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T-DOF PID Controller Design using
Characteristic Ratio Assignment Method for
Quadruple Tank Process

Tianchai Suksri, U-thai Sritheeravirojana, Arjin Numsomran, Viriya Kongrattana, and Thongchai Werataweemart

Abstract—A control system design with Characteristic Ratio
Assignment (CRA) is proven that effective for SISO control design.
But the control system design for MIMO via CRA is not concrete
procedure. In this paper presents the control system design method
for quadruple-tank process via CRA. By using the decentralized
method for both minimum phase and non-minimum phase are made.
The results from PI and PID controller design via CRA can be
illustrated the validity of our approach by MATLAB.
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[. INTRODUCTION

ENERALLY, the performance analysis of control system

focuses on time domain response such as percent
overshoot, rise time, setting time and steady state error.
Although there are many methods to design the controller, it is
a few approach can be achieved the satisfied response. The
characteristic ratio assignment (CRA) is one techniques based
on defined parameter of characteristic equation that is a
famous method at present [1] [2].

To design controller by CRA method [3], adjustment of
speed response and the damping ration can be done by only
one parameter. Therefore, this technique is convenient and
suitable for tuning controller under the requirement of the
system.

In this paper, the quadruple-tank process, the interactive
process is controlled by PI controller for case of minimum
phase and PID controller for case of non-minimum phase base
on CRA method. The coefficient of characteristic (¢;)and

the

characteristic equation of the control system that is necessary
to design the time domain system.

time constant(r)are the parameters to determine

II. QUADRUPLE-TANK PROCESS

Consider the quadruple-tank process shown in Fig. 1. This
laboratory process has been used to illustrate many issues in
multivariable control [4]. The target is to control the level in
the lower two tanks with two pumps. The process inputs are
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u, and u, (input voltages to the pumps) and the outputs are
y, and y, (voltage from level measurement devices). The
linearised dynamics for the process is given as:

[
] 1
Tank 3 Tank 4
—_— —r—
Tank 1 Tank 2
Pump 1 Z§ Y2 @ Pump 2
(e vy
—r— —

Fig. 1 Schematic diagram of the quadruple-tank process
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and ¢, =Tkk,/A, ¢,=Tkk /A . Here A is the cross-sectional
area of tanki, a is the cross-sectional area of the outlet of
tank i, £ is value ratio at the outlet of tanki, h’ is the steady-
is the

measurement gain, and ¢ is the acceleration of gravity. The

state water level, Kk

is the gain of the pumpi, Kk,
parameters y,,7, €(0,1) are determined from how the valves

are prior set to an experiment; the flow to tank 1 is
proportional to y,and the flow to tank 4 is proportional to

(1-7,), and similarly for y, with respect to tank 2 and tank 3.

Since
detG(s):flCZX{(1+5T3)(1+T4)_(1_71)(1_72) 3)
nra] Ja+sT) 72
i=1
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and transfer matrix G has two finite zeros for y,,7, €(0,1).
The system is non-minimum phase for 0<y, +y,<1, and
minimum phase for 1<y +y,<2. Hence, by changing a

single valve we can make the multivariable level control
problem more or less difficult.

The relative gain (RGA) was introduced by Bristol [5] as a
measure of interaction in multivariable control systems. The
RGA A is defined as A =G(0)*G™"(0), where the asterisk
denotes the schur product (element-by-element matrix
multiplication) and -T inverse transpose. It is possible to
show that the elements of each row and column of A sum up
to one, so for a 2x2 system the RGA is determined by the
scalar 2 = A, . The RGA is used as a tool mainly in the process

industry to decide on control structure issues such as input-
output pairing for decentralized controllers [6]. The RGA of
the Quadruple-Tank Process is given by the simple expression
A 1—/1}

A=7‘7y2,where A=
-4 A

n+r,—1

III. STRUCTURE OF THE CONTROL SYSTEM WITH PI AND PID
CONTROLLER

From RGA analysis suggests that input-output pairing for
decentralized control be chosen. In case of minimum phase
system, transfer function G,, and G,, are used for design the

controller, but the case of non-minimum phase system the
transfer function G, and G,, are instead used. The structure of

MIMO control system using PI and PID controller for
minimum phase and non-minimum phase are shown in Fig. 2
and Fig. 3 respectively, for case of minimum phase

