
 

 

  
Abstract—In this study, we examine multiple algebras and 

algebraic structures derived from them and by stating a theory on 
multiple algebras; we will show that the theory of multiple algebras 
is a natural extension of the theory of universal algebras. Also, we 
will treat equivalence relations on multiple algebras, for which the 
quotient constructed modulo them is a universal algebra and will 
study the basic relation and the fundamental algebra in question. 

In this study, by stating the characteristic theorem of multiple 
algebras, we show that the theory of multiple algebras is a natural 
extension of the theory of universal algebras. 
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I. INTRODUCTION 
HE  multiple algebras theory was discussed for the first 
time in 1931, by Marty, the French Mathematician, in an 

article presented to the 8th Scandinavian mathematical 
congress. In that article, the author proposed an extension of 
groups, called super groups, and stated some characteristics. 
Considering many other papers by Marty, one can predict that 
multiple algebras can be used as tools in other fields of 
mathematics theory. 

Gratzer and Pickett have provided important articles on the 
theory of multiple algebras. In those articles, multiple algebras 
are seen as relational systems that are an extension of the 
theory of the study provided by Gratzer , Pickett and Hansoul 
[1] , [2], Hoft and Howard [3], Schweigert [4], Walicki and 
Bialasik [5], and, recently, Breaz and Pelea [6] and Pelea  [7]- 
[10] have published articles. 

II. THE QUOTIENT OF A GLOBAL ALGEBRA, A THEOREM SPECIFIC 
FOR MULTIPLE ALGEBRAS   

As it was mentioned in the introduction, Geratz showed in 
[11] that each multiple algebra can be obtained from the 
quotient of a global algebra to a definite equivalence relation. 
In this research we mention this matter by expressing the 
theorem specific for the multiple algebras. 
Suppose that  ( ) ( )( )0

, r r r
B f

<
=B  is a global algebra and ρ  is 

an equivalence relation on B. In   { }/ ρ ρ b |B b B= < > ∈   set, 
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Geratz defines the multioperation of  rf   for every          

( )r o r<   as follows:  

( )0 1ρ , ,ρ
rr nf b b −< > … < > =

( ){ }0 1ρ c | , , , ρ , 0, , 1 .
rr n i i rc f c c c b i n−< > = … ∈ < > = … −

The / ρB  set together with the above-defined multiple 
operations form the multiple algebra of  / ρB  which is 
called the multiple concrete algebra.  
 
Theorem  1 

Each multiple algebra is a concrete one.  

The above theorem can be expressed as follows:  
For every multiple algebra A of type τ there is a universal 

algebra B of type  and the equivalence relation ρ on B such 
that   / ρ ≅A B which is proven in [11] 
 
Remark 1 

Let 
( )

, r
r o

B f
′

< τ

⎛ ⎞⎛ ⎞= ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
B  be a universal algebra and  be an 

equivalence relation on B  . / ρB   is the quotient algebra 

corresponding to ρ  . If ( ) *( (n
Ap P∈ ℘ A  ))  Then, 

  ( )0 1ρ , ,ρ np b b −< > … < > ⊇ 

( ) { }{ }0 1ρ c | , , , ρ , 0, , 1n i ic p c c c b i n−< > = … ∈ … − 

Proof: 
Since ρπ  is a homomorphism between B and / ρB  , we 

have ( ) ( )( )0 1 0 1, , ,n np b b p b bρ ρ ρπ π π− −< > … < > ⊇ …  

Therefore, ( )0 1, np b bρ ρπ π −< > … < > ⊇  

                             ( ){ }0 1| , , .(* )nb b p b bρ −< > ∈ …  

  
    On the other hand, sinceB is a universal algebra, therefore, 
the defined p on the right side of (*) is monovalued, and, 
consequently,
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( ) ( ){ }0 1 0 1ρ , ,ρ | , ,n np b b b b p b bρ− −< > … < > ⊇ < > = …

Now, if the elements 0 1, , nc c B−… ∈ exist such that 

{ }( )0, ,n 1 , ρi ii c b∈ … − ,then  

( ) ( )0 1 0 1, , , , .n np b b p c c− −… = …  

Thus, the right side of the inclusion relation (*)  is equal to 
the set 

( ) { }{ }0 1c | , , , ρ , 0, ,n 1 .n i ic p c c c b iρ −< > = … ∈ … −  

The defined inclusion relation (*) is not necessarily an 
equality. 

