the depth and the location of cracks, in order

International Scholarly and Scientific Research & Innovation 8(6) 2014

to search for the most critical upper bound solution, the stability
factor N,,_, is minimized over all possible y ,v, and ¢,
without the constraints such as (9) and (10). In Fig. 7, it is quite
apparent that with the increase of the slope inclination, the
values of the stability factors drop significantly.

120
100

80 \
60 \

NN
RN

10° 20° 30° 40° 50° 60° 70° 80°

Nu-B

Slope inclination

Fig. 7 Stability factor N against slope inclination,
m=7.3:limestone,s =1

In practice, the generalized H-B failure criterion accounts for
the variability of natural rock mass and the difference of
fractured degree with N as a parameter in (2). The exponent, N,
varies from 0.5 to 0.7. Sometimes the upper slope has an angle
a#0 (see Fig. 10 in Appendix II), which complicates the
solution of the stability factors. Table I gives the most critical
values of the stability factors N for cracked slopes with

crack ,min
the slope inclination £ varying from 30° to 90°, and « being

equal to 5°, 10° and15°.

From Table I, it is found that the parameter « has little
influence on the stability factors. Fig. 8 shows the effect of the
exponent N (ranging from 0.5 to 0.7) on the stability factors for
limestone slopes withm="7.3,s=1anda =5° . The stability

factors N increase with n.

crack.min
TABLEI
THE MOST CRITICAL STABILITY FACTORS N, in FOR LIMESTONE ROCK (

m =7.3,5 =1) WITH VARIOUS N, AND J

Slope inclination B°

n o 30° 40° 50° 60° 70° 80° 90°
050 5 21.89 1341 9.65 7.39 5.74 433 288
10 2171 1335 9.62 7.36 5.70 428 283

15 21.02 1350 9.96 7.71 6.01 452  3.00

055 5 31.66 17.61 12.15 9.08 6.94 517 340
10 3149 1758 12.13  9.06 6.90 511 334

15 3075 1795 12.70  9.60 7.35 546  3.57

060 5 4942 2434 16.00 11.64 8.74 6.43  4.18
10 4922 2433 1598 11.62 8.69 635 4.09

15 4835 2414 1589 11.54 8.60 6.25 401

065 5 8589  38.17 2442 1752 13.02 951 6.15
10 8563 38.17 2440 1748 1296 940 6.02

15 8461 3792 2428 1737 1283 926 590

070 5 17525 6428 38.66 2690 19.61 14.12 8.65
10 17520 6434 38.67 2687 1952 1395 883

15 17429 64.02 3853 2673 1935 13.75 8.65
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Fig. 8 Effect of exponent N on the stability factors N
m=73,s=La=5°

critical >

V.CONCLUSIONS

The kinematic approach of limit analysis and the tangent
technique were applied to investigate the stability of rock
slopes subjected to tension cracks with the rock obeying the
generalized Hoek-Brown failure criterion. Three different
problems were considered: (1) slopes subject to tension cracks
of known depth that could take place anywhere in the slope; (2)
slopes subject to tension cracks of known location but unknown
depth; (3) slopes subject to tension cracks of any possible
location and depth. The results can be summarized as follows:
1. Compared with intact cases, rock slopes with cracks can

suffer a nearly up to 50% drop in stability factor.

2. There exists two zones in the slopes, one where the slope
stability is unaffected by the presence of tension cracks and
the other one, where the slope stability is affected, i.e. the
stability factor of the slope reduces in comparison with the
case of slope without tension cracks.

APPENDIX I: FAILURE LINE PASSING BELOW SLOPE TOE

In this case (see Fig. 9), the calculation of the rate of external
work for the logarithmic spiral region E-F-D changes. Equation
(7) becomes

sin(v+4')

Loy sin(y+p')
L sin B’

i —exp[tan(/ﬁ(z)—l)]

} 29

with £’ as indicated in Fig. 9. Therefore, although f, and f,
remain formally identical, their values change because of(29).

An extra term\W, , representing the rate of external work of
region D-E-G, must also be added, giving

2
W, = ayr; %[rij (cot B’ —cot B)x

X

3r

X Ve

{cosz—%—li(cotﬂ#cotﬁ)}

; , (30)
=y, fy (1,0.6,8.5")
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Fig. 9 Failure mechanism passing below slope toe

APPENDIX II: NON-HORIZONTAL UPPER SLOPE (& # 0 ).

The case of o # 0 is illustrated in Fig. 10. In the following,
only the equations that assume a different expression from the
equations illustrated in the paper for a horizontal upper slope (
@ =0 are shown.

Equation (5) becomes

H=r, {exp[tanqﬁ(u—;()]sinu—sin;{}

€2))
Equation (6) becomes
s=r,{exp[tang(¢ - 7) |sin¢ —sin z| (32)
Equation (7) becomes
o sin(u—;()7eX and(v— ) Ixsin(o+a M—Sin ta
b= ‘{sin(u+a) p[t # Z)J ( )Si"(U"'a)Si"(ﬂ‘a) (x )}(33)
Equation (8) becomes
L, =r, {cos y —exp[tan $(¢ -~ ) ]eos¢ | (34)
Equation (15) becomes
W — ot 1. L L 3
, =@yt | —sin y—| 2cos y —— || = @yT, f, (;[,U,,B,¢)
6 r Ty (35)

Equation (16) becomes

%exp[tanqﬁ(u —;()]{sin(u— ;() —r%sin l):|

VI 3
W, = yr, . (36)
X cos;(—r—‘+cosuexp[tan¢(u—;()]

4

= a)}/r; f3 (l:uaﬂ7¢)

Equation (19) becomes
W, = wyr; (%exp[hangﬁ({—z)](cos{)z x{exp[tan ¢(C—;{)]siné’—sin Z}j (37)

= ayr;py(2.$.9)
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Equation (28) becomes

yH yH ¢ C, f sin
Ny g = VAL

_ d
"o, ¢ s'o, " °so, fl—fz—f}—f4+f5+f6xsin(ﬂ—a) (38)

. n/(1-n) ) ) 1/(1-n)
{cosgo‘|:mn(l—smgo‘):| _tan(p‘(1+sm¢l]{mn(l—sm(p‘)} +itanq7(}><
m

2 2sing, m n 2sin g,

exp[tan¢‘ (u—l)]sin (U+a)—sin(;(+0:)
S

Equation (9) becomes
exp(tang-¢)sin({ +a) =
S sinf ] (39)

exp(tan¢'l)5in(l+a)[l_Hsin(ﬂ—a)

sin

sin(f-a)

+% exp(tang-v)sin(v+a)

Fig. 10 Inclined slope upper surface (a # 0)
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