
 

 

  
Abstract—The objective of this research is to examine the shear 

thinning behaviour of mixing flow of non-Newtonian fluid like 
toothpaste in the dissolution container with rotating stirrer. The 
problem under investigation is related to the chemical industry. 
Mixing of fluid is performed in a cylindrical container with rotating 
stirrer, where stirrer is eccentrically placed on the lid of the container. 
For the simulation purpose the associated motion of the fluid is 
considered as revolving of the container, with stick stirrer. For 
numerical prediction, a time-stepping finite element algorithm in a 
cylindrical polar coordinate system is adopted based on semi-implicit 
Taylor-Galerkin/pressure-correction scheme. Numerical solutions are 
obtained for non-Newtonian fluids employing power law model. 
Variations with power law index have been analysed, with respect to 
the flow structure and pressure drop. 

 
Keywords—finite element simulation; mixing fluid; rheology; 

rotating flow; toothpaste 

I. INTRODUCTION 

HE design of the mixer with rotational mixing in a stirred 
container to predict shear stress and power consumption is 

of industrial importance. Industrial problems are complex to 
resolve, mainly associated with the nature of chemical process 
industry, for instance mixing and in paper industry combining 
of paper pulp, mixing of powders, granular mixing processes 
[1–10]. In numerous mixing and blending processes the use of 
stirrer, the difficult features are with different shapes and 
locations may be with or without agitators, the rotating speed 
and the use of the complex fluids. In the process of tooth–paste 
preparation the viscosity increases due to the addition of solid 
ingredients or due to its change in the size and leads to 
increase in shear stress rate. Shear stress in non Newtonian 
fluid causes to increase strain in the circular tank, due to which 
more power is consumed to homogenise it [11–12]. Therefore, 
the strength of the agitator shaft and the walls of the tank may 
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not sustain to the shear force [13]. Present investigation study 
this behaviour through predicting the shear-rate, pressure 
differential, flow structure, shear-stress, shear velocity gradient 
and work done. 

In this study, the non-Newtonian behaviour of the Tooth 
paste is focused in the circular tank with asymmetric stirrer(s) 
located at eccentric position by using the Power Law Model 
[11–12]. In Computational Fluid Dynamics (CFD), complex 
flows of non-Newtonian fluids are modelled through non–
linear system of partial differential equations, such as 
generalised momentum equations in cylindrical polar 
coordinate system to determine the pressure and velocities of 
fluid and the stress of real fluids. 

Finite Element Method (FEM) is a powerful tool for the 
analysis of heat and mass transfer problems of common 
interest, and it is used to accurately model the domain 
boundaries, which is the major advantage of the (FEM) [14]. 
The quality of predictions are based on different features 
comprise mostly the division of spatial discretisation for whole 
domain, time discretisation for transient problem, selection of 
suitable material properties and appropriate treatment of 
boundary conditions [15]. All these characteristic of setting up 
a problem require thoroughness and experience, and are 
considered in the prediction of numerical solutions. 

For the simulation of incompressible fluids the present study 
adopts a time–marching algorithm namely, semi-implicit 
Taylor–Galerkin/pressure–correction scheme [14–18]. The 
problem specification is defined in Section 2, for the 
simulations, Section 3 presents the details on the governing 
system of equations and numerical method employed. 
Simulated solution is presented in Section 4 and Section 5 
describes the conclusions. 

II. PROBLEM SPECIFICATION 

Two-dimensional mixing flow of non-Newtonian fluids is 
investigated relevance to the pharmaceutical/ cosmetic 
industry. To predict rheological behaviour of toothpaste, 
within industrial process, the stirrer is eccentrically fixed with 
the lid of the container [16–18]. However, here, for 
simulations, the mixing is performed through the rotation of 
cylindrical–type container and the stirrer is fixed on to the lid 
of the container remain stationary. Firstly, the problem is 
considered for the mixing of Newtonian material with 
stationary stirrer in rotating cylindrical container, to compare 
the predictions with the solutions achieved by the other 
researchers [16–18]. 
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Three–dimensional domain (a) along with two–dimensional 
slice (b) and finite element mesh (c) for the problem concerned 
is presented in Figure–1.  

 
Fig. 1 Eccentric rotating flow, with single fixed stirrer; 

(a) three dimensional domain; (b) two dimensional slice (c) finite 
element mesh. 

