
 

 

    
Abstract—This paper provides a replacement policy for warranty 

products with different failure rate from the consumer’s viewpoint. 
Assume that the product is replaced once within a finite planning 
horizon, and the failure rate of the second product is lower than the 
failure rate of the first product. Within warranty period (WP), the 
failed product is corrected by minimal repair without any cost to the 
consumers. After WP, the failed product is repaired with a fixed repair 
cost to the consumers. However, each failure incurs a fixed downtime 
cost to the consumers over a finite planning horizon. In this paper, we 
derive the model of the expected total disbursement cost within a finite 
planning horizon and some properties of the optimal replacement 
policy under some reasonable conditions are obtained. Finally, 
numerical examples are given to illustrate the features of the optimal 
replacement policy under various maintenance costs. 
 

Keywords—Planning horizon; Free-repair warranty; Minimal 
repair; Replacement. 

I. INTRODUCTION 
UE to the rapid advance in functional innovation of the 
products, the consumers plan to use the product, and the 

product is replaced once under a finite planning horizon. It 
would be important to steady the operational efficiency of the 
product for consumers. This paper investigates 
single-replacement policy for warranty products with different 
failure rate under a finite planning horizon. For warranty 
products, the theories of replacement and maintenance policies 
are illustrated in Barlow and Proschan [1]. In 1982, Boland and 
Proschan [2] studied the periodic replacement policy which 
minimizes the total expected cost of repair and replacement 
over a fixed time horizon and the total expected cost per unit 
time over an infinite time horizon. Nakagawa and Kowada [3] 
proposed the replacement model for a system with minimal 
repair and derived some probability quantities and reliability 
properties. Since then, various issues associated with 
replacement and maintenance policies have been extensively 
published [4]-[8]. 

In general, the product is sold with a length of warranty. In 
developing a warranty model, FRW is the most commonly used 
for repairable products. The concept of warranty cost analysis 
is described in Blischke and Murthy [9]. Under FRW, the failed 
product is corrected using minimal repair without any cost to 
the consumers. After minimal repair, the failure rate of the 
product remains unchanged. Various maintenance models 
involving minimal repair can be found in the literatures 
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[10]-[12]. Wang and Sheu [13] investigated a discrete general 
shift distribution to provide an optimal lot size so that the long 
run total cost of the setup, inventory holding, and warranty is 
minimized. In 2009, Nakagawa and Mizutani [14] converted 
the three usual models of the periodic replacement with 
minimal repair, block replacement and simple replacement to 
finite replacement models. Furthermore, the optimal policies 
for each model are analytically derived. As mentioned above, 
the past literatures considered that the failed product is replaced 
by a new product in the maintenance model from the seller’s 
viewpoint. In this paper, we consider that the warranty product 
is replaced once within a finite planning horizon from the 
consumer’s viewpoint, and the failure rate of the second 
product is lower than the failure rate of the first product. 
Furthermore, the mathematical model is derived and the 
optimal replacement time is obtained for the warranty product. 

This paper is organized as follows. The mathematical model 
for the warranty product is derived in Section II. The optimal 
replacement time under some reasonable conditions is obtained 
in Section III. In Section IV, the performance of the optimal 
replacement policy is evaluated through numerical examples. 
Finally, some conclusions are drawn in Section V. 

II.  MATHEMATICAL FORMULATION 
We used the following mathematical symbols in this paper: 

T        a planning horizon of using the product 
w        the length of warranty of the ith product, 1, 2i =  
S        the replacement time over a planning horizon T  

iV        the purchase price of the ith product, 1, 2i =  

( )if t  probability density function of the lifetime of ith 
product, 1, 2i =  

( )ih t    failure rate function of the ith product, 1, 2i =  

( )iH t  cumulative failure rate function of the ith product  

miC      minimal repair cost of the ith product, 1, 2i =  

    dC      downtime cost of the ith product, 1, 2i =  

From the consumer’s viewpoint, consider that a new product 
is sold with a length of warranty w . Suppose that the 
consumers plan to use the product under a planning horizon T . 
During the planning horizon, the product is replaced once at 
time S  by a new product and 2w T≤ . Suppose that the failure 
rate of the first and second products are 1 ( )h t  and 2 ( )h t , 

respectively. Consider that ( ), 1, 2ih t i =  is a strictly increasing 
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function over time t  with 1 2(0) (0) 0h h= =  and 

1 2( ) ( ) 0, 0h t h t t> ≥ ∀ ≥ . The cumulative failure rate function 

of the product is 
0

( ) ( ) , 1, 2
t

i iH t h u du i= =∫ . 

