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Generalized module homomorphisms of triangular
matrix rings of order three

Jianmin Xing

Abstract—Let T,U and V be rings with identity and
M be a unitary (7,U)-bimodule, N be a unitary (U, V)-
bimodule, D be a unitary (7, V)-bimodule . We characterize
homomorphisms and isomorphisms of the generalized matrix ring

T M D
I'= 0 U N |
0o 0 V

Keywords—generalized module homomorphism, ring homomor-
phism, isomorphisms, triangular matrix rings.

I. INTRODUCTION

HROUGHOUT the paper all rings are assumed to have

identity and all modules are unitary. The additive map
6 : R — R is called a derivation, if for each a,b €
R, 5(ab) = ad(b)+d(a)b . For an element € R, the mapping
I, given by I,(a) = ax — za, for each a € R, is called an
inner derivation of R. Derivations of the algebra of triangular
matrices and some class of their subalgebras have been the
object of active research for a long time [1, 2, 3, 4,5]. Coelho
and Milies provided in [2] a description of the derivations
in Tn(R), the upper triangular matrices over R. They proved
that every derivation is the sum of an inner derivation and
another one induced from R. Jondrup in [5] gave a new proof
of this result. A similar result for full matrix rings appears in
[3],and the special case where R is an algebra over a field,
with char(R) # 2,3and n > 2, is given in [1]. The case
of upper triangular matrix rings over a simple algebra finite
dimensional over its center appears in [3].

A large class of ring extensions which have a generalized tri-
angular matrix representations is investigated by Birkenmeier
et al. in [6]. A description of homomorphisms and derivations

R M
0o S
restrictions on R, .S, M, other than the existence of the identity
element in [7]. Analysts have studied these derivations in the
context of algebras on certain normed spaces. Many widely
studied algebras, including upper triangular matrix algebras,
nest algebras and triangular Banach algebras, may be viewed
as triangular algebras.

In this paper, we generalized the result of [7],and give a
description of homomorphisms and isomorphisms of general-

of generalized matrix rings T := assuming no

T M D
ized matrix rings of three, denoted by I' := 0 U N
0 0 V
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assuming no restrictions on 7,U,V and M,N,D , other
than the existence of the identity element, which devoted to
determine the derivations of generalized matrix rings of order
three.

II. GENERALIZED MODULE HOMOMORPHISMS

In order to describe homomorphisms of the generalized matrix

rings, firstly we introduce the generalized matrix rings of order

three [8]. Let 7', U, V, be rings, M an (T, U)-bimodule,N an

(U, V)-bimodule, D an (T, V)-bimodule and n: M @ N —

D is a (T,V)-bimodule homomorphism. We defined I" :=
T M D

0 U N |.For any

0O 0 V

t1 my d ta mo  da T M D

0 wu m R 0 wus no S 0 U N R
0 0 v 0 0 v 0o 0 V

we define the addition and multiplication operations as fol-
lows:

t1 M d1 ta Mo d2
0 w m + 0 wux mno =
0 0 0 0 v
t1+ta mi+mo di+do
0 Uy +uz N+ N2 ;
0 0 V1 + V2
t1 myp dy ta mo d
0 u m 0 wuy no =
0 0 U1 0 0 V2
tito  timo +miug  tids + n(ml ® 712) + divs
0 UTUL u1ng + N1v2
0 0 V1V

It is clear that I' is a ring based on the addition and multipli-
cation operations above.

Next we study the notion of generalized module homomor-
phisms.

Definitions 2.1 Let 7,7, U,U’,V,V' be rings, M an
(T,U)-bimodule, M' an (T”,U’)-bimodule; N an (U,V)-
bimodule, N’ an (U’,V’)-bimodule; D an (7, V')-bimodule
, D" an (T, V’)-bimodule , n: M @ N — D is a (T,V)-
bimodule homomorphism . Assume that @1 : T — T", 3 :
U — U’ and @3 : V — V'’ be ring homomorphisms.
Then an additive mapping f = (f1, f2,f3) is called a
generalized module homomorphism related to (¢1, 2, @3), if
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fi i M — M,fy : N — Nand f3 : D — D' are
module homomorphisms such that

n(fi(m) @ fa(n)) = f3(n(m @ n)),
fi(tm) = @1(t) fr(m), fr(mu) = fi(m)pz(u);
fa(un) = 2(u) f2(n), fa(nv) = fa(n)ps(v);
fs(td) = 1(t) f3(d), f3(dv) = fs(d)ps(v)

foreacht e T,u e UjveV,me M,ne N and d € D.