 
The present study investigates the two-dimensional mixing 

flows of non-Newtonian fluid, relevance to the chemical 
industry for instance occurs in toothpaste mixing. Ideally, the 
motion of the fluid is determined by the circular motion of the 
stirrer remains fixed with lid of the container and for 
simulations. A fixed stirrer in an eccentric configuration is 
adopted. The problem for circular flow between stationary 
stirrer and rotating cylindrical container has been examined. 
To confirm the numerical solutions, cylindrical co-ordinates 
are employed to contrast against other numerical results [16–
18]. For mesh convergence three different meshes were used in 
the simulations, however, here predicted results are presented 
only on intermediate mesh M2.  For mesh M2, the total 
number of elements is 3840; the total number of nodes 7840 
and the degrees-of-freedom are 17680. 

For the well prediction of the flow problem, it is essential to 
impose suitable initial and boundary conditions. Simulation 
starts from a zero initial condition. For motionless stirrer, the 
velocity components vanishes on the solid surface of stirrer (νr 

= 0 and νθ = 0) [9]. On the rotating cylinder container wall a 
fixed velocity boundary condition is applied (νr = 0 and νθ = 1), 
and a vanishing pressure condition is specified [16–18]. 
Vanishing stream function is fixed on cylinder and Neauman 
boundary condition is applied on the stirrer. 

III.  SYSTEM OF EQUATIONS AND NUMERICAL ALGORITHM 

Consider the two-dimensional isothermal flow for 
Newtonian fluid in cylindrical coordinate system, a system 
consisting of the mass conservation and generalized unsteady 
momentum equations over domain Ω. The system of 
equations, without body forces, can be denoted by the 
continuity equation, as, 

 
∇ · u = 0,          (1) 

 

and the momentum transport equation, as, 

uu
u ∇−∇=

∂
∂

.. ρρ �
t ,        (2) 

where, ρ is the fluid density (per unit mass), u is the fluid 
velocity, t represents time, σ is the Cauchy stress tensor can be 
expressed as σ = −pδ + T, and ∇ the spatial differential 
operator. Whilst p is the isotropic fluid pressure (per unit 
density), δ is the Kronecker delta tensor, whilst T is a total 
stress tensor. For Newtonian fluid the stress tensor T is given 
as: 

T = 2µd,           (3) 
where d is the rate-of-deformation tensor given 

as ])([
2

1 tuu ∇+∇=d and µ is the associated fluid 

viscosity, constant for Newtonian case. Non-dimensional 

Reynolds number is defined as: 
c

c RV
Re

µ
ρ

= . R is the 

characteristic radius of the stirrer as a length scale, the rotating 
speed of the container equal to 50 rpm taken as characteristic 
velocity Vc, and µc viscosity is the characteristic zero shear-
rate viscosity of 105 Pa s. Appropriate scaling in each variable 
yields dimensional variables p = 2444 p*. 

Toothpaste is considered as Pseudo plastic fluid in the terms 
of rheological behaviour. It contains suspensions and 
pharmaceutical material which develops the form of the flow 
curve is determined by power law equation [11]. For a 
generalised inelastic non-Newtonian fluid, stress tensor T can 
be expressed as T = 2µ(γɺ )d, where µ(γɺ ) is the shear-rate (γɺ ) 
dependent functional viscosity. For the Power Law model, the 
viscosity structure: µ(γɺ ) = k γɺ m – 1, where k is the apparent 

zero shear-rate viscosity obtained from the Newtonian fluids 
(see Figure–2), and m is index for power-law. In figure–2, Pa s 
refer to the units of viscosity with reciprocal seconds on shear-
rate. Then the power law equation decreases in viscosity with 
increasing the shear-rate as follows: 

Shear-rate 22 I=γɺ , second invariant of rate of strain 

tensor is
 
I2, which is elaborated in details as under: 

2
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To compute numerical solutions a time-stepping finite 
element algorithm is adopted in present study through a semi-
implicit Taylor-Galerkin/pressure-correction scheme [16–18], 
established on a fractional-stege formulation. This comprises 
of discretisation, first in the temporal domain through Taylor 
series expansion in time and to build a second-order time-
stepping scheme a pressure-correction method is adopted. For 
spatial discretisation, Galerkin approximation is employed 
momentum equation.  
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Fig. 2 Viscosity behaviour of toothpaste using Power law model 

 
The linear (ψk) and quadratic (φj) basis functions are used 

for pressure and velocities respectively. To estimate 
subsequent integrals a seven point Gauss quadrature rule. 
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Stage 2: 
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t
n

∆
=+θ

 
Stage 3:  

( ) 11n Q ++ −=−
∆

n

t

M
LVV * θ

, 
where Vn , V* and Vn+1 are the nodal velocity vectors at time 

tn, an intermediate non-solenoidal velocity vector and a 
solenoidal velocity vector at time step tn+1, respectively. Pn and 
Qn+1 = Pn+1 − Pn are pressure and a pressure difference vectors 
respectively. Where as M, N(V), K, L and S are the mass, the 
convection, the pressure stiffness, the divergence/pressure 
gradient and the momentum diffusion matrices respectively. 
The definition of the above system matrices and details on 
numerical scheme are given in ref. [8]. Here, time step index is 
denoted by n. 

