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On the Numbers of Various Young Tableaux

Hsuan-Chu Li
and get
Abstract—We demonstrate a way to count the number of Young _ — [X_j_1+’1n—j+1] -
tableau of shape A = (K,K,---,k) with | A |= 1K by expanding {_n’al'az'ma”_} b _K"Jgn
and Schur function associated to A is defined as

Schur function. This result gives an answer to the question that was put
out by Jenny Buontempo and Brian Hopkins.

Keywords—Young tableau, Schur function.

I. INTRODUCTION

Given a partition A=(4,4,,--,4,) of p , a

semi-standard Young tableau of shape 4 SSYT? is an
arrangement of P boxes, A, in the first row, A, in the
second row sharing left border with the first row, etc., with each
boxes having a label from {1,2,---, p} such that labels weakly

increasing across rows and strictly increasing down columns. If
the labels increase across rows and down columns, then it

becomes a Young tableau of shape A . The following two

examples show a SSYT *#4

(5,2,2,1) respectively.

and a Young tableau of shape

2 5 1 5 8 10

Let
Xt X2 X,
X;l XZaZ .. X;”
Crayapay =| - . .
X3 x% X2

n

are integers and 0<X1<X2<---Xn [1, p.142]. In

n n

connection with Schur functions we define the partition A

associated with G as the nonincreasing sequence of
nonnegative integers

A=A, A, 4,)=(@,-(n-1),a,, - (n-2),---a),
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_ det G{n;al,az,man}

S, (X, Xy, 0o X )= ————=20d,
’ . " detG{n;O,l,---n—l}

In [2], Jenny Buontempo and Brian Hopkins considered
Young tableaux consisting of two rows of equal length counted
by the Catalan numbers and gave two combinatorial proofs.

In a recent paper [3], we succeeded to provide the unique LU
factorization of G{n;a,a2,~~~an} avoiding Schur function and
expressed any Schur function in an explicit form. Now we state
the results as follows:

1. G, can be factorized as G, =LU, , where

L, =[L,(i, j)] is a lower triangular matrix with unit main

n

diagonal and U, =[U (i, j)] is an upper triangular matrix,
whose entries are defined as follows:

Li=j;
0,i<j;
.. Xi a, H H .
LG, j)= (% i=Li22
Xl
. S X: —>X A . . .
(i)al &J > j +1, j> 2.
j A
and
X',i=1
. 0,i > j;
U,G,j) = oo
X'B,,1=]22;
x2St B, j>i+lix2.
where
A =B, =
A =5 TN AL —Sp, oy (A)SH (AL k=3 (L)

A =58 (@) s gyt Aa)

P oxG

),k=3,(12)
-1
Sp oy (A1) =X, substitutes for x, , in A ,;

Stamad(A )= a, substitutes for a,_, in A_,.
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2. The Schur function S, (X;, X,,-+X,) canbe expressedas ~ x[(x3™
a a; a)—a;
_ X" X stisn X' B; N (X32 '
SA(XI'XZ"”Xn)_ X X 2@
ngkjgn( i i) _[( 5
a,—a;
where B; are defined as above. —(x ™
x [(X:S*al
Basing on the above facts, we establish a method to countthe (x
number of various Young tableaux, including those with more 3
than 2 rows, while remaining within a tableaux context. x{L(xg™
_ a,—a;
Il. MAIN RESULT AND AN EXAMPLE (X4
ag—a:
Now we are in a position to state the main theorem. X [(X33 '
_ (Xa2*31
Theorem 11.1 The number of Young tableau of shape 8
. . - ag—a
A= (KK, k) with | A |= Ik is the coefficient of the term  —[(X;* ™
X, X, *++ X in the expansion of S\ 0 (X, Xy, Xy ) - — (X ™
(o
Proof. By definition, the Schur function S is the symmetric G
. . 3
function defined as: [
T m m m - X
S, (X, Xy, Xy ) = ZX = Z:Xllxzz'”xlkk >
TesSSYTA TesSSYTA —(xg™
where | A |= 1k , m; is the number of entries i in SSYT”* K [(x2™
T for =120k . In particular, when (x2
3
(mg,m,,---,m, ) =(1L---1), then the coefficient of the [
. 5
term X, X, --- X, is exactly the number of Young tableau of _(xa
shape 1 = (k,k,---, k) with | A ]=1k. " Sa .
X X34_ 1
Now let us take a look at the following example to see howto  _ (ng—al
count the number of Young tableau of shape A . a2
{0
Example 11.2 By using the recurrence formula (1.1) _ (Xaz—al
and (1.2), we can get 4
a;-a a;-a a,-a a,-a ><[(Xa3_al
Ag = (X° 7™ = X7 ) (X2 = X)) 3
-
S e CHRE R ~
a,-a a,-a, a,-a a,-a, —[(x%™
A, =[0G )™ = ™) L(x;
a,—a, a,—ay a,—a a,—ay — (Xaz_al
- (X4 =X )(Xz =Xy )] 4a a
ag—ay az-a a,—a, a,—a, x[(X°
K[OG - X206 - %) L%
a,—a, a,—ay a3-a a3-a - (X;‘z_al
- (Xs —-X )(Xz - X )]
_ XaS_al _ Xas_al Xazfal _ Xazfa1
e e A =4l
_()(42 t - )(12 1)(XZ3 ' _Xl3 1)] _(Xaz—a1
_ _ — _ 6
x Xa4 ay _Xa4 ay Xa3 ay _Xa2 ay
) S
- (X32 ; _ X12 1)(X24 1 X14 1)]; _(Xaz—ai
ag—ay a;—a, - - 3
A5 :{[(X55 1 _ Xls 1)(X§2 g _sz al) _[(Xa3fal
- - a;-a a;-a, 6
_(X§2 a sz al)(xzs Yy Xls 1)] _(Xaz_al
6