B. () =K, s+ K, A (s)=5,B,(s) =K

B.,(8) =K ,;5+ Kiy, A, (8) =5,B,,(s) = K,

and case of non-minimum phase

B, () =Kys8* + K, s+ K, A (5)=5,B,,(5) =K

B.,(8) = Ky,8” + K8+ Kipu AL (5) = 8,B,,(8) = Ky,

R®) ue |

Y©

RE) Uys) Y,

Fig. 2 Structure of minimum phase control system
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Fig. 3 Structure of non-minimum phase control system

and transfer matrix of system is

Bu®
G6s) {G”(s) Glz(s)} _ | A®
G,(8) Gy(s) B,.(8)
ApZ](S)

K]l K]Z

~ as+a, b,s’ +bs+b,
K,, K,,
c,8’ +c¢s+c, ds+d,

The transfer functions used for design are:

A. Case of Minimum Phase
Loop 1 (Y1-R1),
(s) _ B (8)B,,i(s)

R

(s) - A (S)A;1(8)+ B (8)B,,,(5) )

Characteristic equation is
PJ] = AZ](S)Ap]I(s) + BCI(S)Bp]l(s)

YZ

=as’ +(a, + K, K )s+ KK
Loop 2 (Y2-R2),
(s) Bcz(S)szz(s)

Ry(S)  An(8)Ap(8)+ By, (8)B,sy(S) |
Characteristic equation is
Pﬁ n= ’%2 (S)ApZZ (s)+ Bcz (S)szz (s)

Yy

=d;s’ +(d, + K,K,)s + K, K,,.

B. Case of Non-Minimum Phase
Loop 1 (Y1-R2),
(s) _ B.,(8)B,1,(5)

R,(s) - A:Z(S)Ap]2(5)+ BCZ(S)BpIZ(S) '
Characteristic equation is
P = Az(s)Aplz(s) + BCZ(S)BpIZ(S)

4155

=b,s* + (b + Ky, K, )8 + (b, + K ,K ) + KK .

Loop 2 (Y2-R1),
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Bcl(S)szl(S)
AL(8)A1(5)+ B, (9B (5)
Characteristic equation is
Pai = Au(8)Ay,(8) + B (S)B,,(5)
=0,8" + (¢, + Ky K, )s? + (¢, + K, K, s + K K,

Y,(s)
R(S)

(7

IV. THE CRA METHOD

Naslin [7] has studied the problems to optimize a damping
ratio of control systems, and he found that the damping ratio
relates with characteristic ratio The relation of characteristic
equation can be illustrated as follow.

p(s)=a,;s"+a, s"'+...+as+a,, vVa, >0 ®)
Where, the characteristic ratio is given by,
2 2 2
a a a
a=—— a=- ..,a =—" )
a() a2 a'] a3 an -2 a'n
and the inverse of characteristic equation is given as
a a
=20, b =2, p =t (10)
a] a2 an

Otherwise, it is able to depict the relation of coefficient ration
and characteristic pulsatances as,
b, b, b

alzb—o, azzb—l,..., anfl—i 1
Thus the time constant is given by
=2 (12)
8

Given equation (9)-(10), it is able to describe in another form
by the coefficient of characteristic equation

A= [an 8 & an] (13)
B= [bIH b, ... b bo] (14)
C=[c, Cosy - C G (15)
Where
=3 i=01,2,...,n-1 (16)
ai+l
ci:bg‘ i=0,1,2,....n-2 (17)

Design controller by CRA method, assigns value of time
constant (7 ) and characteristic pulsatances ( ¢;) up to system

requirement, To define the value of «;, it is under the rule of

Lipatov and Sokolov [8] in order to retain the system stability
which is given by,

o, > 1.4656,i=1,2,...,n—2 (18)
@ 2112374 ,i=2,3,...,n~2 (19)
o =— J, =0y =0 (20)

", o -1

A. Adjustment Speed Response of Control System

To adjust a speed response of control system, the CRA
method can be tuned by changing a value of time constant as
shown in the next equation. Assume, the transfer function is
given as

International Scholarly and Scientific Research & Innovation 1(12) 2007

G(s)=— % @1
as"+a, S+...+a5+a,
Then it is arranged in new format
G(s) = a/a, 22)
T P PO
ab a'n an

From equation (22) is able to construct the coefficient as
inverse form of characteristic equation

acfi o - fio o)

i=n-1
When increasing a gain with equivalent ration byk , it is
obtained by

n-1 n-1 n-1
A{l 1o - &b k"Hbi}
i=n-1 i=2 i=1
Equation (23) and (24), coefficient ratio is unchanged, but the
time constant is able to change as shown in equation (25) (26)

e (25)
a,s"+ka, s"+...+k""as+k"a,

1 a,
rT=—| —
k\a,

Where0<k <1

(23)

(24)

Gk(s) =

(26)

