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Anti-periodic solutions for Cohen-Grossberg
shunting inhibitory neural networks with delays

Yongkun Li, Tianwei Zhang and Shufa Bai

Abstract—By using the method of coincidence degree theory and
constructing suitable Lyapunov functional, several sufficient condi-
tions are established for the existence and global exponential stability
of anti-periodic solutions for Cohen-Grossberg shunting inhibitory
neural networks with delays. An example is given to illustrate our
feasible results.
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I. INTRODUCTION

N recent years, the Cohen-Grossberg neural networks [1]

have been extensively studied because of their immense
potential of application perspective in different areas such as
pattern recognition, optimization, signal and image processing.
Hence, they have been the object of intensive analysis by
numerous authors and some good results on the existence and
exponential stability of periodic solutions for Cohen-Grossberg
neural networks with delays or with delays impulses have been
obtained [2-11].

On the other hand, shunting inhibitory cellular neural net-
works (SICNNs) have many applications in psychophysics,
speech, perception, robotics, adaptive pattern recognition, vi-
sion, and image processing. Since all these applications closely
relate to their dynamics, the dynamical behaviors of SICNNs
with delays have been widely investigated (see e.g. [12-
15]). Many important results on the dynamics behaviors of
SICNNs have been established and successfully applied to
signal processing, pattern recognition, associative memories,
and so on.

In this paper, we are concerned with the following Cohen-
Grossberg shunting inhibitory cellular neural networks with
delays:

(1) = —az—jwij(t»{bw(t,uij(t»
+ Y CH@fi(tu(t — (1))

ckleN,.(i,5)

X (t) — Iij(t)}v (D
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where i =1,2,...,m, j =1,2,...,n, C;; denotes the cell at
the (i, ) position of the lattice, the r-neighborhood N;.(, j)
of Cj; is given by

N, (i,j) = {Cij :max(‘k:fﬂ, ‘l fj’) <r,
1§k§m,l§l§n},

w;; acts as the activity of the cell C;;, L;;(t) is the external
input to Cj;, a;; (ui;(t)) and by (¢, u;;(t)) represent an amplifi-
cation function at time ¢ and an appropriately behaved function
at time t, respectively, ijl (t) > 0 1is the connection or coupling
strength of postsynaptic activity of the cell transmitted to the
cell C;;, and the activity function f;;(¢, zx;) is a continuous
function representing the output or firing rate of the cell Cy;,
Cj,; are periodic functions with period %, 7; are periodic
functions with period ¥, w is a positive constant.

Let u = (Ull,ulg, ey Ulmse ooy Unly - - - ,Unm)T be a col-
umn vector. The initial conditions of (1) is of the form

u;j(s) = ¢ij(s), s € [-7,0], 7 = max{ sup |;;(t)|},
(1,5) “te[o,w]

where ¢;;(s),i =1,2,...,n, j=1,2,...,m, are continuous

% -anti-periodic solutions.

Arising from problems in applied sciences, the existence
of anti-periodic solutions plays a key role in characterizing
the behavior of nonlinear differential equations (see [16-20]).
Since SICNNs can be analog voltage transmission which is
often an anti-periodic process, it is worth continuing the inves-
tigation of the existence and stability of anti-periodic solutions
of SICNNs. To the best of the authors’ knowledge, this is
the first paper to study the existence and global exponential
stability of the anti-periodic solution of system (1).

The rest of this paper is organized as follows. In Section
2, we obtain system (2) which is equivalent to system (1).
After that, we shall introduce some notations and definitions
and state some preliminary results needed in later sections.
In Section 3, by using the method of coincidence degree, we
obtain the existence of the anti-periodic solutions of system
(2). In Section 4, we give the criteria of global exponential
stability of the anti-periodic solutions of system (2). In Section
5, an example is also provided to illustrate the effectiveness
of the main results in Sections 3 and 4. The conclusions are
drawn in Section 6.

