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Mathematical Determination of Tall Square
Building Height under Peak Wind Loads

Debojyoti Mitra

Abstract—The present study concentrates on solving the along
wind oscillation problem of a tall square building from first
principles and across wind oscillation problem of the same from
empirical relations obtained by experiments. The criterion for human
comfort at the worst condition at the top floor of the building is being
considered and a limiting value of height of a building for a given
cross section is predicted. Numerical integrations are carried out as
and when required. The results show severeness of across wind
oscillations in comparison to along wind oscillation. The comfort
criterion is combined with across wind oscillation results to
determine the maximum allowable height of a building for a given
square cross-section.

Keywords—Tall Building, Along-wind Response, Across-wind
Response, Human Comfort.

I. INTRODUCTION

HE present generation structures, unlike in the past, are

remarkably flexible, low in damping and light in weight.
These structures are results of the development of modern
materials and construction techniques. Their enhanced
susceptibility to the action of overall and local wind effects
calls for development of newer methods of design. Such
developments have augmented emergence of a new discipline
called ‘wind engineering’. Researchers in this discipline need
a thorough knowledge in bluff body aerodynamics and their
task is to ensure that the performance of structures subjected
to the action of wind will be adequate during their anticipated
life from the standpoint of both structural safety and
serviceability. The designer can achieve this end if he/she has
prior information on the wind environment, the relation
between the environment and the forces it induces on the
structure, and the behaviour of structure under the action of
these forces. Information on the wind environment can be had
from meteorology, micrometeorology and climatology.
Estimation of aerodynamic forces like drag or along-wind
force, lift or across-wind force and torsional moment can
either be obtained using available results of aerodynamic
theory or be found out by carrying out special wind tunnel
tests. These forces and moments, in most cases, may be
fluctuating with time and cause vibrations in earth-fixed
structures, and structural response analysis becomes essential.
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The random character of this time-dependence calls for the
elements of the theory of random vibrations be applied to the
analysis. Thus, a study of the interaction between the
aerodynamic and the inertial, damping and elastic forces is
required with the purpose of investigating the aerodynamic
stability of the structure.

A good number of researchers have contributed to this field
of structural dynamics. Reference [6] first studied the effect of
atmospheric turbulence on structural response back in 1952.
Reference [3] suggested some procedure for estimation of
along wind response of tall buildings in 1961. Reference [20]
added more flexibility with respect to the choice of certain
meteorological parameters. References [13] and [15] have
significant contributions on prediction of building response.
Gust buffeting is taken into consideration in along wind
response analyses [16]. Reference [18] carried out significant
researches on finding out maximum limits of 3-D responses of
structures. 3-D responses in uncoupled manner are solved in
closed form [7] and gust effect factors for slender vertical
structures are estimated [8] as well. A general classification of
vertical structures can also be arrived at [17] under wind
loads. Reference {5] has significant contributions towards
time frequency analysis of wind effects on structures. Very
recently, Equivalent static wind actions on wind structures are
analysed using gust factor technique as well as load
combination technique and are solved in closed form [10]. A
new method, referred to as the global loading technique, is
also proposed here.

The present study attempts to estimate the along-wind and
across-wind response of tall buildings not significantly
affected by the presence of neighboring tall buildings. It may
be approximately assumed that the interference effect is
negligible if the distance between the two tall buildings
exceeds about six to eight times the average of the horizontal
dimensions of the buildings. Reference [8] noted that a square
building located in urban terrain near a building with similar
geometry and dimensions will show more or less the same
effect which it shows in the absence of the neighboring
structure. The present study also takes into account the factor
of occupant comfort [2] and attempts to predict the maximum
allowable height of a tall square building based on that
comfort factor. This consideration, as the authors feel, is yet to
be considered in any theoretical evaluation of building height
subjected to wind loads till date, which makes the present
study unique in that respect.
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II. THEORETICAL ANALYSIS

A. Along wind response

The main assumptions on which the following theoretical
analysis is based are as follows:

The terrain is approximately horizontal around the
structure and its roughness is reasonably uniform over a
sufficiently large fetch.

