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Second Order Admissibilities
In Multi-parameter Logistic Regression Model
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Abstract—In multi-parameter family of distributions, conditions
for a modified maximum likelihood estimator to be second order
admissible are given. Applying these results to the multi-parameter
logistic regression model, it is shown that the maximum likelihood
estimator is always second order inadmissible. Also, conditions for
the Berkson estimator to be second order admissible are given.

Keywords—Berkson estimator, modified maximum likelihood es-
timator, Multi-parameter logistic regression model, second order
admissibility.

|. INTRODUCTION

OGISTIC regression model is often used as the way
of statistical analysis of binary data. In the model, [1]
asserted that the minimum logit chi-squared estimator (MLx2E
for short) is better than the maximum likelihood estimator
(MLE) by comparing the exact mean squared errors (MSES)
of the two estimators. The problem which the MLE or the
ML2E is better, called the Berkson’s bioassay problem, is
discussed by many researchers. In this model, there exists a
completely sufficient statistic. So the MLx2E can be improved
by the Rao-Blackwell theorem, which is called Berkson esti-
mator. [2] evaluated the Taylor expansions of the MSEs of
these estimators up to the second order and showed that the
MSE of the Berkson estimator is asymptotically smaller than
that of the MLE. [3] tried to solve the problem in terms
of asymptotic admissibility. First, they derived a necessary
and sufficient condition for a modified MLE to be second
order admissible (SOA) under the quadratic loss function in
general setup of one-parameter case. Especially, in the logistic
regression model, they showed that the MLE is always second
order inadmissible (SOI) and the Berkson estimator is SOA if
and only if the number of the doses is greater than or equal
to 4. However, in multi-parameter logistic regression model,
whether the two estimators are SOA or not is open.
Recently, [4] derived conditions for a modified MLE to
be SOA in general setup of two-parameter case. Also, they
showed that the MLE is always SOI and the Berkson estimator
is SOA if and only if the number of the doses is greater than or
equal to 6. The purpose in this article is to extend the results
in [4] to the p-parameter case where p > 3.
This article is organized as follows: In Section 2, we
present notations, definition and some theorems for second
order admissibility in general setup. In Section 3, we identify

C. Obayashi is with the Graduate School of Engineering, Osaka Prefecture
University, Osaka, 599-8531, Japan (e-mail: obayashi@ms.osakafu-u.ac.jp).

H. Tanaka is with the Faculty of Liberal Arts and Sciences, Osaka Prefecture
University, Osaka, 599-8531, Japan (e-mail: tanaka@ms.osakafu-u.ac.jp).

Y. Takagi is with the Faculty of Education, Nara University of Education,
Nara, 630-8528, Japan (e-mail: takagi@nara-edu.ac.jp).

International Scholarly and Scientific Research & Innovation 6(9) 2012

1242

whether the MLE and the Berkson estimator are SOA or
not in the multi-parameter logistic regression model. Some
concluding remarks are given in Section 4. Finally, we give
proofs of lemmas.

Il. PRELIMINARIES

In this section, we present necessary condition and sufficient
condition for second order admissibility in general setup.
Suppose that X,,...,X, are independent and identically
distributed (i.i.d.) random vectors according to a probability
distribution Py, where 6 = (61, 6,,...,0,)" € R? is unknown
and p > 3. Suppose that P, has a probability density function
f(z,0) with respect to some o-finite measure. Also, we
assume the regularity conditions (i) to (v) given in [5]. Then,
we consider the estimation problem of # under the normed
quadratic loss function

1(0,8) == (5 — 0)'1(8)(6 — 6) Q)

in estimating ¢ by d, where () is the Fisher information
matrix per one observation. Let Anin(6) and Anax(6) be
the smallest and the largest eigenvalues of I(¢). Hence-
forth, tr{A} and |A| denote the trace and the determinant
of matrix A, and ||0]] := V#'6. Also, (d/d)f(0) :=
((9/061)1(0),(0/002)f(0), ..., (0/06,)f(0))", (d/d6")f(0)
:=((d/de) f(#))" for vector valued function f(6).