Throughout this paper, we assume that

(Hi) CHt+%)=CH®), mij(t + %) = mi; (1), Li;(t +

$)=—Iij(t),i=1,2,...,n,j=1,2,...,m;
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(H2) a;j(u) are even continuous functions, i.e. a;;(u) =
a;;(—u), and there exist positive constants @;; and
Qij such that 0 < ;5 < aij(t) < A5, U € R, 1=
1,2,...,n,5=1,2,...,m;

bij(t,u) € C(R2, R), b”(t + %, *U) = *bij(mu).

There is a positive constant /;; such that 9bs; (t,u) >

(Hs)
ou
Hij, U € R, bz](t,O) =0,7=12,...,n,j
1,2,...,m;

fij(t7u) € C(R27R)7 f?](t + %a_u) = fij(t7u)
and there are w-periodic functions ~;;(t) such that
Yij(t) = supyeg|fij(tw)l, i = 1,2,....n, j =
1,2,...,m;

there are positive w-periodic solutions [;;(t) such
that | fi; (¢, u)— fi;(t, v)| < Bi;(t)|u—v| for all u,v €
Ri=12,....nj=12..,m

(Ha)

(Hs)

II. PRELIMINARIES

In this section, we shall first recall some basic definitions,
lemmas which are used in what follows.

From (Hy), the antiderivative 1/a;;(u;;) exists. We choose
an antiderivative h;;(u;;) of 1/a;;(u;;) that satisfies h;;(0) =
0. ObViOuSly, (d/du”)h”(u”) = 1/aij(uij). By aij(uij) >
0, we obtain that h;;(u;;) is strictly monotone increasing
about u;;. In view of derivative theorem for inverse function,
the inverse function hi_jl(uij) of h;j(u,;) is differential and
(d/dusg)hi;t (wi;) = aij(hy;' (uig)). By (Hs), composition
function b;; (¢, h;l(z)) is differentiable. Denote x;;(t) =
hij(uij(t)). Tt is easy to see that xj;(t) = uj;(t)/a;;(ui;(t))
and u;;(t) = h;l(x”(t)) Substituting these equalities into
system (1), we get

wi(t) = —bij(t, ;' (2i(1)))
— > CH®fii(t b (w(t — Tra(1)))
ckeN,.(i,5)
b (i (1) + L (1),
=12, .n,=1,2,...,m,

which can be rewritten as

2 (t) = —dij(t, wij(t))wi(t)
— > CH®) it b (= Tr(1)))
ckleN,.(i,5)
xhit (i (8) + Li5(t), @)

where i = 1,2,...,n, j = 1,2,...,m, d;ij(t,z;;(t)) =
6bij(t,h;j1(z))/6z|z:§ij, 8bij(t,h;j1(z))/8z|zzgij denotes
the partial derivative of b;;(t, h;jl (2)) at point z = &5, z € R,
&;; is between 0 and x;;(¢).

By (Ha), (Hs3) and the definition of h;;(x;;), we obtain
bij(t, h;jl(t)) is strictly monotone in creasing about z;;.
Hence, d;;(t,x;;(t)) is unique for any x;;(¢) and continuous
about x;;(t). Moreover, di;(t,z;(t)) > a;; i

From the definition of h{jl (u), use the Lagrange mean-value
theorem, one gets

|hi7 (@) = hij ()] = (k") () (@ — y)| < yylar — y]

International Scholarly and Scientific Research & Innovation 4(3) 2010

for all z,y € R, where £ is between x and y, i = 1,2,...,n,
7=12,....m.

Let 2(t) = (x11(t), .. ., Z1m(t)s - oo, Zn1 () e o, Tom ()T €
C(R,R™). The initial conditions associated with system (2)
are of the form

zi5(8) = hij(¢i;(s)) = ¢ij(s),

where ¢;;(t),i =1,2,...,n, j = 1,2,...,m are continuous
functions on [0, w].

s € [_T7 OL

Definition 1. Let x* be an 5 -anti-periodic solution of (2) with
initial value ©*. If there exist constants o« > 0, P > 1 such
that, for every solution x(t) of (2) with initial value ¢, the
following inequalities hold for i =1,...,n,7=1,...,m,

| (t)

where o — ¢*|| = max; j) sup_<,<oilwij(s) — ¢55(s)]}-
Then z*(t) is said to be global exponentially stable.

