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Abstract—In this paper, the C*-conforming finite element method
is analyzed for a class of nonlinear fourth-order hyperbolic partial
differential equation. Some a priori bounds are derived using Lya-
punov functional, and existence, uniqueness and regularity for the
weak solutions are proved. Optimal error estimates are derived for
both semidiscrete and fully discrete schemes.

Keywords—Nonlinear fourth-order hyperbolic equation; Lyapunov
functional; Existence, uniqueness and regularity; Conforming finite
element method; Optimal error estimates.

I. INTRODUCTION

N this paper, the C!-conforming finite element method is

analyzed for the following fourth-order hyperbolic equation
gy + YA u — Au— Aug + f(u) =0, (x,t) € X x J, (1)

with boundary conditions

u(z,t) =0, @ =0, (z,t) € 90 x J, 2)
ov
or
u(z,t) =0,Au =0, (x,t) € 00 x J, 3)
and initial condition
u(x,O) zuo(w),ut(x,O) :ul(x) x 697 (4)

where f(u) = u®—wu and € is a bounded domain in R?, d < 2
with boundary 99, J = (0, 7] with 0 < T < oo.

In recent years, much attention has been given in the
literature to the numerical solution of fourth-order partial
differential equations. In [1], the finite element method was
studied for the fourth-order Cahn-Hilliard equation. In [2], the
stabilized finite element approximation for fourth order obsta-
cle problem was discussed. In [3], the approximation for the
fourth-order eigen-value problem with cubic Hermite elements
on anisotropic meshes was investigated. Chen [4] proposed
the expanded mixed finite element method for fourth-order
elliptic equations. In [5], [6], the mixed time discontinuous
finite element method was proposed for fourth-order parabolic
partial differential equations. Li [7], [8], [9], [10], discussed
some mixed finite element methods for fourth-order elliptic
problems and parabolic problems. In [11], a new nonconform-
ing element constructed by the Double Set Parameter method,
is applied to the fourth order elliptic singular perturbation
problem. In [12], the C'-conforming finite element method is
analyzed for the extended Fisher-Kolmogorov (EFK) equation,
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and some numerical results are given to illustrate the efficiency
of the method.

In this paper, our purpose is to discuss and analyze the
C'-conforming finite element method!!2 for the fourth-order
hyperbolic equation. We derive some a priori bounds by using
Lyapunov functional, and prove the existence, uniqueness
and regularity for weak solutions, and obtain the optimal
error estimates for both the semidiscrete and fully discrete
schemes. Throughout this paper, C' will denote a generic
positive constant which does not depend on the spatial mesh
parameter h and time discretization parameter At.

II. EXISTENCE, UNIQUENESS AND REGULARITY FOR
WEAK SOLUTIONS
In this section, we give existence uniqueness and regularity
results for the fourth-order hyperbolic equation.
Take L2-inner product of (1) with v € HZ2 and apply
Green’s formula to obtain the following weak formulation

(ugt, v) + y(Au, Av) + (Vu, Vo) + (Vug, Vo)
+(f(u),v) =0,v € HOQ(Q)a
with u(0) = ug, us(0) = u;.
To prove existence and uniqueness results, we will derive a
priori bound.
Lemma 2.1: Assume that ug € HZ and u; € H'. Then
there exists a positive constant C' such that
lu@ll2 + [[u®)loo + [futlly < C(y, [luoll2, [[uall1), > 0.

Proof. We consider the Lyapunov functional E(v) as

&)

1 1
E(v):/{g|Av|2+§\V1}|2+i\Vvt|2+F(v)}dx, ©)
Q

where

Flo) = 3(1 _ )2,

Note that F’ = f. Differentiating (6) with respect to ¢ and
using (5), we obtain

%E(u) = v(Au, Aug) + (Vu, Vug) + (Vug, Vuy)
(N
1d
+(f (), ) = _§£”ut”2’

Integrating (7) from 0 to ¢, we obtain
E(u) = E(u(0)) + 2/|ue (0)]* — 2[]ue]*
(w(0)) + 2[[ue (0)] 1%,
1
2((0) + [ (O)| - 52w

A

el

IN

1
:
SZ0) + [ 0)>
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Since F'(u) > 0, using Poincaré inequality, we obtain
ullz + [Juel |1 < C(, [|uoll2, [[ul1)- ©

Apply the Sobolev imbedding theorem to obtain
lulloo < lullaz < C(; [[uoll2, [[ual]r)- (10)

In the following subsequent sections, we will discuss the
global existence, uniqueness and regularity.

