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Periodic solutions of recurrent neural networks with
distributed delays and impulses on time scales

Yaping Ren and Yongkun Li

Abstract—In this paper, by using the continuation theorem of
coincidence degree theory, M —matrix theory and constructing some
suitable Lyapunov functions, some sufficient conditions are obtained
for the existence and global exponential stability of periodic solutions
of recurrent neural networks with distributed delays and impulses
on time scales. Without assuming the boundedness of the activation
functions g;, h;, these results are less restrictive than those given in
the earlier references.
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I. INTRODUCTION

T is well known that the recurrent neural networks are very

general and the architectures of recurrent neural networks
can take many different forms, such as Hopfield neural net-
works, cellular neural networks and BAM neural networks.
The fundamental feature of a recurrent neural network is that
the network contains at least one feed-back connection, so
activation can flow around in a loop. The networks are able
to do temporal processing and learn sequences (i.e. perform
sequence recognition, sequence reproduction, and temporal
association/prediction). The recurrent neural networks have
been successfully applied to signal and image processing,
pattern recognition and optimization. Hence, the problem
of the stability of the recurrent neural networks have been
intensive studied by numerous authors in recent years, see [1-
10] and the references cited therein.

However, most authors assumed the boundedness of the
activation functions. For examples, in Ref.[1] the authors
studied the global robust stability of the following delayed
recurrent neural network:

5(t) = —eiBmi(t) + X ay (0 (x5 (1)
+ 3 by @yt =) F i = 1.2

where the activation functions satisfy the following assump-
tion:
(41) fi(z)(@ = 1,2,...,n) is bounded and monotonically
nondecreasing on R.
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In Ref.[6], the authors got some new delay-dependent criterion
for the stability of recurrent neural networks with time-varying
delay as following

(1) = —asus(t) + 3 wiy ()3, (9)

3wk ()t — () + Usni = 1,2,...m,
=1

where g;(u;(t)) and fj(u;(t)) are the bounded activation
functions.

To the best of our knowledge, few results are available on
the existence and exponential stability of periodic solutions
for the recurrent neural networks with impulses and without
assuming the boundedness of the activation functions, while
the existence of periodic solutions plays an important role in
characterizing the behavior of nonlinear differential equations.
In [11], Li and Lu used the continuation theorem of coin-
cidence degree theory and Lyapunov functions to study the
existence and global exponential stability of periodic solutions
for the following neural network with impulses:

Bit) = —au(trl) + 3 by (0 (0)

Axi(ty) = zi(t)) — x4ty ) = —vanwi(te),
i=1,2,...m k=1,2,...,

where the activation functions are assumed to have the
following property:

(Hs3) There exist positive constant M; > 0 such that | f;(x)] <
M; fori=1,2,...,m, x € R.

In this paper, these restrictions on the activation functions are
removed.

In fact, both continuous and discrete systems are very
important in implementing and applications. It is well known
that the theory of time scales has received a lot of attention
which was introduced by Stefan Hilger in order to unify
continuous and discrete analysis. Therefore, it is meaningful
to study dynamic system on time scales which can unify the
differential and difference system, see [12-23] and references
therein.

In this paper we apply the continuation theorem of coinci-
dence degree theory and constructing some suitable Lyapunov
functions to study the existence and global exponential stabil-
ity of periodic solutions solutions of recurrent neural networks
with distributed delays and impulses on time scales, without
assuming the boundedness of the activation functions g;, h;,
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in the form of
r2(0) = —autnlt) + & dy(O)g; (st - 75 (1))

