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A Note on Characterization of Regular
['-Semigroups in terms of (&€, € Vq)-Fuzzy Bi-ideal

S.K.Sardar, B.Davvaz, S.Kayal and S.K.Majumdar

Abstract—The purpose of this note is to obtain some properties of
(€, € Vq)- fuzzy bi-ideals in a I'-semigroup in order to characterize
regular and intra-regular T"-semigroups.

Keywords—Regular T'-semigroup, belong to or quasi-coincident,
(€, € vq)-fuzzy subsemigroup, (€, € Vq)-fuzzy bi-ideals.

I. INTRODUCTION

HE concept of fuzzy set was introduced by Zadeh [26].

Many papers on fuzzy sets appeared showing the impor-
tance of the concept and its application to logic, set theory,
group theory, semigroup theory, real analysis, measure theory,
topology etc. It was first applied to the theory of groups by
Rosenfeld [14]. Murali [12] proposed a definition of fuzzy
point belonging to fuzzy subset. The idea of quasi coincidence
of a fuzzy point with a fuzzy set, which is mentioned in
[13], played a vital role to generate some different types
of fuzzy subgroups. Bhakat and Das [1] gave the concept
of («,8)-fuzzy subgroups by using the belong to relation
(€) and quasi-coincidence with relation (g) between a fuzzy
point and a fuzzy subgroup, and introduced the concept of
an (€,€ Vq)- fuzzy subgroup. In particular, (€,€ Vq)-
fuzzy subgroup is an important and useful generalization of
Rosenfeld’s fuzzy subgroup. Yungiang Yin and Dehua Xu [25]
introduced the concepts of (€,€ Vgq)- fuzzy subgroup and
(€, € Vq)-fuzzy ideals in semigroups. In [8], Jun and Song
introduced the notion of generalized fuzzy interior ideals in
semigroups. Sen and Saha in [23] defined the concepts of I'-
semigroups as a generalization of semigroups. I'-semigroups
have been analyzed by a lot of mathematicians, for instance
Chattopadhay [2], Dutta and Adhikari [5], Hila [7], Chinram
[3], Saha [15], Sen et. al [21], [22]. Seth [24]. Sardar and
Majumder [16], [18] characterized subsemigroups, bi-ideals,
interior ideals (along with Davvaz [19]), quasi ideals, ideals,
prime (along with Mandal [17]) and semiprime ideals, ideal
extensions (along with Dutta [6]) of a I'-semigroup in terms
of fuzzy subsets. They also studied their different properties
directly and via operator semigroups of a I'-semigroup. As a
sequel to this study we introduced the concepts of (€, € Vq)-
fuzzy subsemigroups and (€, € Vvq)-fuzzy bi-ideals in a I'-
semigroup [20]. In this paper we obtain some important results
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of (€,€ Vq)- fuzzy bi-ideals in characterizing regular and
intra-regular I"-semigroups.

Il. PRELIMINARIES

In this section we recall some elementary definitions which
will be used in the sequel.

Let S = {z,y,2,...} and T = {«, 3,7, ...} be two non-
empty sets. Then, S is called a I'-semigroup[23] if there exists
a mapping S x I' x S — S (images to be denoted by aab)
satisfying
(1) zvy €S,

(2) (z08y)yz = xB(yvz), forall z,y,z € Sand forall 5, €
T.

A non-empty subset A of a I'-semigroup S is called a

subsemigroup of S if ATA C A. A subsemigroup A of a

I'-semigroup S is called a bi-ideal of S if ATST A C A.

A T'-semigroup S is called regular [4], if for each a € S,
there exist z € S and «, 8 € T such that « = aaxfa.

A T'-semigroup S is called intra-regular [4], if for each
a € S, there exists z,y € S and «, 3,v € T" such that « =
raafayy.

Let I' = H, where H be a subgroup of a group G. For any
z,y € G and v € T', define zyy = = - v - y, where - is the
group operation on G. Then, G is a I’-semigroup.