Theorem 2.2: Let ug € HZ(Q),u; € H'(Q). There exists
a unique u = u(z,t) in Q x (0,T] with

w e L®(J; HE(Q)), up € L®(J; HY(Q)).

such that u satisfies the initial condition u(0) = ug, u(0) =
uq and the equation (5) in the sense that

(ute, v) + y(Au, Av) + (Vu, Vo) + (Vug, Vo)

+(f(u),v) = 0,v € H3(Q),t € (0,T].

Proof. Use the similar method to [12] to obtain the existence

of equation (5). Below, we will prove the uniqueness of weak
solutions.

Suppose u and w are two solutions of (5). Taking 0 = u—w,
we can obtain

(o1, v) + v(Ao, Av) + (Vo, Vv) + (Voy, Vo)

an

(12)
+(f(u) — f(w),v) = 0,v € H3(Q).
Setting v = o, and using the boundedness of ||u||o and
[|w||oo, We have
1d 2 2 2 2
5 g loell” +llAc]]” +[[Val[") +[[ Vo]
= —(f(u) = f(w),00)
= _(f/(g)o-v Ut)
t (13)
—~(£(©) [ (s
0
¢
< ([ llow(s)|Ps + 1l ).
Integrating (13) from O to ¢, we obtain
¢
ol 31l + [Vl + [ [[TorPas
0 (14)

t
<C [ flouts) P
0

Using the Gronwall Lemma, we have [|loy]]? =
0 and fot [lo¢(s)||?ds = 0, which imply o; = 0.
Note that ¢(0) = u(0) — w(0) = 0 to have o = fot odt = 0.

III. ERROR ESTIMATES FOR SEMIDISCRETE SCHEMES

In this section, we apply Galerkin procedure for the fourth-
order hyperbolic equation and obtain the semidiscrete scheme
and a priori error estimates.

Let S),0 < h < 1 be a family of finite dimensional sub-
space of H2 with the following approximation property[14]:
For v € H*(Q)NHZ (1), there exists a constant C' independent
of h such that

inf |[v—x[|; < Ch*|[v[ls,j =0,1,2.  (15)
X€ESY
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The corresponding semidiscrete Galerkin approximation of
(1)-(4) is defined to be a function uy : [0,7] — S§ such
that

(untt,vn) + y(Aup, Avp) + (Vup, Vor)
—|—(Vuht, Vvh) + (f(uh),vh) =0,v, € 52,
with up(0) = ug,p, upt(0) = ug p-

To obtain optimal rate of convergence, following wheeler[13],
we introduce « be as an auxiliary projection of u defined by

A(u — @,vp,) = 0,0, € SY, )

(16)

where the bilinear form is introduced by
A(v,w) = y(Av, Aw) + (Vv, Vw) + (Voy, Vw),v,w € HE,
for our subsequent use note that A(-,-) satisfies the following
properties:
(i) Boundedness: There is a positive constant M such that

[ A(v, w)| < Ml[v]la][wllz, v, w € H.
(i1) Coercivity: There is a constant oy > 0 such that

A(v,v) > ||v]|2,v € Hj.

With n = u — 4, the following estimates are well known [12],

[13]: for j =0,1,2

o' i OF
Z7 < —J )
151li < Ch ];)Ilatkl|4 (18)

Assuming quasi-uniformity condition on the triangulation, it
is easy to check that

In(®)]lwsoe < CR*[u]4,00,4 =0, 1. (19)
For a priori error estimates, we decompose the errors as
v—ut=u—a+a—ut=n+¢
Theorem 3.1: There exists a positive constant C' indepen-
dent of & such that
[ue — unel] + [IV(ue — une)l|L2(7:22(0)) + |l — unl[Lo ;15 (0))
<CR* (|[ull oo gy + [Juel | L2 () + el |2 are), 0 < 5 < 2

Moreover, assuming quasi-uniformity condition on the trian-
gulation 7}, there exists a positive constant C' independent
of h such that

[l = unl|Loe (52 ()
< Ch4(|\u||L°o(H4) + \|Ut|\L2(H4) + |\Utt|\L2(H4))-

Proof. Substracting (16) from (5) and using auxiliary projec-
tion, we obtain the following equation in &

(&etsvn) + (AL, Avy) + (VE, Vop) + (VE, Vop)
= —(ne,vn) — (f(u) = fun),vn).

Choosing v, = &; in (20), and using the Cauchy-Schwarz’s
inequality and the Poincaré’s inequality, we have

%%(H&W + AL + ([VEIP) + [IVEI?
=(nee, &) — (f'(0u) (0 +€), &) Q1)
<C(|Imeel* + Imel* + 1€ * + 11€11%)
<C (Il 1 + lnel P + 1€ > + [1VE]?).