+ -21 bij(t) Jo~ Kij(0)hy(x;(t — 0))A0
iz
+ri(t),i=1,2,...,n,t € TT, t # ty,

Azi(tr) = zi(t)) — xi(ty ) = Lin(zi(tr)),
1i=1,2,...,n,keN

ey

with the initial values
z;(s) = ¢i(s), s € (—o0,0]r,

where T is an w-periodic time scale which has the subspace
topology inherited from the standard topology on R, for each
interval L of R we denote by Lt = LNT, L™ = LN[0,00), n
corresponds to the number of units in a neural network, x;(¢)
corresponds to the state vector of the i-th unit at the time ¢,
a;(t) represents the amplification function, I;(¢) denotes the
external input at time ¢, 7;;(¢) > 0 is the transmission delay
and is an w-periodic function, g; and h; are the activation
functions which describe the manner in which the neurons
respond to each other, D = (d;;(t)) is the delayed feedback
matrix which represents the strengthen of the neuron inter-
connection within the network with bounded delay parameter
Tij(t), t — Tij(t) S (—O0,0]T and t — 0 € [0,00)T, k‘ij
is the delayed feedback matrix, r;(¢) denotes the external
input at time ¢, ¢;(-) denotes continuous function defined on
(—00, 0], Az;(ty) = () —zi(ty ), () and 2 (¢ ) (i =
1,2,...,n) represent the right and left limit of x;(¢)) in the
sense of time scales, {t;} is a sequence of real numbers such
that 0 < 1 < ta < ... < t; — oo as | — oo. There exists
a positive integer g such that ¢y, = ¢ + w, Ligtq) = —Lik,
leZ,i=1,2,...,n. Without lossing generality, we also
assume that [0,w)r N{t; : 1 € Z} = {t1,t2,...,14}.
Throughout this paper, we assume that:

(Hy) ai, bij, dij, r; € C(TT,R) are w-periodic functions and
there exist positive numbers a;, a;, such that a; < a;(+) <

ai, i,j7: 1,...,77,.
(Hs) The activation functions g = (g1,...,9,)7 € C(R,R)
and h = (hy,...,h,)T € C(R,R) are Lipschitz func-

tions, that is, there exist positive numbers «;, 3; such that
hi(x) = hi(y)| < cilz—yl, |gi(x) —gi(y)| < Bilz —yl,
z,yeR i=1,...,n.

For i,j =1,...,n, the delay kernels k;; : Tt — R are
continuous and the integral [ k;;(/)Af < K .

L € C(R,R) and there exist positive numbers I}
such that I (z) — Lix(y)| < IM|z —y|, v,y € R, i =
1,2,...,n, keN.

For ¢ = 1,2,...,n,k € N, the impulsive operators
Lk (x;(t)) satisty

Lik(z:(tr)) = —viewi(te), 0 < v < 2.

For the sake of convenience, we denote

1

w; = max |u;(¢)], ||U||2:</ u(t)|2At> )
0

t€[0,w]r
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where u is an w-periodic function, and

[lz:|lo = max |z;(¢)].
te[0,w]

B

And we can choose constant 7, and 7 such that

F=sup max |r(t)], T=sup mex {7 ()}

The paper is organized as follows: In Section 2, we make
some preparations. In Section 3, by using the continuation
theorem of coincidence degree theory, we obtain the existence
of periodic solutions of (1) without assuming the boundedness
of the activation functions g;, h;, these results are less restric-
tive than those given in the earlier references. In Section 4, by
constructing some suitable Lyapunov functions, we study the
global exponential stability of the periodic solutions of (1). In
Section 5, an example is provided to demonstrate the results
obtained in the previous sections. The conclusions are drawn
in Section 6.

II. PRELIMINARIES

In this section, we will cite some definitions and lemmas
which will be used in the proofs of our main results.

Let T be a nonempty closed subset (time scale) of R. The
forward and backward jump operators o,p : T — T and the
graininess p : T — RT are defined, respectively, by

o(t)=inf{seT:s>t}, p(t)=sup{seT:s<t}

and
w(t) =o(t) —t.

A point ¢t € T is called left-dense if ¢ > inf T and p(t) = ¢,
left-scattered if p(t) < ¢, right-dense if t < sup T and o(t) =
t, and right-scattered if o(t) > ¢. If T has a left-scattered
maximum m, then T* = T\ {m}; otherwise T* = T. If T has
a right-scattered minimum m, then Tj = T\{m}; otherwise
T, =T.

Let w € R, w > 0, T is an w-periodic time scale if T
is a nonempty closed subset of R such that ¢ + w € T and
wu(t) = u(t + w) whenever ¢ € T.

A function f : T — R is right-dense continuous provided it
is continuous at right-dense point in T and its left-side limits
exist at left-dense points in T. If f is continuous at each right-
dense point and each left-dense point, then f is said to be a
continuous function on T. The set of continuous functions
f: T — R will be denoted by C(T).

Fory: T — Randt € T*, we define the delta derivative of
y(t), y>(t), to be the number (if it exists) with the property
that for a given € > 0, there exists a neighborhood U of ¢
such that

[y(o()) = y(s)] =y D)o (t) = s]| < elo(t) 5],

for all s € U.