To provide the particular second-order form of the pressure-
correction algorithm the Crank–Nicolson coefficient θ is 
considered as 1/2. In addition, at stage–1, for diffusion terms 
an implicit treatment is employed through a Crank-Nicolson 
distribution to the LHS of the momentum equation.  

The components of velocity at the n + 
2
1  time step are 

computed at step 1a and at step 1b an intermediate velocity V* 
is computed. At the full time step n + 1 velocity components 

are computed by means of the solutions at the level n and n + 

2
1 . Jacobi iterative technique that requires only a few numbers 

of iterations is used at first and third stages for mass matrices. 
At step two, Poisson equation appears, is computed for the 
pressure-difference from a non-divergence free velocity. Due 
to symmetric, bended and positive-definite nature of stiffness 
matrix for Poisson equation it is suitable to adopt a direct 
Choleski method. A divergence free velocity is calculated 
from the pressure-difference of second stage at the closing 
stage of the time-step cycle for third and final step. 

The generalized weighting function wi replaces φi, for the 
Galerkin formulation of momentum equation in finite element 
approximation. In general, the time-step (∆t) equal to 10−2, and 
tolerance of 10−5, the relative solution-increment for time-step 
termination is enforced [18–21]. 

Herein numerical results are presented via pressure isobars, 
contours of stream function and Newtonian stress components. 

Also solution of interest, shear-rate ( 22I=γɺ ), local rate-

of-work done ( v:T ∇=ωɺ ,T is the total stress tensor, ∇ is 
spatial differential operator and ν is the fluid velocity in given 

domain Ω), power ( ∫
Ω

Ω= d)t,x(P ωɺɺ ) and total work done 

( ∫=
T

dt)t(PW ) are presented. 

IV. NUMERICAL RESULTS 

A. . Field Data 
For Colgate toothpaste the field data was obtained from the 

Colgate and Palmolive Industries, Kotri. The specific gravity 
of the tooth paste is 1.5, viscosity is 170000 centipoises, 
volume of the container 900 Kg and the rotational speed of the 
homogenizer is 1400 rpm. The characteristic values are 
applied to calculate the non–dimensional Reynolds number 
which is about 20 and the numerical results are also computed 
for higher and lower Reynolds numbers to compare the 
influence of inertia. 

The predictions are considered from two different 
situations: with increasing the Reynolds number for Newtonian 
flow behaviour (Re = 10, 20 and 30) and decreasing the Power 
law number for Non-Newtonian behaviour of the toothpaste (n 
= 0.9, 0.8, 0.7 and 0.6). The predictions are illustrated by 
means of contour of streamlines, pressure isobars, shear 
gradients, shear stresses and shear rates for Newtonian and 
non-Newtonian behaviour of toothpaste. From the real data of 
the toothpaste viscosity and density applied in the industry, 
calculated in the lab is used to develop the Reynolds number 
(Re = 30) and for toothpaste Power law number (n = 0.6) is 
considered for Non-Newtonian behaviour [12]. 

B. Flow structures and pressure differential for Newtonian 
behavior 

The impact of increasing Reynolds number upon flow 
structures and pressure differential are illustrated in figure 3 in 
contour plots for Newtonian flow behavior. Computations are  
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carried out at Re = 10, 20 and 30. At small values of inertia, 
i.e. Re = 10, a strong vortex forms in the core of the cylindrical 
container. Flow structure remains unaffected though upon 
enhancing the Reynolds number up to Re = 30 inertia takes 
control and the vortex turn and moves towards the upper half 
of the container, eddy intensity diminish and the eddy centre is 
pressed near the container wall. The decreasing trend in re-
circulating flow rate is tabulated in Table 1. 

 
TABLE I 

EDDY INTENSITY AND PRESSURE DROP FOR NEWTONIAN 

BEHAVIOUR 

 
Eddy Intensity Pressure Isobars Reynolds 

Numbers Min Max Min Max 
10 0 4.782 -5.704 3.593 
20 0 4.455 -8.571 3.679 
30 0 4.206 -11.672 3.609 

 
For pressure differential, similar symmetry arguments apply 

at Re = 10 and pressure isobars emerge in symmetric fashion 
by equivalent degree in both negative and positive intensity on 
the upper side and lower side of the stirrer in constricted place. 
As inertia augmented from Re = 10 to Re = 30, asymmetric 
patterns are experienced, with minima at the lower side of the 
stirrer and maxima on the upper side of the stirrer.  