[3] proposed a concept of second order admissibility.

Definition 1: Let D be a set of first order efficient estima-
tors. An estimator (< D) of ¢ is D-second order inadmissible
as n — oo if there exists an estimator *(€ D) such that
lim,, oo n2{R(0,5*) — R(6,6)} < 0 for all € RP, and
lim,, 00 n2{R(6p, 8*) — R(0g,6)} < 0 for some 6, € RP. An
estimator (e D) is D-second order admissible as n — oo if
¢ is not D-second order inadmissible as n — oo.

Let 4. be the modified MLE of 6 by function ¢, that is,
0. := Oy +c(Oyir) /n, where Gy, is the MLE of 6. According
to [5], first order efficient estimators can be represented as a
modified MLE up to the order o,(1/n). Therefore, in this
paper, we restrict estimators to the class

D:={0.:cec C' (R},

where C1(IRP) is the set of all continuously differentiable func-
tions over RP. Henceforth, second order admissibility means
D-second order admissibility as n — oo under the normed
quadratic loss function (1). Let b.(f) be the asymptotic bias
of 0, that is, b.(6) := lim,,_, n.Eg[A. — 0] = by, (6) + ¢(6).
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Then, the risk difference between éc and éd(e D) is given by
R(9,64) — R(6,6.)
1
= " {9<9>9’<9>I<9> +2b(6)9' (6)1(9) + 2g<9>}

()

as n — oo, where g(0) := d(0) —c(0). Therefore, a necessary
and sufficient condition for the modified MLE 6. to be SOA
is that if g € C'(IRP) satisfies

o015/ O)106) + 2,000 O)10) + 2 5.90) } <0 2
for all 6 € RP, then ¢g(#) = 0 for all 6 € RP. Here, we present
an assumption, which corresponds to a potential function.

Assumption 1: There exists a continuously differentiable
function ~., : RP — R such that

T0)0e,(6) = 51087, 0)

for all & € RP. A
For the modified MLE 6.,
equivalent to

satisfying Assumption 1, (2) is

LO(G) R(0)I(0)h(0) < —2tr{d9/h(6)} (3)
where h(0) := g(0)7., (6).

Theorem 1: Suppose that the modified MLE 6., satisfies
Assumption 1 and there exists £ € Z such that

o= [T 2R] e

for all & € RP, where

we = (we1,we .-, Wep) s
£ = (&8, 51,
cos &y (1=1),
wep = {coszH' 11s1n§] (t=2,....,p—1),
[T, sin&; (i =p),
E o= {(eRrVigelom (i=1,...,p—2),
fp_1 € [0,27)}.

Furthermore, we assume that the differential of H(6) can be
obtained by the differential in the integral sign, that is,

801 H(g) B /O 891 |: Veo (7") :|:c_9+7""-15 o (4)

fori=1,...,p, then d,, is SOI.

The proof is omitted since it can be shown that h(9) :=
—we /H () satisfies (3) by the similar way to [4].

Theorem 1 may be complicated since it may be difficult to
show the exchangeability of the differential sign and integral
one. The next result is easy to handle it. R

Corollary 1: Suppose that the modified MLE 6.,
Assumption 1. If

df; < oo
/0 Yeo(0)

satisfies
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for all 6y, ...,0,, then d,, is SOI.

The proof is omitted since it can be obtained from Theorem
1.

The next lemma is used in Theorem 2. The proof is given
in Appendix.

Lemma 1. Suppose that h € C(RP). Then,

/D {defh(e)}dezup1/EWéh(uws)J(£)d£

holds for w > 0, where = is defined in Theorem 1,

D. {9 € RP:

H sin? =il g;
=1

Theorem 2: Suppose that the modified MLE 4., satisfies
Assumption 1. Put

= [0 s

where wg is given in Theorem 1. If

/Oo dr B
e PN (r)

for some ¢ > 0, then 6., is SOA.
Taking account of Lemma 1, the proof of Theorem 2 can
be obtained by the similar way to [4].