A function p from a non-empty set X to the unit interval
[0,1] is called a fuzzy subset [26] of X. A fuzzy subset . of
a set X of the form

ut) ={ 470 v

is said to be a fuzzy point with support x and value ¢ and is
denoted by ;. A fuzzy point z; is said to belong to (be quasi
coincident with) a fuzzy subset ., written as x; € p(resp.
xpqu) if p(z) > t(resp. p(z) +t > 1).

xy € p or xyqu Will be denoted by z; € Vqu, =z € p
and x;qu will be denoted by x; € Aqu. z€p, € Vgu and
x+€ Agp Wwill respectively mean =, ¢ p,z: ¢ Vgu and x; ¢
AqLt.

(S1) A non-empty fuzzy subset . of a I"-semigroup S is called
a fuzzy subsemigroup of S if u(zyy) > min{u(x), u(y)},
for all z,y € S and for all v € T.

(B1) A fuzzy subsemigroup u of a I'-semigroup S is called a
fuzzy bi-ideal of S if u(zayBz) > min{u(x), u(z)}, for
all z,y,z€ S and forall o,3 €T.

Let X be a non-empty set and p be a fuzzy subset of X.
Then, for any ¢ € (0, 1], the sets p, = {z € X : p(z) > t}
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and Supp(p) = {x € X : p(z) > 0} are called ¢-level subset

and supporting set of x (simply support of 1), respectively.
Let S be a I'-semigroup and A, u be two fuzzy subsets of

S. Then, the product of A and pu, denoted by, Ao u is defined

by

sup min{\(y),u(2)}, Vy,z € S,¥y €T

(Aop)(x) = ==vr= .
0 otherwise
Also, for any fuzzy subsets A\, and v of S,(Aopu)ov =

Ao (now).

I1l. MAIN RESULTS

Definition 111.1. (1) [20] A non-empty fuzzy subset p of
a I-semigroup S is said to be an (€, Vvq)- fuzzy
subsemigroup of S if Vz,y € S, Vy € T" and t,r €
(Ov 1]>xt7yr Ep= (wyy)min(t,r) € Vqpu.

[20] An (€, Vq)- fuzzy subsemigroup p of a I'-
semigroup S is said to be an (€, € Vq)- fuzzy bi-ideal
of S if Vz,y,2 € S,Va, 8 €T and t,r € (0,1], 2, 2, €
W= (xayﬂz)min(t,r) € Vgp.

Theorem 111.2. [20] Let u be any non-empty fuzzy subset of a

I'-semigroup S. Then, the following statements are equivalent:

(1) pisan (g, € Vvq)-fuzzy subsemigroup of S,

() for any z,y € Supp(u), v € T, plzyy) =
min{y(z), u(y), 0.5},

() pop C vy,

(4) po pn O'5Supp(p,) C s

(5) for any r € (0,0.5], if u, is non-empty, then u,. is a
subsemigroup of S.

2

Theorem [11.3. [20] Let o be any (&, € Vq)-fuzzy subsemi-

group of a I'-semigroup S. Then, the following statements are

equivalent:

(1) pisan (€, € Vq)-fuzzy bi-ideal of S,

(2) for any =,z € Supp(p),y € S and «a,8 €
T, p(xaypBz) > min{u(zx), u(z), 0.5},

(3) pmoxsou C Vqu( where xs isthe characteristic function
of 9),

(4) poxsopn 0.55upp(u) € p( Where x 5 isthe characteristic
function of ),

(5) for any r € (0,0.5], if u, is non-empty, then p,. is a
bi-ideal of S.

Theorem I11.4. [20] Let {u;}ics be any family of (€, € Vq)-
fuzzy subsemigroups of S. Then, (M,c; pi and UJ,c; pi is @
(€, € Vq)-fuzzy subsemigroup of S. If {u; }icr isany family of
(€, € vq)-fuzzy bi-ideals of S, then both M, p; and ;¢ i
are (e, € Vq)-fuzzy bi-ideals of S.