III. A CLASS OF EQUIVALENCE RELATIONS ON MULTIPLE 
ALGEBRAS 

 

Let 
( )

, r
r o

A f
′

< τ

⎛ ⎞⎛ ⎞= ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
A  be a multiple algebra of type.τ  

Among the equivalence relations defined on A , there are 
relations that the made quotients of the multiple algebraA  
 Modulo them is a universal algebra. We proceed by 
examination of conditions equivalent to the universality of the 
quotientA ρ/ .  

Let ρ be an equivalence relation on A . We define the 

relation ρ
=

on *( )P A  as follows:  

for every ,X Y A⊆  

              ,  X Y x X y Y x yρ ρ
=

⇔ ∀ ∈ ∀ ∈   Or 

             X Y X Yρ ρ
=

⇔ × ⊆  

the relation ρ
=

 is translational and symmetric, but not 
necessarily reflexive.  

 
Lemma  1 
 

Let  ( ) ( )( ), r r o
A f

τ<
=A  be a multiple algebra. Let ρ be an 

equivalence relation on A and / ρA be a universal algebra. 

For every ( )( )( ) *nn p P∈ , ∈ ℘ AN and 1, , na a A−… ∈o . 

if ( )1, , , nx y p a a −∈ …o  then x yρ . 

 
Proof: 
 
We prove the lemma by induction on the process of 

constructing n - nomial functions. 

If n
ap c=  and ( )1, , , ni

ny c a a −χ ∈ …o , we conclude 

that x y a= =  . Therefore, .x yρ   

If i
np e= , { }, , 1i n∈ … −o  we infer 

from ( )1, , ,n
i nx y e a a −∈ …o  that ix y a= = and 

therefore, .x yρ . 
Now assume that the lemma is satisfied for the n- nomial 
functions ( ) ( )( )*

1, ,
r

n
np p P−… ∈ ℘o A  . we prove the 

result for  the 
function ( )1, ,r nf p p −…o .If

( )( ) ( ) ( )( )1 1 1 1 1, , , , , , , , , , ,
rr n n r n n nx y f p p a a f p a a p a a− − − − −∈ … … = … … …o o o o o  

Then there are 
elements { }( ) ( )1, , 1 , , , ,r i i i ni n x y p a a −∈ … − ∈ …oo such 

that ( )1, ,r nx f x x −∈ …o  and ( )1, ,r ny f y y −∈ …o . since 

the lemma is satisfied for every ip  , { }, , 1ri n∈ … −o , 

therefore, for  every { }, , 1r i ii n x yρ∈ … − ,o . as a result , 

by the definition of multioperations of quotient multiple 
algebras, we have 

( ) ( )1 1, , , , , .
r rr n r nx y f x x f y yρ ρ ρ ρ ρ ρ− −< > < >∈ < >… < > < >… < >∩o o

By assumption, for every ( )r o τ< the defined rf  on / ρA  

is mono-valued. Therefore, x yρ ρ< >= < > . 

The following theorem states equivalent conditions under 
which the multiple algebra / ρA  is an algebra. 
 

Theorem 2 

Let ( ) ( )( ), r r o
A f

τ<
=A  be a multiple algebra of 

typeτ and ρ be an equivalence relation on A . All the 

conditions states below are equivalent. 

1   / ρA   is a universal algebra. 

        2    If ( ) { }( ), , , , 1i rr o a b x i nA andτ< , ∈ … −∈ o   apb  

      , then 

   ( ) ( )1 1 1 1 1 1, , , , , , , , , , , ,
r rr i i n r i i nf x x a x x f x x b x xρ

=

− + − − + −… … … …o o        

     For every { }, , 1ri n∈ … −o  

         3‐  if ( )r o τ<  and ,i ix y A∈  such that    

 { }( ), , 1i i rx y i nρ ∈ … −o ,then                                                 

( ) ( )1 1, , , , .r i r if x x f y yρ
=

− −… …o o  
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      4- if n ∈N , ( )( )*n
Ap P∈ ℘ A , ,i ix y A∈  such that,    

for                                                
       every { }, , 1r i ii n x yρ∈ … −o then 

       ( ) ( )1 1, , , , .n np x x p y yρ
=

− −… …o o  

 
Proof: 