— a5 < Pllo—¢*[le™, t>0,

The following fixed point theorem of coincidence degree is
crucial in the arguments of our main results.

Lemma 1. [21] Ler X, Y be two Banach spaces, Q C X
be open bounded and symmetric with 0 € Q. Suppose that
L:D(L) C X — Y is a linear Fredholm operator of index
zero with D(L)NQ # 0 and N : Q — Y is L-compact.
Further, we also assume that

(H) Lz — Nz # A(—Lxz — N(—=x)) for all z € D(L) N 9Q,

A€ (0,1].

Then equation Lx = Nz has at least one solution on D(L)N
Q.

For the sake of convenience, we introduce some notations

- —kl
Ii; = Igglfn(t)l, Cij

= CkL(t
max |CH(1)],

Ty = max (), By = max |8 (0,

where t =1,2,...,n,j=1,2,...,m.

III. EXISTENCE OF ANTI-PERIODIC SOLUTIONS

In this section, by Lemma 1, we will study the existence of
at least one anti-periodic solution of (1).

Theorem 1. Assume that (Hy)-(Hs) hold. Suppose further
that
(He) 1-A >

Cri€Ny(i,5)

—kl_
C;;7i;@ijw > 0, where

Q5 Hijw
e%is
A= o
e%ijtii?Y 1
Then system (1) has at least one % -anti-periodic solution.

Proof: We first prove that system (2) has at least one
S -anti-periodic solution. Take

X =¥ ={reCRR™):alt+3) = —2(t).t € [0, 5]}

be two Banach spaces equipped with the norms

n m

lzllx = llylly = ZZ |ziilo for all z € X,

i=1 j=1
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where |z;il0 = trerﬁi(}] lzi; ()], ¢ = 1,2,...,n, j =
1,2,...,m.
In system (2), let
Fij(t, x)
=— Y CHWLt g (@t — Tu(t))
cFLEN,(4,5)

Xhl_jl(.%'w(t)) + Iij(t)7 (3)

where : =1,2,...,n, 7 =1,2,...,m. Then we have

/
(m— (el s (s <s>>ds> = efi b (DI (1 ) ()

where : = 1,2,...,n, j =1,2,...,m. Integrating (4) from ¢
to t + w leads to

zi(t+ w)ef()t dij(s,mij(s))ds

t+w .
- / elo dij(rai; (T))drFij(S, z)ds,
¢

— Ty (t)ef(f dij(s,wiz(s))ds

where t =1,2,...,n,5=1,2,...,m. So

(1) <e~ o T dij(s,ij(s)ds _ [y dz‘j(&ﬁi;’(S)MS)

t+w
= / elo dis(rei (M)Ar (s 2)ds,
t
where : =1,2,...,n, 5 =1,2,...,m. Hence

Q?ij(t>efot dij(s,xij(s))ds (6 tt+u) dij(s,zij(s))ds _ 1>

t+w N
— / elo dis (e (M)Ar (s 2)ds,
t

where : =1,2,...,n, 5 =1,2,...,m. Thus

( ) eff dij(r,@i;(r))dr /t+wF ( )d
Tig t) = t+w o
J eJi e dij(s,@ii(s))ds _ 1, j

t+w

- Gij(t, s)Fij(s, )ds, v

t

where
el dij(r@ij(r))dr
Gij(t,s) =

elo dij(s,mij(s))ds _
elo’ dij(s,mij(s))ds

< w

= oo dij(smij(s)ds _

eﬂij Hijw

2 A, (6

- e%ijHiiw _ 1

in whichi=1,2,...,n,j=1,2,...,m.
Set

L:DomLNX =Y, z—a Luy=x(t),
where : = 1,2,...,n, 7 =1,2,...,m,
Dom L = {z € C'(R, R"™) : x(t + %) = —a(t),t € [0, g]},
and N : X —Y
Nzij = —dij(t, 25(0))i;(t) + Fij(t, @45(1)),

where Fj;(t,x;;(t)) are defined as (3), i = 1,2,...,n, j =
1,2,...,m.
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It is easy to see that
KerL ={0} and ImL={yeY: / y(s)ds =0} =Y.
0

Thus dim Ker L = 0 = codim Im L, and L is a linear Fredholm
operator of index zero.