If y is continuous, then y is right-dense continuous, and y
is delta differentiable at ¢, then y is continuous at ¢.

Let y be right-dense continuous. If y2 () = y(t), then we
define the delta integral by

/ y(s)As = Y (1) — Y (a).
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Definition 1. Function f=(f1,...,fn) is a lipschitz if it

satisfies |fi(z) — fi(y)| < lilz —yl, i = 1,...,n for any
z,y € T.

If y is continuous, then y is right-dense continuous, and if (vi)
(viig)

y is delta differentiable at ¢, then y is continuous at ¢.

Definition 2. [22] If a € T,supT = oo, and f is rd-
continuous on [a,0), then we define the improper integral

by . ,
| swae= i [ o,

provided this limit exists, and we say that the improper integral
converges in this case. If this limit does not exist, then we say
that the improper integral diverges.

Definition 3. [23] For each t € T, let N be a neighborhood
of t, then, for V € Cpq[T x R™,RY], define DYV A(t,x(t))
to mean that, given € > 0, there exists a right neighborhood
N. C N of t such that

[V(e(t),z(a(t)) = V(s,z(a(t))) — ult,s)f(t, z(t))]
p(t, s)

< DTVA(t,x(t)) +e,

for each s € N, s > t, where u(t,s) = o(t) —s. If t is rd
and V (t,x(t)) is continuous at t, this reduce to

Vio(t t)) —V(t,z(o(t
D+VA(t,.T(t)) _ (U( ),.’L‘(O’( ))) ( 7'7’(0( )))
o(t)—t
Definition 4. [24] We say that a time scale T is a periodic
if there exists p > 0, such that if t € T then t = p € T. For
T # R, the smallest positive p is called the period of the time
scale.

A function r : T — R is called regressive if

L+ p()r(t) #0,

for all t € T*.
If r is regressive function, then the generalized exponential
function e, is defined by

t
er(t,s) = exp {/ £M(T)(7'(T))AT}, fors,t €T,

with the cylinder transformation

Log(1+hz)
awo={ — 5 o

z if h =0.
Let p,q : T — R be two regressive functions, we define
p .
L+ pp
Then the generalized exponential function has the following
properties.

pOqg:=p+q+pupg, pOq:=p&(9q), Op:=

Lemma 1. [20] Assume that p, q : T — R are two regressive
functions, then

(1) eo(t,s) =1 and ey(t,t) =1;
(1) ep(o(t),s) = (14 ut)p(t))ep(t,s);

(i) ep(t:o(s)) = 2GS
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(iv) ﬁ = egp(t, s);

(1) epltss) = =g = copls,t):
(UZ) ep(t7 s>ep(sa T) = ep(t7 7‘);
ep(t> 5)eq(t7 S) = ep@q(t7 S),’

2 = et 5).

Lemma 2. [25] Let t1,t2 € [0,w]r. If x :
periodic, then

z(t) < x(tl)—k/ow |;1:A(.9)|As7 x(t) > x(tg)—/ow \xA(s)\As.

Lemma 3. [?] (Cauchy-Schwarz inequality on time scale) Let
a, b € T. For rd-continuous functions f, g : [a,b] — R we have

/ NI (/ b If(t)l2ﬁt>%( / b |g<t>|2At)é.

We know that if 6,7 € T are constants, then eq(t, —7) is
an w-periodic function.

T — R is w-

Definition 5. Let z*(t) = (x}(t),z5(t),...,x% ()T is
periodic solution of system (1) with initial value ¢(t)
(5(t), p5(t), ..., ¢% (). If there exist constants \ >
and M > 1 such that for every solution x(t)

(w1 (t), 22(t), ..., v (1)) of system (1) with any initial value

o(t) = (¢1(t), (1), ..o $u ()" € C([—00,0]r, R™),
lz;(t) =25 ()| < M||¢p—d*|le—(t,6),t €T, i =1,2,...,n,

ol o

where

I —¢*Il =

sup
s€(—00,0]T

max [¢i(s) — i (s)l, § € (=00, 0r.

0<i<
Then z*(t) is said to be globally exponentially stable.

The following fixed point theorem of coincidence degree is
crucial in the arguments of our main results.