(20)
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Integrating (21) from 0 to ¢, we obtain

t
[1€el1* + AL+ [[VE? + [ [[VE[ds
0

t (22)
<C [l +1iml + 161 + 7€l s
Using the Gronwall’s lemma, we have
t
€7 + 1AL + [1VE])? +/ V& [Pds
0 (23)

t
< c/o (Neel 2 =+ 1l 2)ds.

Substituting the estimates of ||nu||, ||| and using the
Poincaré’ inequality, we obtain the following superconver-
gence result for |[¢]]2

[€ell + [IVEel| L2 (:n2 ) + 1€l Loe (1512 (02))

4 (24)
< CR*(|utl[p2(mey + [weel[ L2 (are))-
From the Sobolev embedding theorem, we have
€]z < Cl[E]2-
and hence,
1€l oo ;15 (22)) (25)

< Oh*(JJue|| L2y + el |22 (a49)-

We apply the triangle inequality to get the the conclusion.

IV. FULLY DISCRETE SCHEMES AND ERROR ESTIMATES

In this Section, we briefly describe a fully discrete scheme
for approximating the solution u of (1) and discuss a priori
error bounds.

Let 0 = t5 < t1 < ty < < ty = T be a
given partition of the time interval [0,7] with step length
t, = nAt, At = T /M, for some positive integer M. We use
the following notation related to functions defined at discrete
time levels. For a smooth function ¢ on [0, 7], define

1 1 n+l _ in
6" = (i), 6" = (97 4, gt = T

At
- ¢n+1 _ ¢n71 2 4l _ at¢n+% _ 8,5(25"7%
O fT,atqﬁ T3 = AL ,
PO | 1 P P 1 1 \ 1
B = L@ 26" ) = S(emHE o),
F(x)—F
G0 0) = PO 160,05 0,

Let U™ be the approximations of u at t = t,, which we shall
define through the following scheme. Given U™~! in V},, we
now determine a pair U" in V}, satisfying

2
(7 0U% o) + (AU, Avy)
+(VUZ, V) + (VO,U?, Vuy,) (26)

2
+(GUY, U, vp) = (Kt“t(o)’”h)’ Y, € 5.
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(D2U™2,0p) + (AU, Avy) + (VU™ T, Voy,)
+(VO,U™, V) + (GU™, U™ 1) vp,) = 0,v, € SY,n > 1,
27)

where u;(0) = u;.
Theorem 4.1: There exists a positive constant C' such that

U2 |oe + [[U" T2 ]2 < CUIUC |2, [[FU)]], [Jual], 1)

. n+l__rrn—1
Proof. Choosing v, = oU" = ©—ZU =
1 1 1 1 ’

2,U 3 49, UM 3 _ UntI_ynTs .
¢ L = N in (27), we can get

1 1 no1l n+l
oxz (180741 — 10" 32 4 (| av™ |

— |AT™ 2 |2) + [|[VU™ 2|2 — [|[VU" 2 |2
+ 20U VOUT 2+ (GUTHL U, U - U h)) =0
(28)
Using the definition G(U™!,U"~1), we obtain
1002 |2 + 4| AU 2|2 + || VU™ 5|2
+ 2At|VO,U™||2 + (F(U™), 1)

=[0,U" 5[] + 4[|AU™ 2|2 + VU™ []2 + (F(U™ 1), 1)
(29)

SO, we can get

10U+ 5|2 + A||AU™E|[2 + || VU™ 5|2 + (F(U"1), 1)
<[|0U™ 2|2 + A | AU 2|2 + [ VU2 |2 + (F(U™ ), 1)
<[|0:U2 (|2 + 1| AU|| + [|[VU 2| + (F(U°), 1)

(30)
Choosing vy, = GtU% in (26), we can get
40,02 |1” + 2¢(|AT |2 — | AT°| %)
+2(|[VUY? = |[VU°|?) +248|Vo,U=|2 (3D

+2(GUN, U, U = U°) = 4(uy(0),0,U %)

Using Cauchy-Schwartz inequality and Young inequality, we
can get

4)|8,U%||* + 29| |AUY |2 + 2| VU |2
+2AH|VOU |2 4+ 2(F(UY), 1)
=27||AU°||2 + 2||VU°||? + 2(F(U°), 1) + 4(u,(0), 9,U ?)

<H||U°If3 +2(F(U°), 1) + 4l|wa] > + |0,V
(32)

Noting that F(U'), F(U°) > 0, we get
310:U %2 + 2v]| AU ||* 4 2|| VU2
< 2[|U°)13 + 2(F(U°), 1) + 4fJua||*.