The mean wind speed is normal to the building face
under consideration, which is endorsed by the highest
values of along-wind response obtained in wind tunnel
tests by [12].

The mean wind velocity profile is described by the

relation
U(z) = 2.5u, ln(z —Zd j,z >z, +10 ()
ZO
10
U(z)=2.5u. ln(—j,z <z,+10 ()
ZO

The mean velocity in (1) and (2) is averaged over a
period of one hour.

The longitudinal velocity fluctuations are described by
u’ = ful 3)

The values of B for different roughness terrains are given
by [1].

Now, a tall vertical earth-fixed structure is considered in
general, for which it may be assumed that the displacement
in the horizontal direction x is the same for all points in the
structure that have the same height z. it can be shown [11]
that for small damping ratio the generalized co-ordinates
&i(t) satisfy the equations

E () +2£,Qm)E () +m)* £,1) =%,

i=123 )

where &i, ni, Mi and Qi(t) are the damping ratio, the natural
frequency, the generalized mass and the generalized force
in the i th mode and having expressions

H

M, = [[x, ()] m(2)dz 5)
0

where m(z) is the mass of structure per unit length, and

0,(t) = [ plz,0)x,(2)dz (6)
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where H is the height of the structure, and p(z,t) is the time-
dependent load per unit length acting on the system.

If the load p(z,t) is such that

p(z,)=F(1)d(z-z1) (7
where 8(z-z1) is defined in a manner 6(z-z1) = 0 for z # z1,

Az
lim [(z-z)d= =1 ®)

196

Az—0

so that if the structure is subjected to a concentrated force
F(t) acting at a point of co-ordinate z1, the generalised force
Qi(t) will be

0.0=lim [r@0x @)z =x,z)F@)  ©

Now, if the load p per unit length in (6) is independent of
time, the corresponding mean along-wind deflection is
given by

TE(z)xi (2)dz

x(z)=Y. L

~ Arx’n’M, %) (10

where Mi is defined by (5) and P is the time-invariant load.

The mean wind load acting on a building of width B may
be written as

p(2) =2 p(C. +C)BU@) )
where p is the density of air in kg/m’, C,, and C, are the
width-averaged values of mean pressure coefficient on the
windward face and suction coefficient on the leeward face,
respectively, and U(z) is the mean speed at elevation z in
the undisturbed upstream flow, in m/sec.

A detailed mathematical treatment, already available in
[14], ultimate leads to the following relations for the present
case of along wind response.

The mean square value of the fluctuating along-wind
deflection is given by

cl(z) = j S"(z,n)dn (12)
0

and the mean square value of the along-wind acceleration
is
2 4 T 4am
o; =16r In S"(z,n)dn (13)
0

Here
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2 2()\|C +2CWC1N(n)+C2J !
§"(zmy =Ly : ! GG -2 +Coi-
167 2 2 Co(;yl,yz,zl,zz,n) =X 1
nar2 1_m +4§l.2[”J | ezl
n; n;
2
X 1 1 i’y
BB HEH 1 1 andN(n)zg—z ~(-e"")[19] (22)
[T ] Jxini(@)U(1)U(22)8"2 (21)8"2 (22)
0000 where C, and C, are known as exponential decay
parameters [20],
xCoh(y1,y2,21,22,n)dy1dy»dz,dz, (14) . 15.4nAx (23)
is the spectral density of the along wind fluctuating a U
1
deflection and S'2(z,,n)is the spectral density of the UZU(EH) and Ax = minimum of B. D and H
3 b B .

pressures at point Ai(i = 1,2) and Coh(y,y2,21,22,n) and
N(n) are the across-wind and the along wind cross

; : ) Hence, the maximum along wind deflection of the
correlation coefficients, respectively.

structure at elevation z may thus be written as

The largest peak of the fluctuating response occurring in —

the time interval T is given by
Xmax(Z)=k(2)0(2) (15) where X(z) and X

where the peak factor k,(z) can be expressed [14] respectively.
approximately as

(z)are given by (10) and (15)

max

! 0.577 j
k. (z) = [2 In W(Z)T]z " 1 (16) B. Across wind response
[21n w(Z)T]E The across wind response, caused mainly by the
asymmetrical wake flow behind the buildings and
1 structures, does not have any expression based on first