Lemma 4. [27] Let X, Y be two Banach spaces, ! C X
be open bounded and symmetric with 0 € ). Suppose that
L:D(L) C X — Y is a linear Fredholm operator of index
zero with D(L)NQ # 0 and N : Q :— Y is L-compact.
Further, we assume that

(H) L — Nz # M—Lz — N(—x)) for all = € D(L) N

o9, A e (0,1].

Then equation Lz = Nx has at least one solution on D(L)N
0.

Definition 6. A real n x n matrix A = (a;;) is said to be a
non-singular M-matrix if a;; < 0,9 # 7, 4, =1,...,n and
all successive principal minors of A are positive.

III. EXISTENCE OF PERIODIC SOLUTIONS

In this section, by using Lemma 4, we will study the
existence of at least one periodic solution of (1).

Theorem 1. Assume that the assumptions (Hq) — (Hs) are
satisfied and
(Hs) E = (€ij)nxn is a nonsingular M-matrix, where

e =4 Qi Vi, 1=,
Yl Y, i A,

1SN1:0000000091950263
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q

®;, = [aiw — ZI% — a;wa; — ainIﬁg} ,

k=1
U; = { deﬁjw + Zb”w[(a] +a deuﬂJ
= J 1
+aiw2biijozj},
j=1

for i,j = 1,2,...,n. Then system (1) has at least one w-

periodic solution.

Proof: Let Ck[0,w;ty,ta,... tolr = {:z :[0,wlr —
R™|x*(t)| is a piecewise continuous map with first-class
discontinuous points in [0,w]y N {t; : | € N}} and at each
discontinuous point it is continuous on the left}, k=12

Take
X ={z € Cl0,w;t1,to,..., L1 : x(t+w) = z(t),t € [0,w]r}

and
Y = X x Rv* (@t

be two Banach spaces with the norms

n
lzllx =Y laillo, Izl = llllx +llyll, @ € X, y € R™,

i=1
in which ||z;]jo = max |z;(¢)], i =1,2,...,n, ||.|| is any
te[0,w]r
norm of R™*4. Set
L:DomLNX =Y, z— (22, Ax(ty),. .., Ax(t,)),
where Dom L = {x € C'[0,w;t1,t2,...,tg]1 : 2(t + w) =
z(t), t € [0,w]r}, and N : X = Y,
Al(t) A.Z‘l(tl) A.Z‘l(tg)
NCE = ) ) 5. )
Al‘l(tq) 0
Az (tq) 0
where
Ai(t) = —a;(t)zi(t +Zdw ()f5(x;(t = 73;(1)))
7j=1
#3000 [ kO)hy (1= )20 1,0,
j=1
1=1,2,...,n.

Obviously,
Ker L = {JL € X|3: =he R”},

ImL = {zz (f,C1,Cs,...,Cyd) EY‘/wf(s)As
0

q
+> Cp+d= 0} =X x R+ 5 {0},
k=1
and then
dimKer L = codimIm L = n.
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So, Im L is closed in Y, L is a Fredholm mapping of index
zero. Define the continuous operators P : X — Ker L and
the averaging projector @ : Y — Y as

1 w
Pz = —/ z(t)At, x € X,
w.Jo

QZ:Q(f7017027"'7Oq7d)
- (1{/wf(3)As+zq:Ck+d],0, ,0>,ze\§{.
“LJo k=1

It is not difficult to show that P and () are continuous
projectors and satisfy

Im P=KerL, Im L=Ker @ =Im (I — Q).

Further, let L;l : ImL — Dom N KerP the inverse of
L|DomﬁKer p, W€ have

ZHt) = / F(s)As+ > Cy

t>ty

1 w q
,;/0 /0 f(s)AsAtf];Ck,

for all 1 <4 < ¢q. Thus, the expression of QNz is

1 fO A1 At+ Z Ilk(xl(tk))

" q
%fO An(t)At_F% Z Ink(xn(tk))
k=1
and then

Kp(I - Q)Nx
LAy (s)As + 1 Z Ip (1 (te))

L fO n
s fo fo Al

()
(- ;) B

Zq: I (z1(tk))
k=1

AS + Z Iy (xn (tk))

1‘>t;v

YAsAt

Je g A, ( )AsAt
fo jo Al

YJAsAt

$)AsAt

S Lk (1)

k=1

Clearly, QN and Kp(I — Q)N are both continuous. Similar
o [12], it is easy to show that QN(Q2), Kp(I — Q)N(Q2)
are relatively compact for any open bounded set 2 C X.