Substitute (33) into (30) and use Poincaré inequality and
F(U™1) >0 to get

|0, U™+ 3|2 + [|U™* 2| |2

(33)

(34)
< COHIUCIE + (F(U°), 1) + 4fJua|[*) < oo
Use the Sobolev Imbedding theorem to get
02 + U™+ 2, )

< COHIUCIE + (F(U°), 1) + 4fJua|[*) < oo
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For fully discrete error estimates, we now split the errors

u(ty) = U™ = (u(tn) — a(tn)) + (a(t,) —U") =n" + £"
Use (5), (17), and (27), we then obtain
2 1 1 1
(Ktatfi ) vh) + 7(A£§ ) Avh) + (VSE y V’Uh)

+ (V07 , Vop) + (f(ulty)) — GU, U®), vp)

2
[ (E
(D263 uy) + (AL, Avy) + (VE™T, Vo)

+ (VO™ Vup) + (f(u(tn) — GU™ T, U™ 1), u)
— (B2 % + 7" vp) + (Ve™, V), v € S9on > 1,

(36)

8t77% + 27’0,vh) + (Veo, Vo), Y o € S,g.

(37)
where
w0 = Jub + o (w(0) ~ Q) = O(a),
T = (ug)"™ % — Bult,) = O(AL?),
and
0 = — dut = O(A),e" = ()™ — du™ = O(AL2).

Theorem 4.2: Assume that U = i, (0). Then there exists
a positive constant C' independent of h and At such that for
j=0,1,2and J=0,1,--- M

llulty1)

Moreover, assume the quasi-uniformity condition on the tri-
angulation 7}, to obtain the following estimate:

Hu(m%) -

— U3, < C(hT + Ar?). (38)

U750 < C(h4 YA, (39)

Proof. Set v;, = 0,£" = *3 +6t€

integration by parts on spaces to obtain
(B7€7F3,0,6") + Y(AEWT, AGE™) + (VE™ 1, VL")
+ (VO™ V™) + (f(u(ty)) — GU, U™ ), 0,6
= (02" + 7, 0uEM) + (VE™, VOE™).

in (37) and have used

(40)
Note that
@i, 07) = zAt<||ats”+2||2—Hasn-fu )
(A3, ADE™) = w(nwﬂuz 1Ag"2]2),
(VEME,90,") = o (IVE3 | — [ven—3]%).
[1£ (u(tn)) = G, U )|
<I1F (ultn)) = ()1 [1F (1) = Glultnga) ultn-))|
+1G (ultnsr). ultn—1)) = GU™ u(ta))|
H G ulta-)) = GU™ U] < CAE.
@1
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Multiplying by 2At and summing from n = 1 to .J, we find
that

IorE 41+ g+

J
HIVETT2P + ALY |IVon |

n=1

J
CllIoE )+ A+ 1VEH 2 + At Y flag+

+At2(||f<u(t )

g + 72 7).

Use the Gronwall lemma and (41) to obtain

IN

-G, U

42)

J
107212 + [|AETHE |2 + [|[VE+2] )2 + At Y ||V

n=1

<C[laed || + 1A} + Ve |12 + o+

TP+ [[Ve|]?| + CAtt

<C[laH || + 11832 + V€3 |12 + |ofn+4 7] + Catt,
(43)
For the estimation of the first three terms on the right-hand

side of the above inequality, we now choose wy = 0;¢ z in
(36) to obtain

2 1 1 1 1 1 1
(7067, 0:6%) + (A2, AD,ER) + (VE2,VOLE?)
HIVOER |2+ (f(ulty)) — GU',U®), 0,€2)

_ —(%aﬂﬁ 4200, 9,ch) + (VEO, Vared). (44

Therefor, multiply by At and use the Cauchy-Schwartz in-
equality and the Young inequality to obtain

2010:3 |2 + AP + [IVE|I* + Al Vo3|
1 1
< AP[|f(ulty)) = GUL U+ 10:2 (7 + [|9m>|”
At ,
+ 5 IVOEE | + C(AL?||7°]2 + CAL[Veo|[*. (45)
So, we can get

1 At 1
103112 + YA + IV + SV ot

< CAt* + ([0 |2 (46)
Noting that
1 [t
loor 41 < 5 [ (ol Pas
< Chg”“t\|%oo(o,At,Hr+1(Q))

and, using (46) and (43), we have

1072 || + [|AET+3 |2 4 || Ve T+ 3|2

J
HALY [[VOLM]P < C(h® + AtY). (47)

n=1
Using (47), the Poincaré inequality and the triangle inequality
completes the proof of the theorem 4.2.
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