)2( ⇔  )1 ( we have ,from a bρ  , that   

a bρ ρ< >= < > .  As a result, since rf  is well- defined, 

for every  ( ) ,r o τ<                

( )1, , ,
rr nf x a xρ ρ ρ −< > … < > … < > =o

( )1, , , , .
rr nf x b xρ ρ ρ −< > … < > … < >o

On the other hand, by the definition of multiple operations 
on the quotients of multiple algebras, for every        

( )1 1 1, , , , , ,
rr i i nx f x x a x x− + −∈ … …o  

And for every  ( )1 1 1, , , , , ,
rr i i ny f x x b x x− + −∈ … …o  

( )1ρ ρ y , , , , .
rr nx f x a xρ ρ ρ −< > < >∈ < > … < > … < >o  

According to assumption,  / ρA  is a universal algebra. 

Therefore, for every  ( )r o τ< , the defined rf   on  /A ρ is 

mono-valued. Thus, ρ ρ yx< >= < >   and, consequently,         

( )1 1 1, , , , , ,
rr i i n rf x x a x x fρ− −

=

+… …o     

( )1 1 1, , , , , ,
ri i nx x b x x− + −… …o  

)2(   ⇒   )1(    Let  
ρ ,ρ yx< > < >∈                          

( )1, , , ,
rr i nf x x xρ ρ ρ −< > … < > … < >o  

Where 1, ,
rnx x A−… ∈o   are arbitrary. By the definition of 

rf  on /A ρ , there are elements 

1 1, , , , ,
r rn nb b a a A− −… … ∈o o  such that, for every 

{ }, , 1ri n∈ … −o , i i ib x aρ ρ ,     ( )1, ,
rr ny f b b −∈ …o  and 

( )1, ,
rr nx f a a −∈ …o . As a result we have, by the 

hypothesis, 

  ( ) ( )1 1 1, , , , , ,
r rr n r nf b b f a b bρ− −

=

… …o o  

 ( ) ( )1 2 1 1 2 1, , , , , , , , ,
r rr n r nf a b b b f a a b bρ

=

− −… …o o                                                  

( ) ( )2 1 2 1, , , , , , ,
r r r rr n n r n nf a a b f a a aρ

=

− − − −… …o o  

On the other hand, ρ
=

 is translational, Therefore, 

( ) ( )1 1, , ,, , ,
r rr n r nf b b f a aρ

=

− −… …o o  

And thus ρ ,ρ yx< > < >  . Therefore, for every 

( )r o τ< , rf is mono-valued. As a result, / ρA  is a 
universal algebra.  
 
 

(2) ⇔  (3)   since we assumed that (2) is satisfied, 

therefore, / ρA  is universal algebra. Thus, like the 

proof of (1) ⇒ (2) , we have 

( ) ( )1 1, , ,, ,
r rr n r nf x x f y yρ

=

− −… …o o 

   )1( ⇒  )3 (   the stages of proof are  ((1) ⇒ )2( ⇒  (3)) 

 (1) ⇐   (3) the proof is as    ( 1) ⇐  (2) 

 (4) ⇐  (3) if we consider each element as a single 

element set, in other words, if we consider { }ix  instead 

of ix  , for every ( )r o τ<  , we can consider rf  as a 

map    from ( )( )* rn
P A  to ( )*P A  as follows: 

( ) ( )( )0 1

* *, ,r r r

nr

n n n
r r x x Af f e e P

−
= … ∈ P A 

 ( *
rf is an operation on the universal algebra ( )*℘ A  ). 

Therefore for every ( )r o τ<   , the result is satisfied for  

rf . 

(1) ⇒   (4)  if n
ip e=  such   that  { }, , 1i n∈ … −o  , 

then 

( ) ( )1 1, , , , ,n
n i n ip x x e x x x− −… = … =o o  

( ) ( )1 1, , , , .n
n i n ip y y e y y y− −… = … =o o

On the other hand, since for every { }, , 1i n∈ … −o   

, i iy xρ  therefore, 

( ) ( )1 1, , ,, , .
r rn np x x p y yρ

=

− −… …o o

Assume that the result is satisfied for polynomial functions 
( )*

1, ,
r

n
n Ap p P−… ∈ ℘o A . we prove it for 
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( )1, ,
rr np f p p −= …o . for every   