B. Adjustment Damping Ratio of Control System
To adjust the damping ratio, if a system is high order then
there are many parameters ( ¢; ) to be adjusted. Thus the CRA

method is designed for tuning only one parameter that follows
as,

1
G(s) = R Q7
gty Tl o+ s+
8 8 8
1 1 1 1
A=l13 n—2 1 0 (28)
b by [Ib [Ib
i=0 i=0 i=0 i=0
1 1 1
A= n-2 n-3 0 n-3  n-4 0 b 1
{ G c,...Hci}bg { G c,...Hci}bg“ 0
i=0 i=0 i=0 i=0 i=0 i=0
(29)

When the coefficient ratio is increased byk then the new
characteristic equation is given by

1
A: lnl,l n-2 n-3 0
k2 2{ ¢l lc... Ci:|b0“
o h (30)
1 1 |
T 1 [n-3 n-4 0 F
k2 2 |: , Ci"'HCi:|b0"'l A
i=0 =0 i—0

Finally, equation (29) and (30) are formulated to the
equation (31) whenk >1; damping ration will be increased
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then 0 < k <1; damping ratio will be decreased.
k%nz —%nao

2 1 1,1

-—n-1 n n
2 as+k? ?a,

G (5) = (31

1
—-n
as"+k""a,_s"" +...+k?2

V. THE SIMULATION RESULTS

In this paper, the simulation results of the quadruple-tank
process for case of minimum and non-minimum phase, the
interactive process is given by MATLAB. The experiment of
PI and PID control based on CRA illustrates the adjustment of
speed response and damping ration. Parameters and operating
point show detail in Table I and Table II.

TABLEI
PARAMETERS OF QUADRUPLE-TANK PROCESS

AALA A em? | a,8,,8,,8,0m” | giem/s’
69.3978 0.1963 981

TABLEII
OPERATING POINT OF QUADRUPLE-TANK PROCESS

Operating Point Minimum Phase Non-Minimum Phase
(h’,hY);cm (11.1,11.6) (10.8, 11.5)
(Y, h);em (0.68, 0.39) (7.33, 3.99)
(u/,uy); v (5.5) .9
(k,k,);em’/V-s | (2.6972, 2.3949) (2.7887, 2.3950)
-7 (0.791, 0.772) (0.328, 0.237)
(B,5,) (0.4759, 0.4124) (0.4759, 0.4124)
(B, 8) (0.3837, 0.5388) (0.3837,0.5388)

V.I Case of Minimum Phase
A. Step Response of Nominal Parameter

Loop 1 (Y1-R1)
3.4347
G = —
111.7228s +1
According to equation (32), design of PI controller based
on CRA, is assigned parameter follow as ¢, =2 and 7 =20
P, (5)=111.7228s> +11.17225 +0.5586
and the parameter of PI controller is given by
K, =2.9616, K =0.1626
Loop 2 (Y2-R2)
3.5113

(32)

62 =131 70735 +1 33)
In the same manner, the P,,(s) is

P,,(5)=131.7973s> +13.17975 + 0.659 .

and the parameter of PID controller is given by

K,, =3.4687, K, =0.1877.
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Fig. 4 The step response of nominal parameter

The step response in Fig. 4 (a) is for the tank 1 and Fig. 4
(b) is for tank 2. For tank 1 the overshoot is 3.5 percent,
settling time is 83 sec and interaction is 5.5 percent. For tank 2
the overshoot is 3.5 percent, settling time is 83 sec and
interaction is 6.5 percent.

B. The Adjustment Speed of Response

By using CRA method, the adjustment of speed response
can be produced by adjusting value ofk according to equation
(25).

Loop 1 (Y1-R1)

k?0.5586

111.7228s% + k11.1722s + k*0.5586

Loop 2 (Y2-R2)

2

G, () = i k*0.659 i

131.7973s° + k13.1797s + k*0.659

G, (s)=

Whenk is adjust from 1.3 to 2 respectively, settling time is
decrease from 64 sec to 42 sec for tank 1 and tank 2, while
interaction for tank 1 is decrease from 4.3 percent to 3 percent
and interaction for tank 2 is decrease from 5.5 percent to 4
percent, therefore the system response is faster and interaction
is decrease.