1SN1:0000000091950263



Open Science Index, Mathematical and Computational Sciences Vol:5, No:8, 2011 publications.waset.org/5571.pdf

World Academy of Science, Engineering and Technology
International Journal of Mathematical and Computational Sciences
Voal:5, No:8, 2011

Therefore, N is L-compact on € for any open bounded set
QcX

In order to apply Lemma 4, we need to find an appropriate
open bounded subset 2 in X. Corresponding to the operator
equation Lx — No = A\(—Lxz — N(—z)), A € (0,1], we have

1 A
a2 (t) = T Bi(t,x) — g )\Bi(ta —),
1 T, t#ty,i=1,2,...,n, @)
Az;(ty) = mfik(éri(tk)) - mfik(*l’i(tk)),
i=1,2,...,n, k€EN,
where
Bi(t,x) = —ai(t)zi(t) + Y dij()g; (;(t — 75()))
j=1
+30bu0) [ kO)hy(ay = 0) 20 +74(0)
=
and

Bi(t,—x) = —a;(t)(—i(t)) + Z dij(t)g; (= (t = 73;(1)))

+ Z bi; (1) /OOO ki (0)hj (= (t — 0)) A0 + (1),

fori=1,2,...,n

Suppose that 2 = (1, 22, ...,2,)T is a solution of system
(2) for a certain A € (0,1], set tg =t = 0, t,41 = w, we
obtain

JRC

q+1

= Z/ |a: \At—i-z | L (x4 (tr))

g/ow B - %Bi(t,—x) At
Taaslt) - Ty Twl-ain)
< [141_)\ + 1 +)\} / max{|B;(t,z)|, |B;(t, —x)| } At
1 A
+LH - m]
x Z max{|Lix(x; (tk))], | Lik(—z: (tk)) |}
k=1

IN

o [t 3 [ dglastoe - o)
00180+ Y0 [ [T ks @yt - 0)

| Tk (i (tr))

M=

*hj (0)|A9At + 7;w + max { — Iik (0)‘,

q
Z |Izk —X; tk - zk 0)|}

|Izk

bl
||M>~Q>—‘
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+y / dilgs (O] At

+me// ki;(0)|h;(0)| AOAL

iw2|\xi||2+w2 Z( Te] B JFWdeL‘JJ 0)]
Jj=1 Jj=1

Z l]/ kij (0 ajw2||55JH2A9

I o [ ka@hs (0180

+wFs + ||24]|o ka + Z |1;1,(0)|

k=1

\ /\

_ 1 1 " - n -
< aw?|zille +w? > (digBy)llasll2 +w Y dijlg;(0)]

Jj=1 Jj=1

ZbuK%w l5l2 + Zb 1w |h;(0)]

— =1
+wrs + [1zilo ZI% + Z £ (0)
k=1 k=1

Integrating both sides of (2) from 0 to w, we have

0

1+ A
([ [

)\ail(i)—x)i(t)] At’
_ /Owa,;(t)xi(t)At‘
_ 1+/\/ {de )93 (25t = 755(1)))
+3
1+/\/{ Zdw(tgj =Ty

/OO k”(g)hj (ZEj (t — 9))A9 + Ti(t):| At

2050 [ g Oy (ay(e - 00
j=1
—Ti(t :|At+ Y lek Ty tk)

. ;m—xi(tk))\
] [

+ Z bi; (t) /Ooo kij (0)h (2 (t — 0)) A0 + r4(t)|,

n

D dij(t)g; (xs(t = 7i5(t)))

j=1

IN

‘ _ Z dij(t)g;(—z;(t — 745(1)))

1SN1:0000000091950263
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n

_ Z bi;(t) /OOC kij(0)h;(—z(t — 0))A0 — m(t)‘}At

e i,

> It (-atn)) |

k=1

S [ dulastaste = ms(0) - 5010

+3 [T agoar

w30 [ [ kOG- o0) -

+;bij/0 /0 ki;(0)|R;(0)| AGAL

+7;w + max { > ik (wi(tr)
k=1

> hi(tt) - o>|} #3110)

2

: Uﬁj (1P +wzd2.7‘g](0

Z VK

Kajlajlls + Y biywK|h;(0)]
j=1
q q
For 4 lzillo > I+ 1Tk (0)] == Q.
k=1 k=1

IN

0)|AGAE

1
w?2

M:

S
Il

From Lemma 2, for any (;,n; €
have

/Oai(t)xi(t)AtS/o a;(t)x; (&) At

w [Ca( [ e
and

- [ [arwiad)an e

Diving by [, a;(zi(t))At on the two sides of (3) and (4)

[0,w]r,i=1,2,...,n, we

respectively, we have for ¢ = 1,2,...,n,
_ 1 w w B
() > wi/ ai(t)xi(t)At—/ |z (t)| At ],
L[y ai(t)At Jo 0 J
(5)
and
) < | [ aomacs [ dwlad
xX; 771 S|\ o a; Z; 33 .
—fO CL,(t)At 0 0
[©)
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Let ¢;,¢; € [0,

min x;(t), i =1,2,.
te[o wlr
view of (5) and (6) we obtain

wlr, such that x;(¢;) = max x;(t), z;(t;) =
te[0,w]r
,n, by the arbitrariness of (;,7;, in

nit) > { o 5 [ atmac= [Cleiad
> / B t)At‘ /O\xf(t)mt
> Q-1

and i

2i(B) < {M /Owai(t)xi(t)AtJr/Ow |:riA(t)At]
< wlgi /Ow ai(t)xi(t)At‘ +/0w EOIN
< rasmi=12. . .n

=4

So, we can obtain that

[zillo = max [z;(t)]
te[O,w]T

1
Q+10L, i =1,2,...,n. )
=4

In addition, we have that

([ |xi<s>|2As)%

1
w? max |z (t)| = Vwl|zil|o,

tel0,w

l|z:]l2

IN

where i = 1,2,...,n. By (7), we have

inHxiHO S Q —l—Hiwa

1
= QZ Jﬁy||37]||2+wzdw|ga

3

J=1 J=1
n n
3 Bt Ko gl + DBkl 0)
2
q
Wi + ||xl|\oz + ) 1Lk (0)] +
k=1 k=1
n
1
taw {aiwzuxm b S ()l s
j=1

N+ b Kaw? ]

=1

+w Y dijlg; (0
j=1

+ 3 bijwK|hy (0)] + w
j=1

q q
o 1Y + 30 mk(m@
k=1 k=1

. n . n_
w2y digBiwz||zsllo +w ) dilg; (0)]

j=1 j=1

n
+3 " byw? Kajw?||ajlo

j=1

IN
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n q
+ Z bijwK |h;(0)] + wr; + ||z Z A
J=1 k=1

q
3 110)] + a0 [aw%w%nxino

k=1
‘Hﬂz LJﬂJ W2||$JHO+“-’Zle|gJ 0)l
j=1 j=1
+ZI_)Z‘J'KO[ w%w%ijHo + ZEUMK“?’?(O)'

j=1

+W7"1+H»Tz||ozf;€+2|llk ]
k=1
q
—|33i||0{21%+aw al+awz }
k=1
~ - —
+|Ij||0{zdij5jw+zb¢jwffozj

Jj=1 Jj=1

+a, deUﬁjw + a; wa”wKaJ}

j=1

+lon £30 1 0) +w2dmgj<o>|
k=1

Z wK|h;(0) }

+a,w [wm + Z 2k (0)]
k=1
103 il (0)] + Zémwmm(on]
j=1 j=1

q q

k=1

+|xj||o{ deﬂjw + 3 bywka,

Jj=1
+a;w Z dijﬂjw + a;w Z BijWKOlj }
Jj=1 j=1
q
+(1+aw) [w@ + > | (0)
k=1
+w Z d”|g]

b;jwK|h;(0 ]

That is
q q
il [w I - awa - awy I%]
k=1 k=1

_||xj|0{ Z(jijﬁjw + ZBUC«)KO(]-

j=1 j=1
n n
+a;w Z di;Bjw + a;w Z biijaj}
j=1 j=1
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q n
< (1+aw) {m 3 1 O)] 403 diglas (0)
k=1 Jj=1

Z Khm} =D;, )

where ¢ = 1,2, ..., n. Denote ||z|lo = (|10, |z2]los - - -,
||.Z’,L||Q)T and D = (Dl, DQ, ey Dn)T
Then (8) can be rewritten in the matrix form

Ellefo < D.