Suppose that the purchase prices of the first and second 
products are 1V  and 2V , respectively. Within the planning 

horizon, each failure incurs a fixed downtime cost dC  to the 
consumers. Within WP, the failed product is corrected by 
minimal repair without any cost to the consumers. After WP, 
the ith failed product is repaired with a fixed cost , 1, 2miC i =  
to the consumers. After minimal repair, the product is normally 
operating; however, its failure rate remains the same as that just 
prior to failure. Since the failed products are rectified using 
minimal repair, the failure process of the ith product in the 
interval [0, ]T  is a non-homogeneous Poisson process (NHPP) 

with intensity function ( ), 1, 2ih t i = . Assume that the time 
required for minimal repair is negligible comparing to T . 
Since the warranty product is replaced once at time S  over T , 
the model of replacement police is considered: 0 S w≤ ≤ . 
Then, the model is discussed as follows. 

From Fig. 1, the expected total disbursement cost (purchase 
price and downtime cost) of the first product is: 

 

1 1 1 1 1
0

( ) ( ).
S

d dC V C h t dt V C H S= + = +∫  
 

The expected total disbursement cost (purchase price, 
downtime cost and repair cost) of the second product is: 

2 2 2 2 2
0

2 2 2 2 2

( ) ( ) ( )

( ) ( ) ( ).

w T S

d m d
w

m d m

C V C h t dt C C h t dt

V C C H T S C H w

−

= + + +

= + + − −

∫ ∫  

Therefore, the expected total disbursement cost within the 
planning horizon T  is: 

 

1 2

1 1 2 2 2 2 2

( )

( ) ( ) ( ) ( ).d m d m

E S C C

V C H S V C C H T S C H w

= +

= + + + + − −
(1) 

 
 
 
 
 
 
 
 
 
 
 
 
 

The objective of this paper is to find an optimal replacement 
time S  of the product such that the expected total 
disbursement cost in Eq. (1) is minimized. In the next section, 
the properties of the optimal replacement time are derived. 

III. OPTIMAL REPLACEMENT TIME 
To investigate the properties of the optimal replacement 

time, we take the first and second derivatives of Eq. (1) with 
respect to S , we have: 

 

1 2 2( ) ( ) ( ) ( )d m dE S C h S C C h T S′ = − + −              (2) 
 

and 
 

1 2 2( ) ( ) ( ) ( ).d m dE S C h S C C h T S′′ ′ ′= + + −             (3) 
 

Since ( ), 1, 2ih t i =  is a strictly increasing function, we have 

( ) 0E S′′ >  in Eq. (3). This implies that ( )E S′  is an increasing 
function of S  in the interval [0, ]T  and ( )E S  is a convex 
function. Observing Eq. (2), the following theorem holds. 

Theorem 1. When ( ) 0, 1, 2, 0ih t i t> = ∀ ≥  , the following 
results hold. 
(a) If 1 2 2( ) ( ) ( ) 0d m dC h w C C h T w− + − ≤ , then the optimal 

replacement time *S w= . 
(b) If 1 2 2( ) ( ) ( ) 0d m dC h w C C h T w− + − > , then there exists a 

unique solution * [0, )S w∈ such that 
*1 ( ) 0

S S
E S

=
′ =  and 

minimizes 1 ( )E S . 
Proof. According to the boundary condition 0 S w≤ ≤ , 

substituting 0S =  and S w=  into Eq. (2), respectively, we 
have 

2 20
( ) ( ) ( )m dS

E S C C h T
=

′ = − +                     (4) 
 

And 
 

1 2 2( ) ( ) ( ) ( ).d m dS w
E S C h w C C h T w

=
′ = − + −       (5) 

 

when 2 ( ) 0, 0h t t> ∀ ≥ , we have 
0

( ) 0
S

E S
=

′ <  in Eq. (4). 

Since ( )E S′  is an increasing function of S  and 

( ) 0, 1,2, 0ih t i t> = ∀ ≥ , the following results hold. (a) If 

1 2 2( ) ( ) ( ) 0d m dC h w C C h T w− + − ≤ , then ( ) 0
S w

E S
=

′ ≤  in Eq. (5). 