Proposition I11.5. Let S be a I'-semigroup and A, B C S.
Then,

(i) ACBifandonlyif ua C up.

(i) paNpp = pans.
(iii) pwaoup = pars, where u 4, up denote the characteristic

functions of A and B, respectively.

Let S be a I"-semigroup. Then for any a € S, we define
A, :={(y,z) € S xS :a=yyz for some v € T'}. For any
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two fuzzy subset puq, puo of S, we define

sup  min{y (y), p2(2)} if Aa # ¢

(110p12)(a) i= { (2)eA, |
0 if A, = ¢.

Let S be a I"-semigroup. For any two fuzzy subsets p; and
o Of S) we define the 0.5-product of p; and uo by,

(p1 00.5 p2)(a) == t, where
sup  min{u1(y), p2(2),0.5} if Ag # ¢
t= (y,2)€A,
0 it A, = ¢

For a I'-semigroup S the fuzzy subset 0(1) is defined by
0(z) =0, for all € S (respectively 1(z) = 1, for all z € S).

For a I'-semigroup S the fuzzy subset 0.5 is defined by
0.55(xz) = 0.5, for all z € S.

Let p1, puo be any two fuzzy subsets of a I'-semigroup S.
Then (p1No.sp2)(x) = min{us (x), pa(x), 0.5}, forall z € S.

Proposition [11.6. Let S be a I'-semigroup and A, B C S.
Then

(') waNos B = pans N0.5g.
(i) paocospup =pargN0.5s.

Proof: (i) Let z € S. If (ua Nos ps)(z) = 0 =
min{pa(z), pp(x),0.5} = 0. Then, pa(z) =0 or ug(z) =
0=x¢ ANB.Then, panp(z) =0= (LanpN0.5s)(z) =
0.

If (pa Nos ps)(x) # 0, then (ua Nos pp)(r) =
min{pa(z), pp(x),0.5} # 0. Then, (pa Nos pe)(z) = 0.
and pa(x) =1 = pup(x) = 2 € ANB = panp(z) =
1. Therefore, (panpg N 0.55)(x) = min{panp(x),0.5} =
min{1,0.5} = 0.5. Thus, (ua Nos pus)(z) = (pans N
0.55)(z),Vz € S. Consequently, pa Nos s = pans N0.5s.

(i) If (uare N0.55)(z) = 0 = min{pars(z),0.5} = 0.
Then parp(x) =0=x ¢ ATB. Then x # aab Va € A,b €
B,aeT. Then (uao05 pp)(x) =0.

If (,UAFB n 055)(1‘) 75 0, then (NAFB N 055)(ZE) =
min{parp(x),0.5} # 0. Then min{parp(z),0.5} = 0.5
and parp(z) = 1 = x € AT'B. Hence (ua 005 up)(x)
= sup min{pa(u), pup(v),0.5} = 0.5. Thus, (za cos

(u,v)€AL
up)(x) = (pars N 0.55)(z), for all z € S. Consequently,
ta ©o05 i = prars N0.5s. ]

Now we recall the following results for their use in the
sequel.

Proposition I11.7. [20] Let p and v be (€,€ Vq)-fuzzy
subsemigroups of a I'-semigroup S. Then, u og5 v IS an
(€,€ Vq)-fuzzy bi-ideal of S if any one of p and v is
(€, € vq)-fuzzy bi-ideal of S.

Proposition 111.8. [20] If wq,us are any two (€,€ Vq)-
fuzzy subsemigroups (fuzzy bi-ideals) of a I'-semigroup S, then
(11 Nos 2) is an (€, € Vq)-fuzzy subsemigroup (resp. fuzzy
bi-ideal) of S.