From the conditions of Theorem 1, E' is a nonsingular M
matrix, hence

H‘THO < E_lD = (N17N27 . ~7Nn)T'

n
Let N = > N, + Ny, where Ny is any positive constant. It is
i=1
clear that NV is independent of \. Take Nx = {z € X| lz]lx <
N } Obviously, Nx satisfies all the requirement in Lemma 4
and the condition (H) satisfied. In view of all the discussion
above, we conclude from Lemma 4 that system (1) has at least
one w-periodic solution. This completes the proof. ]

IV. GLOBAL EXPONENTIAL STABILITY OF PERIODIC
SOLUTIONS

Suppose that z*(t) = (x%(t),x5(t),..., 25 (t)T is an w-
periodic solution of system (1). In this section, we will
construct some suitable Lyapunov functions to study the global
exponential stability of this periodic solution.

To prove the global exponential stability, we assume that

(H7) there exist constants 7 > 0,A > 0 and § > 0,7 =

1,2,...,n, such that for all £ € T, there holds
(A —ai(t)& + Z |di; (t)|B;€5ex(t, t — 7i; (1))
+ Z |3 (t) |/ kij (0)| & en(t, t — 0)AD < —n < 0.

Theorem 2. Assume that (Hy) — (H7) hold. Let x*(t) =
(2% (t), 23(t), ..., z% ()T is an w-periodic solution of system
(1) with initial value ¢*(t) = (5(t), d5(t), ..., o5 (t)), for
every solution x(t) = (x1(t),x2(t), ..., v, (t))T of the system
(1) with any initial value ¢(t) = (¢1(t), p2(t), ..., dn(t)). Then
there exist constants A > 0 and M > 1 such that

|z (t)—2F (t)| < M||p—¢*|le—r(t,0),t € TT, i =1,2,...,n.

That is, system (1) has a unique w-periodic solution which is
globally exponentially stable.

Proof: Let y;(t) = (x;(t) — ¥ (t)), from (1) we have
(2i(t) — 27 (1)2
= —a(t)[i(t) — 73 (1) + 27 1dij ()]95(y; (1 = 73 (1))
+aj(t - Tm (t))) ( ( 7i5(t)))]
+ 220 big(8) fy kig(0)[y(y; (¢ — 0) + (¢ — 6))

—hj(x;f(t (9))]A6 tETJr t;‘étk, 1=1,2,...,n,
A(zi(te) — @i(t;))
= zk(xz(tk) — I‘z(t;;)), 1= 1,2, Lo,n, ke N,
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where ¢ = 1,2,...,n. And from (Hj), we have
| (tr) — = (7]

= 1 = ikl |z (t) — i (ty))|

< wi(te) — xi(t)|, i=1,2,...,n.
Now let us consider the Lyapunov functional

Vi(t) = |yi(t)|ex(t,6), d € (—o0,0lr i =1,2,...,n. (9)

For t € TT,t # t3, i = 1,2,...,n, the upper right Dini
derivative D'V} along the solutions of (1) is
D (Vi(1))*
D*|y;(t)[2ex(t, &) + Alyi(t) ex(t, 8)
= —ai(t)|yi(t)]ex(t, 0) + Ayi(t) ex(t, 6)

+ Z dij ()95 (y; (t = 735 (8)) + 25 (t = 735(1)))

6)\(75, 5)

—g;(x}(t — 73(t)))]

+3 ) [ ki (0) iy s (¢ — 6) + 23t — 0))

—hy (27 (t — 0))]A0 ex(t, )

< (A= ai(®)lyi(t)]ea(t, )
+Z |di ()] Bjly; (¢ — 7i5(t))ex(t, 6)
#2150 [ s @laslust ~ O)eat. 020, (10)
where : =1,2,...,n.

Also, fori =1,2,...,n,t € TT,
Vith) = lwi(t)lea(ty, 0)
= Jai(t) — @7 () lea(ty, )
< fai(te) — @ (tk)lex(te, 6) = Viltr).
Let m > 1 denote an arbitrary real number such that

mg > 1|6~ ¢l = s max [oils) - 65(s)] > 0.

s€(—o00,0)p 051
It follows from (9) that
Vi(t) = |yi(t)|ex(t, 8) < m&;, t € (—o0,0]y, i =1,2,...,n.
We claim that

Vi(t) = |yi(t)|ex(t,0) <m&, t € T, i=1,2,...,n. (11)
Otherwise, there exist i € {1,2,...,n} and ¢; > 0 such that