This implies that ( )E S  is a decreasing function of S  in the 
interval [0, ]w . Therefore, the optimal replacement time 

is *S w= . On the other hand, (b) If 

1 2 2( ) ( ) ( ) 0d m dC h w C C h T w− + − > , then ( ) 0
S w

E S
=

′ >  in Eq. (5). 

Since ( )E S′  is an increasing function of S , ( )E S′  changes 
its sign exactly once in the interval [0, )w . This implies that 

there exists a unique solution * [0, )S w∈  such that 

*
( ) 0

S S
E S

=
′ =  and minimizes ( )E S . 

Theorem 1 shows that the optimal replacement time *S  is 
unique under the boundary condition 0 S w≤ ≤  when 

( ) 0, 1, 2, 0ih t i t> = ∀ ≥ , and the optimal replacement time 
* [0, )S w∈  can be obtained by solving the equation 

1 2 2( ) ( ) ( ) ( ) 0.d m dE S C h S C C h T S′ = − + − =  

t 

h(t) 

0 
Fig. 1 Replacement policy under 0 S w≤ ≤  

S  T  

h1(t) h2(t) 

w  w  
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IV. NUMERICAL EXAMPLES 
Consider that the consumer plans to use the product under 

the planning horizon 10T =  and a new product is sold with a 
length of warranty w. During the planning horizon, the product 
is replaced once and 2w T≤ . Suppose that the lifetime 
distribution of the ith product follows a two-parameter Weibull 
distribution 1 ( )( ) ( ) , 1, 2ii i ti i i if t t e iββ αα β α − −= =  for 0t ≥ , 

where iα  is the scale parameter and iβ  is the shape parameter. 
According to the definition of a failure rate function, the failure 
rate function of the Weibull distribution for the ith product is 

1( ) ( ) , 1, 2ii i i ih t t iβα β α −= =  and the failure rate of the first 
product is higher than the failure rate of the second product, 
that is, 1 2( ) ( ) 0, 0h t h t t> ≥ ∀ ≥ . ( ), 1, 2ih t i =  increases in t  

if 1iβ > . When 2iβ = , ( ), 1, 2ih t i =  is a linearly increasing 

function. ( ), 1, 2ih t i =  is a convex and increasing function if 

2iβ > , and a concave and increasing function in t  if 2iβ < . 
Suppose that the initial purchase prices of the first and second 
products are 1 1000V =  and 2 2000V = , respectively. For the 
repairable product within WP, the failed product is corrected by 
minimal repair without any cost to the consumer. However, 
after WP, the ith failed product is repaired with a fixed cost 

, 1, 2miC i =  to the consumer. Within the planning horizon, 

each failure incurs a fixed downtime cost 30dC =  to the 
consumer. For the model 0 S w≤ ≤ , when 4w = , Table I 
summarizes the numerical results for various 2mC . For 

example, when 1 2 1 2 1( , , , , ) (0.2, 0.05, 2.1, 2.5, 50)mCα α β β =  

and 2 130mC = , the optimal replacement time is * 2.1S =  and 
the expected total disbursement cost is min ( ) 3018E S = . 
Furthermore, from Table I, we have the following 
observations: 
1. When the repair cost 2mC  of the second product increases, 

the replacement time S  and the expected total 
disbursement cost increases. 

2. When , 1, 2i iβ =  increases, the replacement time and the 
expected total disbursement cost min ( )E S  decreases. 

 
TABLE I 

OPTIMAL REPLACEMENT TIME *S  FOR VARIOUS 2mC  

1 2 1 24 0.2 0.05 1.2 1.5w α α β β= = = = =  

1mC  2mC  *S min ( )E S

50 

100 2.2 3033 

110 2.7 3035 

120 3.2 3036 

130 3.7 3037 

1 2 1 24 0.2 0.05 1.2 2.5w α α β β= = = = =  

1mC  2mC  *S min ( )E S

50 100 1.9 3015 

130 2.1 3018 

160 2.4 3020 

190 2.6 3022 

V.   CONCLUSION 
In this paper, from the consumer’s viewpoint, the 

replacement of the product is investigated before WP. In the 
numerical examples, we have some conclusions as follows. (1) 
As the repair cost of the second product is higher, the product 
should be replaced late. (2) When the failure rate of the product 
is a convex and increasing function, the expected total 
disbursement cost is lower. Furthermore, some generalizations 
such as residual value of the product, renewing 
free-replacement warranty, non-renewing free-replacement 
warranty, or pro-rata warranty, are extended issues for future 
study in this area. 
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