1SN1:0000000091950263
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12 3125
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14 o i Fig. 6 The response when adjustment dampinng ration by k
138 V.II Case of Non-Minimum Phase
§
£V | Loop 1 (Y1-R2)
L
2 2.9019
123 G,(s)= 3
5 12409.705s" +228.8107s +1
12 (34)
s e According to equation (34) ,design of PID controller based
7050100 150 200 250 300 350 400 450 500 on CRA, is assigned parameter follow
(b) asa, =2.5,a,=2and r =200
Fig. 5 The result adjustment speed of step response by k P.,(s) =12409.705s" +310.2417s + 3.878s + 0.0194
and the parameter of PID controller is given by
C. The Adjustment of Damping Ratio Kg, =30.1292, K, =0.9918, Kj, =0.0067
By using CRA met'hod', the adjustment of qamplng rat%on Loop 2 (Y2-R1)
can be produced by adjusting value of k according to equation 35437
G,,(9)= -
3 li L (YLRI 209 = 77608895 + 19036855 1 1
eop (Y )kO 5586 (33)
G (s)= — In the same manner, the P,,(s) is
111.7228s” +k11.1722s + k0.5586 , ,
Loop 2 (Y2-R2) P.,,(s) =7760.889s” +194.0221s" + 2.4253s + 0.0121 .
G.(9) k0.659 and the parameter of PID controller is given by
s)=
KT 131.79738% + k13.1797s + k0.659 Ky =1.031, K, =04022, K; =0.0034.

Whenk is changed from 1.2 to t.4 respectively then the
damping ration is also increased but the overshoot is
decreased from 1.7 percent to 0.5 percent and interaction is

135

A\

decreased from 4.5 percent to 4 percent for tank 1 and E
decreased form 1.5 percent to 0.6 percent and interaction is g
o
decreased from 5.5 percent to 5 percent for tank 2. z
3
135
' L0 500 1000 1500 2000 2500
T — G1(é} Times (sec)
o
=125 p— R OR (a)
=) e G (8)
@
T ~ 14 |
T 12
8

1 40 50 100 150 200 250 300 350 400 450 500
Times (sec)

(@)
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Fig. 7 The step response of nominal parameter

2500

The step response in Fig. 4(a) is for the tank 1 and Fig. 4(b)
is for tank 2. For tank 1 the overshoot is 7.5 percent, settling
time is 880 sec and interaction is 36 percent. For tank 2 the
overshoot is 9.5 percent, settling time is 920 sec and
interaction is 44 percent.

B. The Adjustment Speed of Response
By using CRA method, the adjustment of speed response
can be produced by adjusting value ofk according to equation
(29).
Loop 1 (Y1-R2)
k*0.0194

G, (s)=
«®) 12409.705s + k310.2417s” + k*3.878s + k*0.0194
Loop 2 (Y2-R1)

k*0.0121
Gk (S) = 3 2 2 3
7760.889s” + k194.0221s” + k“2.4253s + k°0.0121
135
13
128
125
b=
12 |
= =
5
3115
1
1055500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Times (sec)
(a)
14
135
E 13
b=
2125
= =
5
3 12

1 6500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Times (sec)
(b)

Fig. 8 The result adjustment speed of step response by k

Whenk is adjust from 1.1 to 1.2 respectively, settling time
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is decrease from 790 sec to 700 sec for tank 1, overshoot is
increase from 9 percent to 10 percent for tank 1, while
interaction f'is increase from 36.5 percent to 37 percent

For tank 2 settling time is decrease from 810 sec to 710 sec,
overshoot is increase from 11.5 percent to 13.5 percent while
interaction is increase from 45 percent to 45.5percent,

Therefore the system response is faster, overshoot is
increased and interaction is increase.

C. The Adjustment of Damping Ratio

By using CRA method, the adjustment of damping ration
can be produced by adjusting value of k according to equation
(31).

Loop 1 (Y1-R2)

k’0.0194
Gk(s) = 3 2 2 3 3
12409.705s” + k*310.2417s° + k°3.878s + k”0.0194
Loop 2 (Y2-R1)
k?0.0121
G(s)= 3,2 NDE 3

7760.889s” + k194.0221s° +k°2.4253s +k’0.0121

135

13
128
125
b=
12 |
= =
5
3115

1

1055500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Times (sec)
(a)
14
£,

135 o m———
§1 |
b= — G,ls)
2251 | : e G (8) |
. — o0 |
3 12 —

1 6500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Times (sec)

(b)

Fig. 9 The response when adjustment damping ration by k

Whenk is changed from 1.1 to t.2 respectively then the
damping ration is also increased but the overshoot is
decreased from 2.5 percent to 0 percent and interaction is
decreased from 31 percent to 27.5 percent for tank 1 and
decreased form 3.5 percent to 0 percent and interaction is
decreased from 38 percent to 33 percent for tank 2.

VI. CONCLUSION

In this paper, the design of PI and PID controller using
CRA for quadruple-tank is presented; the simulation results

1SN1:0000000091950263
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from MATLAB for both minimum phase and non-minimum
phase are able to illustrate the advantage which only one
parameter is to be adjusted. Thus, our scheme is convenient
and suitable for designing and tuning the controller.
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