0

principles till date. However, empirical relation proposed
on the basis of wind tunnel experiments can be used for

2
J-nzS'"(z, n)dn

Here, w(z) = OOC 17) obtaining satisfactory results in real life situations. A
J‘ S"(z,n)dn number of expressions are available for tall square cross-
’ section buildings in cases where the root mean square value
0 of the across wind oscillations at the tip of the building, oy,
Similarly, the largest peak of the fluctuating along-wind doesn’t.exceed a critical value cycr. Vickery3 proposed the
acceleration is, approximately, expression

Xmax (2) = k3 (2)o;(2) (18) r,o,(H) _JUH) | 1 p
=« — (25)

Al 0577 V4 nNA| Py

where, k (2) = [2In¥i(z)T s + ———— (19) S

[2 Invi(z)T ]2 where o,(H) = rms of across wind oscillations at top of
| structure, r, = peak factor expressing the ratio of the peak
o 2 response to rms response (ry = 3.5), H = height of the

Jn6S "(z,n)dn building in metres, A = cross-sectional area of the building
in m%, U(H) = mean wind speed at the top of the structure in

.o _ 0
and ¥(z) = ® (20) m/s, n; = fundamental frequency of vibration in Hz, & =
J‘n4S "(z,n)dn damping ratio, p = air density in kg/m3, p, = bulk mass of
0 building per unit volume in kg/m3, n and o = constants

o determined empirically from wind tunnel experiments (n =
Here, it is reasonable to assume
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3.5, a = 0.0006 + 0.00025). The rms of the accelerations at
the top of the structure can be estimated using (25) and

2
oy (H) = (2m,) o, (H) (26)
However, (25) was obtained for a tall square building

with an aspect ratio B/H = E , & = 0.01 and p, = 200

kg/m’. Hence, use of (25) should be restricted to buildings
having characteristics that do not differ drastically from the
values mentioned above.

If S(n)is the across wind modal force, and
n,B

nS_{nlB }
Y{U 5 }: )]
() {;pUz(H)BH}

(27)
then

1

2 -
o, (H)~ _ v amnsHY es)
2515 (2727’11) Ml 2

One can safely assume that the mass is uniformly
distributed over the building height. Then, if the building
has a square cross-section and the fundamental modal shape
is linear,

M, = %pszH (29
and
2
o, (H) ~ 0.0337{@} L1 gy (30)
mB | p, £
where
U H 1.5
Y ~(4.45+1.80)10°° [M} 31)
n,B

Then, the peak across wind response and acceleration are
given respectively by

Yo =1,0,(H) (32)
and
Y.max = ryo_y (H) (33)
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III. SOLUTION PROCEDURE

The computation of along wind response is carried out by
evaluating the integrals in (10) through (20). The following
data are assumed during the solution process:

a.  Damping ratio & is taken to be 0.016 [4].

b. The zero-plane displacement, zg = 0 and z, is
obtained from [1].

c.  Exponential decay parameters, C, and C. are taken
to be 16 and 10 respectively [20].

d.  The friction velocity is obtained by

U(zy)

u, =
z.sln[w}
2y

The reference height most commonly used is zp =10 m.

(34)

e. The hourly mean wind speed at height zp is

obtained from the Indian Standards [4]. The
regional basic wind speed is taken to be 50 m/s for
this particular case.
f.  Mean pressure and suction coefficients are assumed
tobe C,,=0.8 and C;=0.5.
g.  Duration of storm 7 is assumed to be 3600 sec.
h.  The bulk mass of the building per unit volume is

taken to be 200 kg/m’.
z
i.  xj(2)=— (35)
1(2) o
j.-  Contributions of higher vibration modes other than
the fundamental mode are neglected.
k. The following expression [4] is wused for

determining the natural frequency of vibration of
tall buildings in its fundamental mode when H/B >
5.00rn;<1.0Hz.