‘/z(tz) = m&,‘/}(t) < mfj,t S (—OO,ti)T7j = 1,2, o
(12)
That is

Vv@(tl) - mgl = Oa V](t) - mg] < 0? te (_Ooat’i)T>

where j = 1,2,..
(12), we obtain

0 < DY (Vi(t;) — m&)™

.,n. From Lemma 1, together with (10) and
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DT (Vi(t:)»
(A —ai(t:))|yi(ti)ex(ts, d)

+ 31 (4185l (8 = 75 (s0) ea(t, 6)

j=1
S )] [ s Oyl s - 0)|Adex(1s.0)
j=1 0
—ai(t:))|yi(ti)|ex(ts, d)

+ 3 1dij (s0)1851y; (8 — 735 (1)

j=1

XB)\(ti,ti — Tij(ti))E)\(ti — Tij(fi),(s)

+;|bij<ti>| / i3 (0) sy (15 — )

Xe)\(ti,ti — 0)6,\@,’ — 9, 5)A9
< [(A ~alt))e

INIA

= (A

+ > |dij (t)1Bjen(tis ti — 735 (1)),

j=1
#D0Ibi)] [ Ihg@)lagsent, ts - )26 m.
j=1 0
Thus
0 < (A—as(t))& + Y 1dij(t:)|Bjen(ts, ti — 735 (£:))&;
j=1

+Z|bij(ti)|/0 |kij (0)|z€iex(tis ti — 0) A0,
=1

which contradicts (H7). Hence, (11) holds, Letting M > 1
such that

Org%xn{mfi}SMHqS—qﬁ*H, i=1,2,...,n. (13)
In view of (11) and (13), we get
) = 27 (0)] = lya(t)] < goax {mé}e A(1,0)
< M|jg— ¢"lle-x(t.),
where i = 1,2,...,n, t € TT. This completes the proof. M

V. AN EXAMPLE

In this section, we give an example to demonstrate the
results obtained in previous sections. Consider the following
recurrent neural network with continuously distributed delays

1SN1:0000000091950263
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and impulses on time scales:

.fl(t) = —Il(t) + 24 (COS t)gl(l’l(t — 22))

H

+ 155 (cost)ga(xa(t — 11))
+o7(sint) [ [sinule™hy (x1(t — u))du
+1o5 (sint) [° | cosule™"ha(w2(t — u))du

+r1(t),t € T, t # ty,

Az (ty) = 21(t]) — xl(tk) = 5;(cost), k€N, (14)
a(t) = —wa(t) + {5(cost)gi(z1(t —6))
+i(COS t)92($2(t —8))
+15(sint) jo | cosule™"hy(x1(t — u))du
+ (sint) [, [sinule™"hy (21 (t — u))du

te T+, t # t,
za(ty ) = 54 (sint),

ra(t),
Azsy(ty) = (tg) keN,

where ¢1(z) = go(x) = sinz, hi(z) = ha(x) = z, r1(t)
%cos t, ro(t) = ésint.

Notethatal—ag—l a1—042—51=52—1 d1+1:
b11:*d b21:id;2—b22:
IS ZJ(H)A@ < 1, where i,j = 1,2. dj} = sup;cps dij(
and b, = sup,cp+ bij(t). Then, we get

B ).

From the theory of M-matrix in [28], thus (Hg) is satisfied.
The system (14) has at least one 27-periodic solutions. We
can choose constants 1 = i and & = 1, i = 1,2, such that
for all t € T, there holds

2 2 [e%s)
—m&+2}@@§+§}$/
j=1 j=1 0

2 2
—aifi —+ Zd:;ﬂjfj + Zb;rjajfj = Ql <—n< 0,
=1

j=1

=bf, = 55, d3;

[N
=
»&\HOO‘H

kij (0)|01]A9§J <

; 7
where i = 1,2, Q; = % < —
,l = —7.

Thus (H~) is satisfied. From Theorem 1 and Theorem 2, we
know that system (14) has at least one 2m-periodic solutions

and it is globally exponentially stable.

3

= —nand Q; = -1 <

VI. CONCLUSION

Using the time scale calculus theory, coincidence degree
theory and the Liapunov functional method, some sufficient
conditions are obtained to ensure the existence and the global
exponential stability of periodic solutions for recurrent neural
networks with impulses and distributed delays on time scales.
The results obtained in this paper possess highly important
significance and are easily checked in practice. In addition, the
method in this paper can be applied to other neural networks
such as the BAM and DCNNs systems and so on.
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