Define the continuous projector P : X — KerL and the
averaging projector () : Y — Y by

sz/wx(s)ds=O and Qyz/wy(s)dSZO.
0 0

Hence Im P = Ker L and Ker Q = Im L=Im (I — Q). Denoting
by L;l :Im L — Dom(L)NKer P the inverse of L|p(r)nkerp-
we have

w

_ ' 12
Lp'y =/ y(s)ds — 5/ y(s)ds.
0 0

It is not difficult to show that QN (Q), Lp' (I — Q)N(Q)
are relatively compact for any open bounded set 2} C X.
Therefore, N is L-compact on Q for any open bounded set
QCcX

In order to apply Lemma 1, we need to find an appropriate
open bounded subset {2 in X. Corresponding to the operator
equation Lz — No = A(—Lz — N(—x)), A € (0,1], we have

wy;(t) = H%[—dij(t,xij(ﬁ))%(f) + Fij(t i (1))]
iyt =y ()2 () + Pyt~ (0)]
= ity (D)5 (0) + 5 Foltsmi ()
—HL/\FH (t, —2i5(1)),
where ¢t = 1,2,...,m, 7 =1,2,...,n.
Set
Hig(t,235(0)) = 5 P35 (0)
1+A
*H%Fz‘j(ta —zi5(1)),

where : =1,2,...,m, 5 =1,2,...,n. So we have

wi(t) = —dij(t, 2y (1)) 2ij (t) + Hig(t, zij(t)),
i=1,2,...,mj=12...n
As (5), we have
t+w
l‘zj(t) = Gij(t,S)Hij(S,l‘ij(t)) dS,
t
where G;(t,s) are defined as (6), i = 1,2,...,n, j =
1,2,...,m.
438 1SN1:0000000091950263
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Sowe getfori=1,2,...,

t+w
|z (1)] < /t |Gij(t, s)||Hij(s, i5(s))|ds

t+w
S A/ ’Hij(s,xij(t))’ds
t

t+w 1
A/t m‘Fij(‘S’xij(s)Hds
t+w )\
+A/t [y ’Fw :z:ij(s))’ds

A t+“~’ kl

T e

CriEN,(i,7)

xfm»(s,hkﬂ(m(s—m(t))))hi;mj(s))\}ds

)\A t+w

+— { > Ccls)
Cri€N,(1,7)

1+ A
X fij (8, b (wri (s — Thi(s)))) b’

t+w
+A/ |IU($)‘dS
t

A t+w
14+ A

n,j=12....m,

IN

IN

(zi5(s))

bas

—kl_
Y. Cyduailri(s)|ds
Cr1 €Ny (1,5)

1+)\/ Z Efgl’%jat]!xu )’dS

Cri €N (i,5)

t+w
t

R
A Z Cii7:i@5w| 510
CriEN,(i,7)

t+w
t

Set C' = m[(z)xx]Awa |7;;(s)|ds. So we have
s€|0,w

IN

IN

—kl_
wijlo <A Y CpFywlailo + C,
Cri€Ny(i,7)
where i =1,2,...,n,j =1,2,...,m.
From (Hs), we get

C
|ijlo < ———— = My,

1-A 3 Cyvahw

Cri€N-(i,5)
where : =1,2,...,n,7=1,2,...,m. Let

n m

=33t
i=1 j=1

where t =1,2,...,n,7=1,2,....m
Clearly, M is independent of \. Take

NO={zeX:|z|x <M+1}.

It is clear that ) satisfies all the requirement in Lemma 1 and
the condition (H) is satisfied. In view of all the discussions

International Scholarly and Scientific Research & Innovation 4(3) 2010

above, we conclude from Lemma 1 that system (2) has at least

one % -anti-periodic solution. That is, system (1) has at least
one 7 -anti-periodic solution. This completes the proof. |

IV. GLOBAL EXPONENTIAL STABILITY OF ANTI-PERIODIC
SOLUTIONS
Suppose that x*(t) = (51 (t),..., x5, (&), ...,z (1), ...,
27, (t))T is an %-anti-periodic solution of system (1). In this
section, we will construct some suitable Lyapunov functions
to study the global exponential stability of this anti-periodic
solution.