International Scholarly and Scientific Research & Innovation 3(8) 2009

597

X
_ Xlaz—al )(X;‘a—ai
X =)
_ sz*al )(X;‘z—al
X

X0 T

Ao
_ sz—al)(xga—ai
_ Xlazl_ai )(X;‘a*al _ sz—ai)
s
_ Xlas‘al )(ng—al _ Xlaz—a1)
_ Xlaz—al)(xgs—al
X )

X

A3
6

S
o
-G )
A o

-x)
-]

_ st_al )]
- )

GG )
TG =X )]
SR )
SO )]
S0 )
ST )]
X )
TG -}
XR)E -x)
GG X))

_ st*al)(xgz—ai _ sz—a1)
X X )

x)
X))

-]}

—Xx)]

ST )]
SR )
ST )]
X )

Xy

_ Xfe*al )(ng—al _ sz—al)

_ Xlaz—al)(XSG*% _ Xlas*al )]

—x)

=)

)

1SN1:0000000091950263



Open Science Index, Mathematical and Computational Sciences Vol:3, No:8, 2009 publications.waset.org/7877.pdf

x[(xg*™
(e
<{I(xg ™
e
x[(x>™
— (X:27a1
—[(xg™
-
<[
g
~{xe
— (X227a1
X [(X§37a1
_ (X§2*al
_ [(X237a1
_ (X22*31
o
-
L™
(e
x[(x*™
(g
—[(xg™
e
X [(X§8731
(g
<{{I(xs™
(e
<0
-
—[(xs™
— (X§27a1
x [(X§5*31
_ (X:Z*al
<™

_ (XZZ*al

International Scholarly and Scientific Research & Innovation 3(8) 2009

A
- X0
-0
-0
X -
-
A
-
A
-0
-XE 0
-0
L
X
- (g
)0
(e
- X0
X0
X0
X0
- X
A L
X
-

X

=X )X

X -
-
-
X
-
-
X
S
- X

World Academy of Science, Engineering and Technology
International Journal of Mathematical and Computational Sciences

-x)
X}
-x)

X))

)

-]
-x?)
— X )]
-
Rl
-
-]
X
—x)]
-x)
=% ")]
X
-X
-x)
-]
-x)
-]
X
)
-x)
-XCI

& __ Xlaz—a1)

X )]

X
)
)
%]
)
X
X

)

Vol:3, No:8, 2009

x[(xg*™
(e
—[(x™
-
<0
— (X§27a1
~{Ix
— (X§27a1
X [(ng—al
_ (X;‘z*al
—[(x™
(e
o
_ (X§2*31
<{[(x™
(e
x[(xg*™
-
—[(x™
-
x[(xg"™

~(¢

-
X [(X;’ls—al
(e
—[(x¢™
-
X [(Xss—%
_ (X§2*31
x{[(xz+ ™
_ (Xj2*31
X [(X§37a1
_ (X;‘z*al
_ [(Xj37a1
_ (Xj2*31

598

o
X0
X
X
— Xlaral )(X§3—31
X
— Xlaral)(xgrfh
e
X
X
S
S
D
_ sz*al )(ngral
S
X
S
X 0e
S
D
o
L
IO -0
X0 -
I
X0
It
_ Xlaz—al)(xga—ai
X0
_ sz*al )(XS‘S*%
— Xf‘ral)(xgréh
_ sz*al)(xgzral
e
X
_ st*al)(X;‘z*%
_ sz*al)(xsral