( )1, , nx p x x −∈ …o   and  ( )1,, , ny p y y −∈ …o , there are 

elements ( )1, ,i i na p x x −∈ …o and

( ) { }( )1, , , , 1i i n rb p y y i n−∈ … ∈ … −o o  such that  

( ) ( )1 1, , , ,, , .
rrr n r nx f a a y f b b− −∈ … ∈ …o o 

 Since we assume that the  result is satisfied for ip , for every   

{ }, , 1ri n∈ … −o , ,i ia bρ   . thus , by   ( 1) ⇒  (3 ) , we have  

( ) ( )1 1, , ,, , .
r rr n r nf a a f b bρ

=

− −… …o o 

Therefore, .x yρ  

 

Corollary  1 

LetA  be a multiple algebra of type τ  and ρ  is an 

equivalence relation onA .  / ρA  Is a universal 

algebra, if and only if for every a ,b A∈  , where     

a bρ  and for every ( )r o τ<  and 1, ,
rnx x A−… ∈o   

We have    

( )1 1 1, , , , , ,
rr i i nf x x a x x ρ− +

=

−… …o

( )1 1 1, , , , , ,
rr i i nf x x b x x− + −… …o 

For every { }, , 1ri n∈ … −o     

   

Corollary 2 

If ρ is an equivalence relation on   A and / ρA  is a 

universal algebra,  then 

( )1ρ , ,ρ
rr nf a a −< > … < > =o 

( ){ }1| , , .
rr nb b f a aρ −< > ∈ …o 

Also we can write 

( )1ρ , ,ρ
rr nf a a −< > … < > =o 

( )1, , , .
rr nb b f a aρ −< > ∈ …o 

Proof: 

In the general case, we have 

( )1ρ , ,ρ
rr nf a a −< > … < > =o 

( ) { }{ }1| , , , , , , 1
rr n i i rb b i nbf b b aρ ρ−< > ∈ … ∈ … −o o 

Since / ρA  is a universal algebra, by theorem 2  for  

every    ( )r o τ<  

( ) ( )1 1,, , , , .
r rr n r nf b b f a aρ

=

− −… …o o 

Consequently, by the definition of  ρ
=

 for every 

( )1, ,
rr na f a a −∈ …o   and  ( )1,, ,

rr nb f b b −∈ …o we 

have a bρ .  therefore, a bρ ρ< >= < > . So 

( )1ρ , ,ρ
rr nf a a −< > … < > =o 

( ){ }1| , , .
rr nb a f a aρ −< > ∈ …o 

Also, by lemma 1 , for every ( )1, , , ،
rr na b f a a a bρ−∈ …o  

. thus, a bρ ρ< >= < > . Therefore,    we can write 

( )1ρ , ,ρ
rr nf a a −< > … < > =o 

( )1, , , .
rr na a f a aρ −< > ∈ …o 

        let ( ,.)H  be a hyper groupoid ( a semi- hyper group, a 
hyper group). The equivalence relation ρ  over H  is called a 
strongly regular relation if for every , ,a b x H∈ . 

. . , . . .a b a x b x x a x bρ ρ ρ
= =

⇒ 

    let ( ) ( )( ), r r o
A f

τ<
=A  be a multiple algebra of type τ  

. the equivalence relation ρ  over A  is called strongly 

regular if for every i ia b A∈    where     

{ }( ), , 1i i ra b i nρ ∈ … −o and every ( )r o τ<  , the 

following relation is satisfied. 

( ) ( )1 1, , ,, , .
r rr n r nf a a f b bρ

=

− −… …o o 
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Considering the above definitions, if 

( ) ( )( ), r r o
A f

τ<
=A  is a universal algebra, the 

congruence relation and the strongly regular relations on 

A  are equivalent. 

 

Remark  2 

If ρ  is an equivalence relation on the multiple algebra 

A  such that   / ρA  is universal, then ρ  is a strongly 

regular relation on the multiple algebra A  and vice 

versa. 

 

Remark 3 

Let ( ) ( )( ), r r o
A f

τ<
=A   be a multiple algebra of type  

τ  . if ρ  is an equivalence relation on A and / ρA  is a 

universal algebra, then   p   is an ideal equivalence 

relation. Therefore, the map ρπ   is an ideal 

homomorphism and , therefore, the inclusion stated in 

remark 1  turns into an equality. 
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