101} < u},

J(€) =

I1l. ADMISSIBILITIES IN LOGISTIC REGRESSION MODEL

In this section, we consider the second order admissibilities
of MLE and the Berkson estimator in p-parameter logistic
regression model where p > 3 is a given number. Suppose
that Ry,..., Ry are independently distributed random vari-
ables according to the binomial distribution B(n, P;(#)) for
i=1,...,k with

1
1+ exp(—z0)’

where 6 := (01,02,...,6,) (¢ RP) is unknown and the
doses z; = (1,d;2,...,d; )" is known for ¢ = 1,... k.
For convenience, we put d;; = 1. Here the condition
|(%iy, Tig, - .., xi,)| # O for some 4; > --- > i, should be
assumed. Let Y;q,...,Y;, bei.i.d. random variables according
to the binomial distribution B(1, P;(6)) for i =1,... k. Put
Y; = (Ya;,...,Yy;) forj=1,...,n. Then, Y1,...,Y, are
i.i.d. random vectors and the Fisher information matrix is given
by

Bi(0) ==

k
1(9) ZPi(G)(l — Pi(0))wx;.

Let Oy, and g be the MLE and the Berkson estimator of 6,
that is,

. . 1 .
0 = O, + E(blogit(eML) — bur(Omr)),
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where biogit () is the asymptotic bias of the MLY2E élogit (see
(74) in [2]). Then, by the similar arguments to [4], we see that
both 0y, and g satisfy Assumption 1 with

n(0) = (5)

\/W
@ H{ e (~5el0) - @

To apply Theorems 1 and 2 to the logistic regression model,
we prepare some lemmas. The proofs are given in Appendix.

Lemma 2: The determinant of the Fisher information ma-
trix is represented as

1O = > P.O)(1-

B> >0y

1(0) =

Py (0))--- P, (0)(1 = Py, ()

’xip)|2'

0, € R, the followings

><|(.%',;1,$1;2,...
Lemma 3: For all 6; > 0, 6,,...,
hold:

() tr{1(0)} < 01(9{1})6761,
(i) \I( )| < Co(Bpy)e P,

(i) H { ) exp (;xlﬁ)} > C3(By) exp (’;91>

for some C1(0¢13), Ca(0(1y) and Cs(613), where 074y :

(02,...,0,).
Lemma 4. For [; # [}, put

={ €T |rpwe| < |, we| <+
< fofwel < |ofwe| (i # b1y lp) |-
Forall £ € =, 1,,...;, and r > 0, the followings hold:

(i) tr{I(rwe)} < Cy exp(*f’l}»fﬁlwsl),

(ii) [I(rwe)| > Csexp [ —r Y 2], wel

m=1

(iii) H{ (rwe) exp (—ixl(.%)}
< exp (; 3 xzmwf> ,
i=1

where C, and C5 are constants.
Theorem 3: The MLE 6y, of 6 is always SOI.
Proof: From (5), Lemma 3 and the fact Apax(f) <
tr{I(6)}, we have

)‘max(e) 1
i 0) Cﬂ%gm exp {—2(29 + 2)01}

forall 6, >0, 65, ---

‘—‘117...,lp

.8, € R. Therefore, we see that

OO)\max(e)
de
/0 e (8)
*° 1
< Ci(6 Cy(0 exp{—p+29 }de
| crouny/Cato) e ~50+ 201 an
< oo,

which implies the second order inadmissibility of Oy, by
Corollary 1. [ ]
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Theorem 4: The Berkson estimator éB is SOl if p <k <
2p+ 1.
Proof: By the similar argument to the proof of Theorem
3, we have

)\max(e) < 01(9{1})02(0{1}) e
78(0) C3(0¢13)

p {—;(Qp-l- 2 /4:)61}

for all 6; > 0, 6,,...,6, € R. Therefore, we see that Op is
SOlifp<k<2p+1. [ |
Theorem 5: The Berkson estimator éB is SOA if

2(p —1)\$11W£\—4Z|$1 W£|+Z|xz wel >0 (7)
m=1
(V€ 6 Elylayly)

holds for all i1, 12, ...,1,(l; # l;), where Z;, 4, ..., is defined
in Lemma 4. In particular, if & > 4p—3, the Berkson estimator
0p is SOA.