%)
X )]
-x)
)
)
)
-x)
X))
-x)
)
X )
X )]
X )
X
)
X )]
X )
X )]
)
X )]
X )
X

- _ Xlaz—al)

x* )]

-x)
- X )]
-x)

X))

=8

—-X )
= x )1}
X )
—xf)]
)
=Xx)]
X )

_ X1a37a1 )]

1SN1:0000000091950263



Open Science Index, Mathematical and Computational Sciences Vol:3, No:8, 2009 publications.waset.org/7877.pdf

o
(e
(e
_ (X§2*31
X [(X§37a1
_ (X§2*al
_ [(XGas—al
_ (X22*31
o
(e
<{I0x ™
-
x[(x5°™
_ (X§2*al
_ [(X237a1
_ (XZZ*al
X [(X§5*31
_ (X:2*al
{{I(xs"™
_ (X;lz*al
<[(x*™
(e
~[
(e
x[(xg*™
(e
<{I(xg ™
(i
<0
(e
—[(xg™
(i
(Co
(e
~{Ix

— (st -

International Scholarly and Scientific Research & Innovation 3(8) 2009

World Academy of Science, Engineering and Technology
International Journal of Mathematical and Computational Sciences

X )
X )
X )
)06 )]
X )
X X )]
X X
X0 )]
X X )
SXEE0G X
X X )
X6 )]

.
L ] |
X X )
X0 )]
X6 X )

=X = xR

SR

_ Xfe*al )(X;‘z*al _ sz*al)

X0 )]
XS )
X )
X0 )
X )
X )
X X))
X )
X )]
X )
X )
X0 -6
X )
SXEE )

X X ])

_ XfA*al )(X;iz*al _ sz*al)

_ sz*al )(X;icﬁal _ XfA*al )]

Vol:3, No:8, 2009

<06 )06 -3 )
N CIRE T (R
L0 O X )
_ (X532*31 _ sz*al )(X;‘z—al _ Xf‘z_al )]
<0G =P )06 x5
R
X{[(Xjﬁial _ Xfe*al )(X;‘z*al _ sz*al)
_ (Xj2*31 _ Xf127a1)(X;67a1 _ Xfe*al )]
X [(X;S_al _ Xf3_a1 )(Xzaral _ sz*%)
_ (X;‘z*al _ sz*al)(xgral _ sz*al )]
S[06 X X )
_ (Xj3*a1 _ st*al )(X§3*31 _ Xf‘s*fh )]
x [(X§6*a1 _ Xfe*al )(X233*a1 _ Xf‘z*'ﬂh)

- 06T 06 -,

-x)

_ az—a az—a, az—a a;—a st*al
B3 — (X33 4 _Xls 1)(X23 ! _Xls 1)X[(X§2_a1
_ a,—a, a,—ay a,—a, a,—a eral
B, —{()(44 X 1)_(Xz4 X 1)X[(X;\z—a\l
a, - a, - - - (Xgral
{0 =X ) =0T X)X
o

(7" )3 - )
Lo 0 )
_ (X;z—"’h _ sz—a1)(X;3*a1 _ Xfa*al)
- (ng‘al _ sz‘%)(xgral _ Xlas—a1 )}’

Xaz—a1
By =06 =) 06 X
2
a5—ay as—a; ag—ay a5 -3y X’a?ral
O X O ) X[
(™
(67" )07 % =% ™)
T e )
06 X - )
S o e
a5 —a; a5 —a; ag—a; ag—a; (X227a1
™ =X = (T =X ) % [(ng—al

599 1SN1:0000000091950263

o e
-x )
")

L
)
)
X

—x)
_ sz*al)

I

)

;=8

Xy

I

H—a

I3

I}

1}



Open Science Index, Mathematical and Computational Sciences Vol:3, No:8, 2009 publications.waset.org/7877.pdf

World Academy of Science, Engineering and Technology
International Journal of Mathematical and Computational Sciences
Vol:3, No:8, 2009