Let S be a I"-semigroup. Then, a non-empty subset A of S is
a subsemigroup(bi-ideal) of .S if and only if the characteristic
function p4 of A is an (€, € Vvq)-fuzzy subsemigroup(resp.
fuzzy bi-ideal) of S.
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Theorem 111.9. [20] A fuzzy subset i of a I'-semigroup S is
an (€, € Vq)-fuzzy subsemigroup of S if and only if 1o 51 C
L.
Theorem 111.10. [20] In a I'-semigroup S the following are
equivalent:

(i) pisan (g, € Vvq)-fuzzy bi-ideal of S,

(i) poos S pand pogslogspC p.

EXAMPLE 1. Let S = {a,b,c} and T’ = {~,d}, where ~, 4 is
defined on S with the following Cayley tables:

and

Then, S is a I'-semigroup. We define fuzzy subset p : S —
[0,1], by u(a) = 0.6, u(b) = 0.5, u(c) = 0.4. Clearly, u is an
(€, € Vq)-fuzzy subsemigroup and (&, € Vq)-fuzzy bi-ideal
of S.

Now, (1 00.5 u)(a)=( sup min{u(z), u(y),0.5} = 0.5 <
z,y)EA,

0.6 = u(a). Hence, u # pog.5 . Also (1095105 u)(a) =
0.5<0.6 = /,L(G,) Hence, M 205 1 0p.5 W 7& .

The above example shows that in the second relation of
Theorem 111.10 equality need not hold. But for a regular I'-
semigroup the situation is different. In this direction, we obtain
the following characterization of a regular I'—semigroup.

Theorem 111.11. AT-semigroup Sisregular if and only if for
every (€, € Vq)-fuzzy bi-ideal p of S pog51og54 = uN0.5g.

Proof: Let S be a regular I'-semigroup and p be an
(€, € vq)-fuzzy bi-ideal of S. We have pog5 10p5 u C p.
Also fora € S, (uogslogsp)(a)= sup min{u(u),(logs

u,v)EA,
M)(’U),OE)} < 0.5 = (055’)((1() )Then, M 0.5 1 00.5
1 C 0.5g. Hence, pogs 1 095 p € p N 0.55. Since
S is regular for a € S there exists x € S,a,0 €
' such that a = aaxBa. Then, (u ops5 1 o5 p)(a)

:( 51)1pA min{u(u), (1 og.5 p)(v),0.5} > min{u(a), (1 ogs
u,v)EA,

w)(zfa),0.5} > min{u(a), min{1(x), x(a),0.5},0.5} =
min{p(a),0.5} = (1N0.55)(a). SO, pog.51ogsp 2 pN0.5g.
Hence, pogs 1ogs = puN0.5g.

Conversely, let for every (€, vgq)-fuzzy bi-ideal p of
S, wogs 1Logs p = pwn0.5g. Let B be a bi-ideal of
S. Then, up is an (€,€ Vq)-fuzzy bi-ideal of S. Then,
uB 005 1 ogs up = pup N 0.55. Then, by Proposition 3.6,
uprsre N 0.5s = up N0.55. If b € B, then u(b) = 1.
Then, (up N 0.55)(b)=min{up(b),0.5}=min{1,0.5} =0.5.
Then, (uprsrs N 0.55)(b) = 0.5 which implies that
min{uprsrp(b),0.5} = 0.5. Hence, puprsra(b) = 1, and
so b € BI'ST'B. Then, B C BT'ST'B. Also, BI'STB C B.
So, B = BI'ST'B. Hence, S is regular. [ ]

To conclude the paper we obtain the following characteri-
zation of a regular and intra-regular I'-semigroup.

Theorem 111.12. Let S be a I'-semigroup. Then the followings
are equivalent:

(i) S is both regular and intra-regular,

International Scholarly and Scientific Research & Innovation 5(4) 2011

(i) pwoosp=pn0.5g, for every (€, € Vq)-fuzzy bi-ideal n
of §

(iif) pNosv = (noo.5v)No.s (voo.su) for al (€, € vq)-fuzzy
bi-ideals 1+ and v of S.