Lemma 2.2 Let M an (T,U)-bimodule, M’ an (T',U")-
bimodule; N an (U, V')-bimodule, N’ an (U’, V')-bimodule;
D an (T,V)-bimodule , D’ an (T”,V’)-bimodule and f =
(f1, f2, f3) is a generalized module homomorphism related to
(¢1, 92, ¢3). Then the mapping

T M D T M D
P 0 U N — 0o U N |,
o 0 V 0 0o Vv
given by
t m d wi1(t) fi(m) fs(d)
P 0 v n = 0 w2(u)  fa(n)
0 0 w 0 0 w3(v)

is a ring homomorphisms.
Proof Clearly ¢ is additive. We have

t1 mi di ta mo da
¢ 0 (5% ny 0 ug no =
0 0 V1 0 0 V2
tita  tima + miuz t1da

+n(mi ® ne) + divs
¥ 0

UL U2 U1Ng + N1V
0 0 V1U2
1(tita)  fi(tima + myug) fa(t1da)
+f3(n(m1 ® na))
= +f3(d1v2)
0 wa(urug) fa(uing + nyve)
0 0 303(1}17)2)
e1(t1)  fi(ma)  fa(dr)
= 0 w2(u) folm)
0 0 (,93(’01)
p1(t2)  fa(ma)  f3(da)
0 pa(uz)  fa(nz)
0 0 <p3(v2)
t1 mi1 dq ta mg ds
=1 0 uw m P 0 wuy no
0 0 (%] 0 0 (%)

Theorem 2.3. Let T, 7", U,U’,V,V’ be rings, and M an
(T,U)-bimodule, M’ an (T',U’)-bimodule; N an (U,V)-
bimodule, N’ an (U’,V’)-bimodule; D an (T, V)-bimodule
, D" an (T",V’)-bimodule. If

T M D 7 M D
v: 0 U N | — 0o U N
0 0 V o o Vv
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is a mapping. Then the followings are equivalent:

t m d e1(t) film) fs(d)
(e 0 uw n = 0 pa(u) fa(n)
0 0 w 0 0 w3(v)

where o1 T — T/ o : U — U',p3 : V — V' are
ring homomorphisms and f = (fi, f2, f3) is a generalized
module homomorphism related to (¢1, @2, ©3);

(2)y is a ring homomorphisms such that ¢(TEy;) C
T'E11,¢(UEs2) C U'Eg and ¢(V Es3) C V' Ess.

Proof (1) = (2) is clearly follows from Lemma 2.2.

(2) = (1) The mapping ¢ T — T, 0
U — U, ps V. — V' defined by ¢(tEy1) =
@1(t) B, (uban) = ¢2(u)Ern and (vEs3) = ¢3(v)Ess
for each t € T,u € U and v € V. By considering the

t1 4 to 0 0
effect of ¢ on 0 Uy + usg 0 . we see that
0 0 v1 + V2
©¥1, P2, @3 are additive and
tita 0 0
Y 0 wuus 0
0 O V1V2
t1 0 0 ta 0 0
= 0 uw O ¥ 0 uy O
0 0 (%1 0 0 Vg
So we have
w1(t1t2) 0 0
0 P2 (uruz) 0
0 0 p3(v1v2)
P1(t1)p1(te) 0 0
= 0 a2 (u1)p2(uz) 0
0 0 p3(v1)p3(v2)

Hence we have ¢i(tita) = @1(t1)p1(t2), p2(uiuz) =

802(U1)802(U2) 903(?11112) = @3(01)803(112) and @1, P2, p3 are
ring homomorphisms.

Now assume that

ar(m)  fi(m) gi(m)
Y(mEr2) = 0 Bi(m) hi(m)
0 0 ~v1(m)
for some ay : M — T,y - M — U,y : M —

Vifi:M— M,g: M — D' hy : M — N'. Then ,
for each m € M, we have , ¥(mFE12) = Y (EiimE12) =

ai(m)  fi(m) gi1(m)
501(1)E111/1(mE12). SO, 0 ,Bl(m) hl(m) =
0 0 m(m)
e1(Dar(m)  e1(1)fi(m)  1(1)g1(m)
0 0 0 and hence
0 0 0
Bi(m) = 0,7m(m) = 0,hi(m) = 0. So Pp(mEz) =
Y(mE12E2) = Y(mFi2)pa(1)Fa. Thus, we have
ar(m)  fi(m) gi(m) 0 film)g2(1) 0
0 Bi(m) hi(m) | = [ 0 Bi(m)p2(l) 0
0 0 m(m) 0 yi(m)p2(1) 0

and so g1(m) = 0. Therefore ¥(mE2) = fi(m)Ei2, we
have ¥ (tmE12) = ¥ (tE11)¥(mE2) and hence f1(tm)E1s =