—{(Xas o ) (Xas o st_al)x[(xgral X al)]} _(xj‘z*al _ xfral)(x;ral _ Xf?:*al)}}
(X§2*31 _ az al) (ng—al _ az—al)(xas—al _ Xa3_al)
(™ =X )06 " X ) L™ ™) %)
(X§3—a1 33—31)()(32—31 az—al) (Xa2 a al)(X _Xa4 al)]
2 1
— (XZZ*al E"2 al)(xa3 a _ Xfral)}} X[(XSaS &y Xlaa—a1)(X§2*31 _ Xlaz*al)
a, -2, -3, a;-a ag—a,
— (X32 al_a ;)_£X23 al _—a X13 ;)_a _ (Xaszﬁ _ sz*a1 )(X;‘s—al _ Xla3—a1 )]
X{{[(XS4 ! ¢ 1)(X 2 —X12 1) _[(Xa3 a as—al)(xaz—a1 az—al)
— (Xsaz—al al)(xa4 - Ve: ) )] —(X6 az 61)(Xa3 a Xla3_a1 )]
><[(X§13_a1 - Xlaa ai)(X2az o Xlaz_al) s [(x3 2 — xda)(x2 & _ y&a
- (Xaz_al - Xaz—al)(xa3—a1 —xx )] [( a3—a :—a )( ;—a :—a )
3 1 2 L = (6" =X =X}
_ [(X:G!—ai 33—31)(X22—a1 az—al) +{[(X;’;\‘ra1 _ Xf4—a1)(xgz—a1 _ ng*al)
- (stia1 - szial )()(2a3_a1 - Xlas_a1 )] _ (ijfal _ sz*éh)(X;A*al _ Xf4*al )]
X [(X§4*a1 _ XaA*a1)(Xas—a1 _ Xlaz*a1) v [(X§3—a1 _ Xa3—a1)(xa2—a1 _ sz,al)
_(X;’z*al az al)(xa4 E _Xlaafal )]} _(X;\z—a1 a2 al)(xa3 a szial )]
S{I0GT - XT(E —x ) IO X )
_ (XZZ*al _ az a1)(Xa4 & XfA*al )] _ ()(;';12—.311 _ sz*al)(x?’al _ szial )]
)([(X§13_a1 - a3 al)(Xa2 A szial) x[(XBaA*al _ XfA*al)(X;‘z*al _ sz*%)
_ (Xsral az al)(Xa3 & Xlas—al )] _ (X:’e‘;\z—a1 _ )(1512—511)()(;14—a1 _ Xlelral )]}}}
_[(XZTEH _ az a1)(xaz  _ sz*al) (Xaz—a1 az—al)
ag—a ag—a ag—a a5 —a, 5
_ (X:ral _ az al)(xas a XlaS_al )] _{{{(XSG t - Xl6 1) - (XZ6 b Xl6 1)X[(X232_al _ Xlaz_al)]}
a,-a a,-a a,—a a,-a _ _
><[()(34 b= 14 1)(XZZ t - Xl2 1) _{(Xae*a1 _ Xaefa1) _(Xa67a1 _ Xas*a1)><[(x?iiz " 5 al)]}
— (X§2*31 _ Xf‘z*al )(X§4*a1 _ XfA*al )]}} 3 1 2 1 (ng*fﬁ _ sz*al)
X33*a1 _ Xaral Xaz*a1 _ Xazfa1
_a = _a _a ng al _Xfral) X{( 533*511 ];iral)( 212*511 ]';12*31)
By ={{{c™ — ") -0 —x**)x [(az'al—xfz‘al)]} (X" =X ) = x2)
2 - _ Xazfa1 _ az*al Xaral _ Xa3*a1
ag—a ag—a; ag—a ag—a; (XSZ_ ' az_al) ( 3—a az al)( a3—8 ]z-i3—a1)}}
O =) = (G L URCIET SR CIRT
2 1 (Xaz -8 a-ay )
_ _ _ _ _ A= _ AT _ (A 3 4
e o i D
(X33 ' _X13 1)(XZ2 ' _Xl2 1) (Xaz & Xaz—al)
B -8y a,-a -, a2 _{(Xaﬁ—al _ Xae—al) _ (Xae—al _ Xae—al)x[ 3 1 ]}
e e T
_ X32 1 _ Xlz 1 X23 1 _ Xls 1 (X Xasfal)(xaz—al Xaz—al)
1 2
O =) — (T X)) [‘( —i : X a;]} {(Xaz x0T - )
X527 — X1 ! _ az—a1 ag—a, a3—a1
ag—a ag—a, ag—a a -a (Xa2 o _Xaz al) (X:‘ral a1)()(5‘3 - a3 a1)}}
e M 1 = =) L )0 )
i _Xl ) ><{{[(X34 qy a1)(xaz &y az al)
(Xa3 a a3 al)(X az al)
><{ 4 —(Xa2 & _ yar al)(Xa4 4 _ yas- al)]
(Xag—a1 _ a3 al)(xa2 a Xa ai) 1 2 1
3 l 2 1 % [(Xa3 a a3—a1)(xzaz—al az—al)
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— (G X0 X )]
[0 X X )
(G O X))
K[OG =X X )
S R S (C ) 53