JB

0.09H
Equations are solved for a height range of 50 — 500 metres
and for a width range of 25 — 150 metres.
Computation for across wind response is carried out with
similar data set using (34) through (42). However, results are
accepted for aspect ratio (B/H) of 0.2 to 0.3 only since (34) is

n, (36)

obtained for B/H = L .
4.2

The serviceability of tall buildings or, human comfort criteria
is imposed to determine a maximum height for a given width
of the building located in a town. It is observed [2] that the
degree of discomfort becomes annoying when the peak
acceleration becomes equal to or more than 1.5% of
acceleration due to gravity. This criterion is applied to
determine maximum allowable dimensions for a tall square
building.
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IV. RESULTS AND DISCUSSION

Fig.1 shows variation of along wind peak response with
base side length for different building heights. It is observed
that the response is large for very high buildings with low
base side length. This is prominent for base side <60 m for H
=600 m, and base side <45 m for H =400 m.

14

12 9

10 9

0 100 200 300 400 500

HEIGHT, m

Fig. 1 Along Wind Peak Response of Tall Square Buildings

Fig.2 shows variation of along wind peak acceleration with
base side length for different building heights. The comfort
criterion of 1.5 % g, i.e., about 0.15 m/s2, is applied to find
out the limiting values of building height for different base
side lengths. These results are compiled in Table 1 below.

TABLE 1
MAXIMUM BUILDING HEIGHT SATISFYING HUMAN COMFORT FACTOR
(CONSIDERING ALONG WIND OSCILLATIONS)

Building Width (m) |Maximum Building
Height (m)

25 120

30 185

35 310

40 and above 500 is safe

— b=25m
—a—b=30m
—a—b=35m
—>—b=40m

0-6 1 —x—b=50m
—eo—b=60m
0.5 9 —|—b:70m
—o—b=80m
0.4 4 —2—b=100m

—e—b=150m

HEIGHT, m

Fig. 2 Along Wind Peak Acceleration of Tall Square Buildings
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Fig.3 shows similar variations of across-wind response,
while Fig.4 shows variations of across wind acceleration with
building height. The across wind response is expectedly much
greater than along wind response. Table 2 below depicts the
height restrictions for some buildings from which results of
buildings with aspect ratio between about 0.2 to 0.3 are
accepted when the comfort criteria is imposed.

300
250 —b=25m
—=a—-b=30m
200 | —4—b=35m
—>x—b=40m
—%—b=50m
150 1 —e—b=60m
—+—b=70m
100 1 ——b=80m
—aA—-b=100m
50 —e—b=150m
0 o
0 100 200 300 400 500
HEIGHT, m

Fi

—

g. 3 Across Wind Peak Response of Tall Square Buildings

—b=25m
—a—b=30m
—4—b=35m
—>x—b=40m
—x—b=50m
15 4 —e—b=60m
——b=70m
——b=80m
—A—b=100m
—o—b=150m

0 100 200 300 400 500
HEIGHT, m

Fig. 4 Across Wind Peak Acceleration of Tall Square Buildings
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MAXIMUM BUILDING HEIGHT SATISFYING HUMAN COMFORT FACTOR
(CONSIDERING ACROSS WIND OSCILLATIONS)

Building Maximum Aspect Acceptable
Width (m) Building Ratio or not
Height (m) (B/H) (Y/N)
25 Less that 50 More than | N
0.5
30 70 0.43 N
35 90 0.39 N
40 120 0.33 Y
50 180 0.28 Y
60 250 0.24 Y
70 340 0.21 Y
80 440 0.18 Y
100 and Much more Much less | N
above than 500 than 0.2

The above results depict that, across wind oscillation being
more severe than along wind oscillation, the maximum
building height has to be governed by across wind
acceleration values.

V. CONCLUSIONS

The present study shows an analytical prediction method
for ascertaining the maximum height of a tall square building
when the base area is given at a certain terrain with certain
meteorological conditions and various parameters of the
building structure. The present analysis was confined to
determination of height of a building, which was placed in a
sparsely built area, i.e., a town. This analysis can easily be
extended to cases at other terrains and with some other
parameter sets of buildings. However, the present study
revealed the severe ness of across wind oscillations compared
to along wind oscillations and the comfort criteria of humanity
at the top of the building played a major role in determining
the maximum height of a tall square building.
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