1SN1:0000000091950263
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@1(t) fr(m)Era. Thus fi(tm) = ¢1(t)fi(m). Similarly
fi(mu) = fi(m)ez(u).
Next ,we assume that
as(n)  ha(n) ga(n)
Y(nFa3) = 0 B2(n)  fa(n) for some ay :
0 0 ~Y2(n)
N —T 8 : N —U,y: N —V h: N —
M' go : N — D' fo : N — N’. By the same method

,we proof that 2 = v9 = as = go = hy = 0 and fo(un) =
©2(u)f2(n) and fo(nv) = fa(n)es(v) for some u € U,v €
Vv

At last , assume that

as(d)  hs(d)
W(dE3) = 0  Bs(d)
0 0 73(d)
:D —U',v3:D— V' h3:
: D — N’. Then for each

f3(d)
g93(d)

for some a3 : D — 17, 35
D—)U/,fg ZD—>D/,g3
d € D, we have

W(dE13) = Y(Ev1dEr3) = @1 (1) Enp(dEn3).

So

0 0 0
0 0 0

and hence 5 = g3

W(dEy3) =

Thus we have
f3(d) f3(d)p1(1) )

(@1(1)043(@ ©1(1)h3(d) 901(1)f3(d))

=73 = 0.So
(dEy3Es3)

= (dE13)p3(1)Es3.

Oég(d) h3(d> 0 0
( 0 B3(d) ga(d) ) = ( 0 0 g3(d)ei(1)
0 0 73(d) 0 0 ~3(d)pi(1)

and so a3 = hg = 0. Therefore, ¥(dE13) = f3(d)E13.
We have ¢ (tdF13) = ¥(tE11)Y(dE13), and hence f3(td) =
©1(t) f3(d) for each t € T.

Similarly, we have f3(dv) = fs5(d)¢s3(v) for each v € V.
Since ¢ is a ring homomorphism , for each m € M,n €
N, Y(mE1anEs3) = ¥(mE12)Y(nEs3), and we know that
p(mE1anEs3)
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0 0 n(fi(m ® f2(n))
=({00 =n(fi(m) ® f2(n))Ers
0 0
Therefore fg(n(m®n f1(m) ® fa(n)). Therefore, we
t m d <P1(75 f1(m f3(d)
have v : | 0 u n <p2 fa(n)
0 0 w ( w2 (v) )

and that @1, 2, f1, f2, f3 satisfy the requlred condltion.

Proposition 2.4 If
T M D 7 M D
0 and U’ N’
0

have the identify elements and

T M D 7 M D
P 0 U N | — 0o U N
0 0 V o o Vv
is a ring homomorphism such that ¥)(E11) = E11,9%(F22) =
Ess,1(F33) = E33. Then 1 satisfies the condition (1) and (2)
of Theorem 2.3.

a1(t)  g1(t) hl(t))
Proof. Let ¢ (tF11) 0 Bi(t)  pa(t) for
0 0 ’yl(t)
some a1 : T — T8 : T —U,y:T — V' hy:
T — D,g : T — M,u : T —) N’ . We have
a1(t) g1(t) ha(t)
Y(tE11)Y(E). So 0 fu(t) m(t)
0 0 M)
ai(t) gi(t) ha(t)
= 0 Bl(t) Nl(t) E11 = a1(t)E11.
0 0 m()

Hence
gi=hi1=p=p=7=0

So Q/J(tEll) = 011(15)E117 and ’l/)(tEu) - 7.
Similarly, we have

az(u)  ga(u) ha(u)
Y(uFE) = 0 Balu) po(u)
0 0 o (u)
for some ap : U — T, 82 : U — U,y : U — V' hy :
U—D' go:U— M u:U— N".
But, ¢ (uF22) = ¢(E22)¢(uFs2), and
az(u)  g2(u)  ha(u)
0 Ba(u) po(u)
0 0 ~o(u)
( ag(u)  ga(u) ha(u) )
= Ea» 0 Ba(u)  p2(u) | = az(u)Ea.
0 0 a2 (u)

So,
g2 =hy = P2 =p2 =72 =0.
ThllS, 1/1(uE22) = 62(U)E22 and hence w(uEQQ) Q U/EQQ.