Proof: (i=-ii) Let S be both regular and intra-regular. Let
u be an (€, € vq)-fuzzy bi-ideal of S. Then, pogs p C p.
Also, pogs it € 0.55. Then, pogspu C uN0.5g. Leta € S.
Since S is regular and intra-regular, there exists z,y,z € S
and «a, 8,v,0,n € I such that a = acxBa and a = yyadanz.
Hence, a = aaxfa =aaxfaczfa = aaxf(yyadanz)axBa
=(acxfyya)d(anzazxfa). Then,

(1005 1) (a)

= sup min{p(u),u(v),0.5}
(u,v)€A,

> min{p(aazfyya), p(anzazfa),0.5}

> min{min{u(a), u(a),0.5}, min{pu(a), u(a),0.5},0.5}

= min{u(a),0.5}

= (uN0.55)(a). Then pogsp 2 uN0.55. Hence pog s p =
nN0.5g.

(ii=-iii) Let p and v be two (€, € Vq)-fuzzy bi-ideals of
S. Then uNos v is also an (€, € Vq)-fuzzy bi-ideals of S.
Then, (1Mo.5v) 005 (1MNo.s V) = (KNo.5v)N0.5s = pMNo.5 V.
Then, pNosv = (£No.5v) 005 (No.sv) C pogsv. Similarly
uNosv Cvogspu. Hence pNosv C (ogsv)Nos (¥ og.5 ).
Also by Proposition 3.7, 1 og5 v and v og 5 p are (€, € Vq)-
fuzzy bi-ideals of S. Then (u og5 v) Nos (¥ 0p5 1) IS a@n
(€, € Vq)-fuzzy bi-ideal of S. Then

(00,5 v) No.s (V005 )
= ((1o0.5 ¥) No.s (¥ oo.5 1)) N0.5g
= ((1o0.5v) Nos (V005 1)) 00.5 (1 00.5 V) No.s (¥ 00.5 1))
C (o005 ) 005 (V0.5 )
= 1005 (V0.5 V) 005t C pogs 10gs
C uNnO0.5g.

Similarly, (z109.5v)Nos (v ogs ) CvN0.5g. Then (pog 5
V) No.5 (1/ 0o0.5 ,u) - (u n 0.55) n (V n 0.55) =pNo.5 v. Hence

pNos v = (oosv)Nos (Voos ).

(ili=1) Let (iii) hold. In order to prove that S is regular
and intra-regular we have to prove that Q = QT'Q for every
quasi-ideal @ of S. Let @ be a quasi-ideal of S. Then QT'Q
CSTQNQETS C Q. Now Q is a bi-ideal of S. Hence x¢ is
(€, € vq)-fuzzy bi-ideal of S. By given condition (iii),

XQ Mos X@ = (x@ 0.5 X@) No.s(XQ 0.5 XQ)

= xono [10.55= (xg ©0.5 x0)[10.55, by Proposition 3.6.

= XQ ﬂ 0-5S:XQFQ ﬂ 0.5¢

Let ¢ € Q. Then (xq(0.5s)(¢)=min{xq(q),0.5} =
min{1,0.5} = 0.5. Hence (xqrq(10.55)(¢) = 0.5 =
min{xgrg(q),0.5} = 0.5 = xorqo(¢) =1 = ¢ € QTQ.
Hence @ C QT'Q. So Q = QI'Q. Therefore, S is both regular
and intra-regular. [ ]

IV. CONCLUSION

Operator semigroups of a I'—semigroup have been found
to be an effective tool in the study of I"'—semigroups which
is evident from the work of Dutta et al[4], [5] and also
from the work of Sardar et al[16], [17]. In this paper we
have not used the technique of operator semigroups. Use of
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operator semigroups may give further insight in characterizing
T-semigroups in terms of (&, € Vq)-fuzzy bi-ideals.
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