Theorem 2. Assume that (Hy)-(Hg) hold. Suppose further

that
(H7) Fori=1,2,...,
Z Cllai;(Yij + MBijar) < qij-

eFLEN,(4,7)

n,gjg=12,...,m,

Then the $-anti-periodic solution of system (1) is globally
exponentially stable.

Proof:  According to Theorem 1, we know
that system (1) has an F-anti- periodic solution
a*(t) = (@), (), 2 (), 2 ()T
with initial value ©*(t) =
(@Tl(t)v e @Tm(t)v AR ‘P;kzl(t)v T ‘P:Lm(t))T and H{E*” <
M. Suppose that z(t) = (x11(¢), ..., 21m(t), .., Tp1(t), ...,

Tpm(t))T is an arbitrary solution of system (1) with initial
value p(t) = (©11(t)s -+, P1m ()5 oy @1 )y oy P ().
Set Z(t) = (le(t)7 ey Zlm(t)7 ey an(t), . 7an(t))T =
x(t) — x*(t). Then it follows that
245(t) = (i (8) = 23;(0))’
—[bij (t, byt (a5 () — bij (, i (i (1)))]
= > CHO it b (@t — (1))
e EN, (i,5)
Xh (IU( )
_fw (t, hig (2 (t = T () i (255(0)], (D)
where ¢t = 1,2,...

—qi; + Z

cFlEN,(i,5)

,m, j=1,2,...,m. By (H7), we have

CHaij(3ij + MBijan) <0,  (8)

where : = 1,2, ... ,m. Set

hiN =X—qij+ > CHai(i; + €’ MBijan).
ckleN,.(1,5)
Clearly, hi;j(A), i =1,2,...,n, 7 =1,2,...
ous functions on R. Since h;;(0) < 0,
dhi;(A)
dA

,n, j=1,2,...

,m are continu-

=14+ XM Z C aleﬁ”akl >0

ckleN,.(i,5)
and h;;(+00) = 4o0, hence hi;(A), ¢ = 1,2,...,n
7 = 1,2,...,m are strictly monotone increasing functions.
Therefore, for any ¢ € {1,2,...,n} and j € {1,2,...,m},
there is a unique \;; > 0 such that

Z CH a”(%J—O—e 45T M Bijag) = 0.

ckleN,(i,5)

Aij — Gij +
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Let a = min{A11, A2, Ay - s Ay oo Adum ). Obvi- ¢ € [-7,4], i = 1,2,...,n, j = 1,2,...,m. Together with

ously, we have from (8) that (10) and (12), we obtain
hij@) = a—qy+ Y Cifay(3i; + e MBan) 0 < Voo (1)
cMeN,(i,5) dt
<0, ©

IN

~hl — B -
<a — igjo + Z Cigjg aiojolyiojl)) Viojo (t)

where : =1,2,...,n,5=1,2,....,m. FLE N, (50,j0)

It is obvious that B - ar - -
, + Y CF iy M Bigjoane® Via(f — i (£))
lzi; )] < llo = o[ <l — ¢™[le™" for ¢ € [-7,0], MEN, (i0.jo)
where i1 = 1,2,...,n, 5 =1,2,...,m < 1 a ~kl — _
)4y ) )<y ) — — Qi+ CCL
as that in Definition 1. < lle—v |{ Qiojo CMGNE(% . i0jo %iojo Viojo
Define a  Lyapunov  functional Vv = e
(‘/117 V12a R ‘/lmy ey an ey Vnnl)T b)’ ‘/lj (t) = + Z Cﬁ)lj()ai()j(,MﬂinUakleaT}-
e®zi; ()], i = 1,2,...,n, j = 1,2,...,m. In view of FLEN, (i0,40)
(7), we get
Hence,
d*Vi; (1) ) )
dt O<a—gije+ Y. CF aigjo(Fiojo + € MBigjean),
kl ; :
- g{ = [bis (8 b3 (g (1)) e o)
\ which contradicts (9). Hence, (11) holds. It follows that
—bi;(t, hij (2i;(2)))]
_ Ckl . h71 _ |Z7J(t)| < ||§0_(p*Heiat7
Z 5 (1) [fw (t, hig (@t = 7ia(t))))
ek eN,(1,5) where 1 = 1,2,...,n, 7 =1,2,...,m. In view of Definition
xhi(xi()) 1, the %-anti-periodic solution x* of system (1) is globally
ij