At last, we  assume that  (vE33) =
az(v) g3(v) hs(v)
0 Bs(v)  ps(v) for each v € V,where
0 0 ~3(v)
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as V. — T' B3 : V. — U,y : V. — V' hsg :
V. — Digs : V. — M us : V. — N’ . By the
same method , we have i (vE33) = ~v3(v)E33 and hence
Y (vE33) C V' E33. Therefore ¢ satisfies the condition (2) of
Theorem 2.3.

Example 2.5 The converse of Proposition 2.4 is not true,
in general. Let M be a unitary (7,U)-bimodule,N be a
unitary (U, V')-bimodule and D be a unitary (7', V')-bimodule
. Then, we make M, N,D unitary T x U x V-bimodules
by defining (¢, w,v)m = tm, m(t,u,v) := mu; (t,u,v)n =
un,n(t,u,v) = nv, (t,u,v)d = td and d(t,u,v) = dv,
respectively, for each m € M,n € N,de€ D,t € T,u € U
and v € V. Define ¢ T — T x U x V,pg
U —TxUxV,pa : U — T xU xV, given by
e1(t) = (¢,0,0), p2(u) = (0,u,0) and p3(v) = (0,0,v)
for each t € T,v € V and u € U. Then, 1,2 and @3
are ring homomorphisms. Let f; € Hom(r My,r My),f2 €
Hom(y Ny ,y Ny) and f3 € Hom(yDy,r Dy) , such that
n(fi(m) ® fa(n)) = f3(n(m ®n)) for each m € M,n € N.
Now we see that f = (f1, f2, f3) is a generalized module
homomorphism related to (¢1, @2, 3). Since

fi(tm) = tfi(m) = (£,0,0) f1(m) = ¢1(t) fr(m),
Silmu) = fi(m)u = fi(m)(0,u,0) = fi(m)ps(u);
fa(un) = ufi(n) = (0,u,0)f2(n) = p2(u)fa(n),
fa(nw) = fa(n)v = f2(n)(0,0,v) = fa2(n)es(v);
fs(td) = tfs(d) = (t,0,0)f3(d) = p1(t) f3(d),
fs(dv) = fs(d)v = f3(d)(0,0,v) = f3(d)p3(v).
Thus, the mapping

T M D
v:| 0 U N | —
0o 0 V
TxUxV M D
0 TxUxV N
0 0 TxUxV
given by
t m d p1(t)  frlm)  fs3(d)
v:|l 0 u n | — 0 p2(u)  fa(n)
0 0 v 0 0 w3(v)

is ring homomorphisms and we have (E11) = ¢1(1)E1; =
(1,0,0)Er1, ¢ (Ea2) = ¢2(1)Ezz = (0,1,0)Eap,¢(Es3) =
(,03(1)E33 = (07071)E33, Note that (1,0,0),(07170) and
(0,0, 1) are not the identity elements of 7' x U x V.

Proposition 2.6 Let 7,7, U,U’,V,V’ be rings, and M
an (T, U)-bimodule, M’ an (T",U’)-bimodule; N an (U, V)-
bimodule, N’ an (U’,V’)-bimodule; D an (T, V)-bimodule
, D' an (T',V’)-bimodule. Let ¢ T — T, ¢
U — U',ps : V — V' are ring isomorphisms and
f = (f1, f2, f3) be a generalized module homomorphism
related to (o1, p2, ¢3). Then the mapping defined in Lemma
2.2 is a ring isomorphism.

International Scholarly and Scientific Research & Innovation 6(8) 2012

Proof. By Lemma 2.2, 1) is a ring homomorphism, we have

t m d
P 0 u n =0 and so0 ¢1(t) = p2(u) = p3(v) =
0 0 v
t m d
film) = fa(n) = f3(d) =0Thus | 0 w n | =0 and
0 0 w
hence 1) is injective.
' m' d T M D
If 0 o € 0o U N and
0 0 o o o VvV
©1, 92,93, f1, fo, f3 are surjective, then there exist

teT,me M,d e Dyu € Un € N,v € V such that

p1(t) = ' p2(u) = ', p3(v) = U/mfl(m) = m/7f2(n) =
n', f3(d) = d’. So we have

t - m d e1(t)  fi(m)  f3(d)
0 0 u n = 0 a(u) fa(n)
0 0 w 0 0 v2(v)

' m d

= 0 v n

0 0 2

Therefore, 1) is surjective and hence a ring isomorphism.
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