Now considering A = (2,2,2) = (2,2,2,0,0,0), then
(a,,a,,a;,a8,,a5,85) =(01,2,5,6,7) and

$(2.2,2) (X, Xy, X31X41 X5, Xe)
— detG{6;0,1,2,5,6,7} — zgiSGBi
H(Xj_xi) H(Xj_xi)
1<i, j<6 1<i, j<6
= XOXIXZ + XU XIXgX, + XIX XX, + X XIXEX,
FXIXIXZ + XX, X XE + X XX XG + X X2X]

FXPXXEXE + XCXEXE + XEXE XX + X2X, XE X,

+ X XEXEXg + XIXEX Xs + 2X7 Xy Xg Xy Xs + 2X X2 X5 X, X
+ XEXZX, Xg + 2% Xy X2 X, Xg + XE X2 X, Xs + XX, X2 Xs
X XEXEXg 4 XEXGXE Xg + 2% Xy X X2 X + X2 Xg X2 Xe

X XXX + X XXX + XIXEXE + XX, X X2

F XXX XE XXX + X, X XEXE + X5XIXE
FXEX, X XE X XEX, XS + XXX XE + 2K X, X X XE

2 2 2 2 2 2 222
+ X5 X3 X, Xs + X X3 X, X5 + X, X3 X, Xs + Xp Xg X

XX XEXZ + XEXEXE + X X XEXE + Xy Xy X2 XZ

FXZXZXZ + XIXE XX + X2X, X2 Xg + X X2 X2 X,
HFXIXEX, Xg + 2X7 Xy Xg Xy X + 2%, X2 Xg X, Xg + XXX, X
+ 2%, Xy XEX, Xg + XEXE X, X + X Xp X2 Xg + X X5 X5 X

+ X XgX2 X + 2% Xy Xg X2 Xg + X2 X X2 X + X X5 XS X

X, XEXZ X + XTXE X Xg + 2X2 Xy Xg X Xg + 2X, X2 X X5 X
+ X X2 X Xg + 2X, Xy XXEXs Xg + X5 X5 Xs X + 2X7 X, X, Xe X
+ 2X, X5 X, X X+ 2XF XX, Xs X Xy Xy Xg X, X X + 2X5 XX, X X
+ 2X X5 X, Xs X+ 2X, X2 X, Xe Xg + X7 XE Xe Xg + 2X, X, X2 Xs X
F XZXZXs Xg + 2X Xg X5 Xs X + 2X, X X2 X Xg + X5 X, Xg X,
F XEX,XEXg + X XEXZ X + XEXGXE X + 2%, Xy Xg XE X

H XZXGXE Xg + X XEXE X + Xy X2XEXg + X7 X, X X

+ 2X Xy X, X2 X + X5 X, XEXg + 2X Xy X XX + 2X, Xg X, XE X
FXZX,XEXg + X XEXEXg + X, XEXEXg + X XEXE X

222 2 2 2 2 222
+ X, X5 Xe + Xy X, Xz Xe + X, X5 X Xg + Xy Xz X
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F XX XEXE + XEXEXE + XXX, X + X, XoX, XE
XXX XE 4 2K Xy XX XS + XEX X XZ + X XEX, XG
F XXX XE + XEXEXE + X X, XIXZ + X2X2XE

22 22 22,2 2 2
+ X Xg Xy Xg + Xy Xg Xy Xg + X3 Xg Xe + X; X, X5 Xe

F X XEXXE + XXX XE + 2K Xy X Xe XG + X2 Xy X XG
F X XEXXE + Xy XEXs XE + XX, X XE + 2%, Xy Xy Xe XE

FXZX, Xs Xe + 2X Xg Xy Xe X2+ 2X, Xy Xy Xs X2+ X2 X, X XE
2 2 2 2 2 2 222

F X XEXXE A+ X XEX XS + Xy X2 X XE + XEXEX

F XX XEXE + XIXEXE + X XgXEXE + X, X XEXE

FXIXEXE + X X XEXE + XX, XEXE + Xg X, XEXG

222
+ Xg X5 Xg -

Observing that the coefficient of the term X, X, X;X, Xs X; is

5, which is exactly the number of Young tableau of shape
1=(2,2,2).
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