C. Pressure differential and flow structures for non-Newtonian 
behaviour 

The effect of decreasing the power law number (n=0.9 to 
n=0.6) upon streamline patterns are displayed in Fig. 4 and 
pressure differential in Fig. 5 are represented in contour plots 
for Non-Newtonian fluid. In fact the flow structure or the 
change in position of recirculation irrespective of the 
magnitude of inertia is not affected by shear thinning 
behaviour. While, decreasing the power law number more 
twist is observed in asymmetric eddy in the way of the 
container motion [13]. Shear thinning property is observed to 
advance the transfer of vortex centre towards the wall of the 
container l and diminish the re-circulating flow rate. Largely, 
shear thinning effects have only a slight influence on the 
streamlines. The contour result of pressure difference is very 
much identical; as the power law number decreases it is 
shifting from the wall sides to the centre of container [14]. 
Whereas the negative maximum values are on the lower side 
of stirrer tip which effects the stretching and the maximum is 
at the centre of container. The values are tabulated in Table 2. 

D. Work study for Newtonian and non-Newtonian behaviour 
of toothpaste 

Computations are performed with respect to time for 
Newtonian and non-Newtonian behaviour at Reynolds number 
Re = 20 and decreasing the power law number from n = 0.9 to 
n = 0.6 for non-Newtonian. Power as sum of work done, rate 
of work done and total work done is shown using line plots in 
fig. 6 and 7. For Newtonian behaviour at Reynolds  

 

TABLE II 
EDDY INTENSITY AND PRESSURE DROP FOR NON-NEWTONIAN 

BEHAVIOUR AT RE = 20 

 
number 20, the work is higher than unity, rate of work done 

and total work done become flatten at about 3000 time steps at 
∆t = 10–3. Whereas for non-Newtonian behaviour with 
decreasing the power law numbers the predictions are totally 
different and the results are indicating the rapid changes for 
the rate of work done and total work done, as shown in the line 
plots, fig. 7. As time marches, some instability is observed for 
low power law index and after considerable time solution 
shows stable behaviour, see fig. 7. 

 
Fig. 3 For Newtonian flow behaviour with increasing Reynolds 

number (a) Streamline contours and (b) pressure isobars. 

 
Fig. 4. Streamline Contours of non-Newtonian behaviour of 

toothpaste at reducing   power law numbers. 

Eddy Intensity Pressure Isobars Power 
Law 
Index 

Min Max Min Max 

0.9 0 4.532 -8.908 3.848 
0.8 0 4.636 -9.081 4.279 
0.7 0 4.785 -10.963 10.976 
0.6 0 4.934 -11.154 16.016 
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Fig. 5. Pressure Isobars of Non Newtonian Behaviour of toothpaste at 
decreasing power law numbers 

 
 

 
 

Fig. 6. Work calculation with respect to time for Newtonian 
behaviour at Re = 20 

 

V. CONCLUSIONS 

Finite element algorithm employed to develop a 
computational model for rotational flow of non-Newtonian 
fluid like toothpaste in the circular tank successfully applied to 
predict the shear rate in the mixing. It is clearly demonstrated 
that with increasing the inertia fluid flow structure in mixing 
tank loses its equilibrium and vortex shift upward in the 
direction of container movement and non-dimensional pressure 
differential enhances. The pressure differential are generally 
higher in the non-Newtonian power law fluid when the power 
law number is decreased to the n= 0.6.  

 

 
Fig. 7. Comparing the work calculation with respect to time for Non-
Newtonian Behaviour of toothpaste at Re = 20, for Power law index 

number (n = 0.7 and n = 0.6). 
 
The total work-done with respect to the time predicted by 

the model is indicating sum of work done and work done in the 
non-Newtonian behaviour is very much unstable and the 
fluctuation in this is very high as compared to the Newtonian 
behaviour. It is observed that the less work is required at the 
power law number n=0.7 for non-Newtonian behaviour of 
toothpaste, which is presented in the figure–7. The optimal 
rate of work with respect to time is predicted by the model and 
plotted on the graph is less than unity at power law number n = 
0.7, when we compare this power law number to the others 
graphically plotted and shown in figure 7 and 8 is very much 
visible. The effect of shear thinning is predicted by the shear 
rate which is maximum 21.424 at power law index n = 0.7. 
From the numerical results generated, the design of mixer that 
will ultimately impact upon the mixing of tooth paste is 
related. 
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