Proof: Note that ng(r) is written by

s (r Z/

Li#L; Y =l

'VB (rwe)
rnm TWg) J(g)

It is easy to show that

1 P 1{1(6)}
@) = O]

So, from (6) and Lemma 4, we have

vB (Twe)
)\min(’rwﬁ)

trP =1 {I(rwe)} ¢

L L P; —=
¢ M ] e ()

p
,

< Csexp {—2 (2(]7 — )], we| — 4 Z=1 |27, wel

k
s ) }
m=1

forall £ € =1, m > 0, where Cs is a constant. If (7)
holds, we have lim, ., 7?~'ng(r) = 0. So, we get the first
part from Theorem 2. Next, we show the second part. From
the assumption p > 3, we can show that

P k
2(p — Vg, we| =4 Y |ag, wel + Y |af,, wel
m=1 m=1
P k
= @2p—5)lajwe| =3 lag, wel + > ], wel

m=2 m=p+1
> (2p —5)|af, wel
> 0
if & > 4p — 3. This completes the proof. ]
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IV. CONCLUDING REMARKS

In one-parameter logistic regression model, [3] showed that
the MLE is always SOI and the Berkson estimator is SOA if
only if the number of the doses is greater than or equal to
4 under the quadratic loss function. The loss function in [3]
is different from the one in [4] and this article, however the
admissibility result under the quadratic loss function coincides
with the one under the normed quadratic loss function. Table
1 summarizes the admissibility or inadmissibility of the two
estimators for p = 1,...,4. The symbol — means that the
case can not be considered since the number of the doses % is
larger than the dimension of the parameter space p. The part
of ? means that the case is still open. There are some reasons
why it is open. One is that the lower bound of A, (6) is
not sharp enough to show the complete inadmissibility of d5.
Another is that we applied Corollary 1 not but Theorem 1 to
show the inadmissibility. It seems that showing the validity of
(4) is not so easy. The authors conjecture that there exist both
cases.

TABLE |
ADMISSIBILITIES OF MLE AND BERKSON ESTIMATOR FOR p= 1, . 74
p=1 p=2 p=3 p=4
(3] 4] [Th.3,4,5] | [Th.3,4,5]
| O [ sor | sor | sor | sor |
k=1 —
k=2 SOI _
Z:i sol
5 — sol
0p k=5
k=6,7 SOI
k=8 SOA ?
k=9 SOA
k=10,11,12 SOA ?
k> 13 SOA
APPENDIX A

In this section, we give the proofs of lemmas presented in
the previous Sections.

Proof of Lemma 1: Changing the variables as

0, ;= rcosé&y,
i—1

0; ::rcosgiHsingj (i=2,...,p—1),
j=1
p—1
0, ::rHsinéj,
j=1
where » > 0 and £ € E, we see that
92
1V 7 i+1 7] .
T:HOH7 g’i:Tan - (2:17"'71771)7

0;
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and the Jacobian is r?~1.J (). Put H(r,&) := h(rwe). Then,
by the chain rule, we have

0
%hl(e)
9 Hy(r,€) cosés — 2y (r, «s)smgl 1=1),
or &
P -1
5Hl(r,§)cos§lﬂsin§i
H ivq SINE;
) cosﬁl Z aézHl(r ,€) cos@ﬁ
- 1 3 sin &
———H —_— 1=2,...,p—1
7”85[ l(r7£)H7 1{3 gj ( ) D )a
0 L,
5Hp(r, £) H1 sing;
Hp_11+1 sin &; _
+- Z@f Tf COS&W (l—p).