exponentially stable. This completes the proof. |

= fii(t hig (@, (t = 7 () hij (75(2))] }

V. AN EXAMPLE
+ae™| 2i; (1)

. In this section, we give an example to illustrate that our
< e {(a — qij)]2(t)] results are feasible.
+ Z C’Cl(t) wa (t, hl;ll (2 (t — 10 (1)) Examp.le' 1. Consider the follow?ng Cohen-Grossberg shunt-
kLEN, (i,7) ing inhibitory neural networks with delays:
hit (2t
xhi (@ J,(l)) . uj;(t) = aij(uij(t)){bz'j(faUz‘j(t))
—fig (6 b (ra (t = 7 (8)))) i (255 (1))
| £ g (st = 7 () iz (5 (1)) D CH® it uki(t — (1))
ckleN,(4,5)
il it = D) 0}
/ ! xuij(t) — Iij(t)}, (13)
< e a—gj+ C_’lk'lai'i') zij(t
{< " c’“lE%;(ij) o Jlatt) Wher@ i.j = L2an(u) = alz(u) =
agl(u) = |u agg(u =1-
+ Z ck angﬂzgamZkz(t—Tkl(t))I} 5|cos 3|u bij(t,u) = u, Ck () ChL(t) =
M EN(1.7) Cfé(tl) CH(t) = 0, Ta(t) = 1, f11(t u) = f221(75 U) =
o 5 4;;27;-5-151““ fiz(t,u) = fa(t,u) = oz cosy,
< <a Gij + N Z i a”’y”)V” () Lj;(t) = mcost w = 2m, system (13) has at least
oM EN:(6.3) one globally exponentially stable m-anti-periodic solution.
M — !
+ Z i i i Bijnie® Via(t = mu(t))- (10) Proof: By calculation, we have
kL eN,(4,5)
—kl _ e —1
We claim that Z Cij =2 % = dme?m +1°
at * ckleNT(i, )
Vij(t) = lzi(#)|e*" <l = ¢"[l, ¢ >0, (1D !
where ¢t = 1,2,...,n, 7 =1,2,...,m. Contrarily, there must BU = %, ai; =1, a;; = 1,
exists igp € {1,2,...,n}, jo € {1,2,...,m} such that dme™ + 1 2
; ey Vi () . Oy (t,u) Oy (2) .
Vigio () = ll = "Il =1 > 0. Vi () < llo = "I, (D) dys(t,0) = —5 - ———|ome = ai;(§) < @y5(€) =1,
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1 efon a;;j(§)ds e27r
dij(t,z) > a;;(§) = > A< T e, ©ds 7 < e
1
qij = 3

It is obvious that (Hy)-(Hs) are satisfied. Furthermore, we
can easily calculate that

—kl_ 4me™ e™ —1
4 Z , Cij%jainge”fl'47r62”+l <1
Cri€Ny(i,5)
> CHay (3 + MBijan) < qij.
CMENT(Z-*,J‘)

So (Hg)-(H7) hold. By Theorem 1 and Theorem 2, system
(13) has at least one globally exponentially stable m-anti-
periodic solution. This completes the proof. ]

VI. CONCLUSION

In this letter, Cohen-Grossberg shunting inhibitory cellular
neural networks with delays have been studied. Some sufficient
conditions for the existence and global exponential stability
of the anti-periodic solutions have been established by using
the method of coincidence degree theory and constructing
suitable Lyapunov functional. Moreover, an example is given
to illustrate the effectiveness of our results.
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