Using this relation and integration by parts, we have

0
——h1(0)dO
. 90; 1(0)

= //{ Hy(r,&)cos& — a(lel(r, )Sh;&}

xrP~LJ(€)drde

/EcosglJ(f) {/0 rpl(,iaHl(r,g)dr} d¢
u p—2

— / / P2 H sinP~ il
0 E{l} i

=2
= up_l /

x/ sinP g — 0 Hiy(r, €)d& déydr
0 081
where dy) := d&s---d§, 1 and Eqpy = {(&o, -

¢ € Z}. Similarly, we have

J(§) cos &1 Hy(u, §)dE,
.5;071) N

-1

j=1
0
——h,(0)do

Au 8017 P( )

(i=2,...
Therefore, it follows that

/p " {jeh(a)} df =™ /:th(uws)J(ﬁ)dé‘

This completes the proof. m
Lemma 1 may be proved by the divergence theorem, which
is easier than the proof of Lemma 1.

7p_1)7

uP~! /_ J(E)Hp(u, &) [ ] sing;de.
= j=1

Proof of Lemma 2: Let S, be the symmetric group of
degree p and let sgn(o) be the sign of o € S,. Since the

1SN1:0000000091950263
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(a, B)-th element of I(0) is

k
Log(0) = > Pi(0)(1 — P(0))di.adip,

i=1
we have
[1(0)]
= > sen(o Z L(0)(1 = Py (0)diy 1diy 001)
O'ES 11=1
Z Pzp zp (9))dip,pdip,a(p)
ip=1
k k
=3 ) P(0)1—P,(0)-- P (0)(1 - Pi(0))
i1=1 ip=1
Xdiy 1 di,p Z sen(o)di, o1y di, o (p)
oES)
k k
=3 Y P (0)1—Py(0)-- P (0)(1— P (0))
=1 =l
><dql7 s dip7p|(.%‘1;1, . ,xip)\
0ESp lo(1)> >0 (p)
P, (0)(1 = P (0)diy 1 diy pl(Tiys - - @,

Changing the variables as i, (1) = i1, ..., i(p) = ip, We get

[1(6)]
= > D P(O)1-Py0)---P,(0)(1 - P (6)
GES) i1 >iz>->ip
Xdi, 11 'diafl(pwpria*l(l)’""m’i )]

= ) PO)(1-Py0)-- P, 0)(1 -

i3> >ip

X Z dio(l)vl -eed

oES)

= > PuO)(1-Py0) P (01— P, (0)

11 >0 >0 >y

717 (9))

ia(p)ﬁp‘(xio(m’ s 7xia(p))|8gn(a)

X|(.’L’i1,$i27-..,$il,)|2-

Proof of Lemma 3: It is easily obtained that

Pi(0)(1—Pi(0)) < exp(—|zi0])

P
exp <91 + Z |di,m9m|>

m=2
0, € R. According to

IN

forall 6, >0, 05, ...,

k. p
ZZ JPi(0)(1— Py(0))

and Lemma 2, we have (i) and (ii). Furthermore, it can be

tr{I(0)
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shown that

P;(0) exp <—;x;9>
1
exp(z50/2) + exp(—

1 1

5 &P (—2|x;9|>

1 1 L

5 exp {—2 (91 + mX::Q |di,m9m|> } -

Hence, we get (iii). m

x0/2)

%

%

Proof of Lemma 4: Since
1
1 OP(—rlalie)) < Pi(rw)(1 = Pi(rwe)) < exp(—rlaf])

forall £ € 5y, ,,...1, and 7 > 0, we get

kE p

ZZ 22 exp(—r|ziwel)

-1 j= .

< exp(—r|ay, wel) Zde
i=1 j=1

By using the result of Lemma 2, we get

tr{l(rwe)} <

[ (rwe)|

1
2472

P> >y

1
4—p|($ll,z12, .. .,a:lp)|2cxp (—

P
[(ziy, @iy, ,xip)|2 exp (r Z |CL’;"1 w£|)
m=1
P
'y |x;mwg|) .

m=1

v

Furthermore, the inequality

P;(rwe) exp (—gx;wg)
1
exp(rajwe /2) + exp(—raiwe /2)
T T
exp (— glaiwel ) < exp (—laf we)

implies (iii). u
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