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Partial Derivatives and Optimization Problem on
Time Scales

Francisco Miranda

Abstract—The optimization problem using time scales is studied.
Time scale is a model of time. The language of time scales seems to
be an ideal tool to unify the continuous-time and the discrete-time
theories. In this work we present necessary conditions for a solution
of an optimization problem on time scales. To obtain that result we
use properties and results of the partial diamond-alpha derivatives for
continuous-multivariable functions. These results are also presented
here.

Keywords—Lagrange multipliers, mathematical programming, op-
timization problem, time scales.

[. INTRODUCTION

HE calculus on time scales has been initiated by Aulbach

and Hilger in order to create a theory that can unify and
extend discrete and continuous analysis [1], [2]. One of the
main concepts of this theory that is very important to our work
is the diamond-alpha derivative, which is a generalization of
ordinary (time) derivative. If the time scale is the real set, we
get ordinary derivative. Many results of calculus on time scales
have been developed, particularly in partial differentiation
(see, e.g., [3]-[6]), where were studied properties of partial
delta and nabla derivatives and their applications. However,
there is no much information about partial diamond-alpha
derivatives and the few works that exist are limited to two
variables (see [7]). Our work gives us properties and results of
partial diamond-alpha derivatives for continuous-multivariable
functions with applications in the optimization problem on
time scales. The time scale systems are a powerful tool
in engineering and economics applications where both of
the discrete-time and continuous-time systems are used. The
unification of the discrete and continuous theories provides
a new perspective and easiness for modeling and solving
optimization problems on a general domain. There are very
studies related with the problems of the calculus of variations
on time scales, that is, functional optimization problems (see,
e.g, [8]-[14]). However, to the best of our knowledge, the
function optimization problems for continuous-multivariable
functions have not been seriously treated. In [15] the authors
presented results for the linear and the quadratic programming
using convex optimization. In the present work we obtain
necessary conditions for a solution of an optimization problem
on time scales for a general continuous-multivariable function.
This is a generalization of the classical Lagrange multipliers
method for continuous-time case. In addition it is also an
important result to be applied in optimal control problems on
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times scales, because with that result we can obtain necessary
conditions to optimal solution for a control system.

This paper is organized as follows. In Section II we
introduce the properties and results about partial diamond-
alpha derivatives for m-variable functions. The generalized
optimization problem and other important results on time
scales are given in Section III. In the same section to illustrate
the possibility of the developed techniques we consider an
example. In Section IV we present the conclusions and the
future work that we propose to do.

Throughout this paper we denote by N, Z, R, and R/ the
set of positive integers, the set of integers, the set of real
numbers, and the set of nonnegative real numbers, respectively.
By R" we denote the usual n-dimensional space of vectors
z = (x1,%9,...,2y,), Where z; € R, ¢ = 1,n. The inner
product of two vectors = and y in R™ is expressed by (z,y) =
T1y1 + TaYo + ... + TpY,. We denote by the symbol ) the
empty set. The boundary of a set A C R" is defined as 0A =
{r eR":Ux)NA#DPAU(x)NA® # 0}, where U(z) is
any neighborhood of the point « and A is the complementary
set of A.

II. PARTIAL DERIVATIVES ON TIME SCALES
This section is devoted to the extension of the differen-
tiability of continuous-multivariable functions to time scales
using the diamond-alpha notion. Let n € N be fixed. Denote
by T;, i = 1,n, a time scale, that is, a nonempty closed subset
of the real numbers R. Let us set

A,=T; xTyx...xT,
={t=(t1,ta,...,tn) : t; € Ty,i = 1,n}.
We call A,, an n-dimensional time scale and it is a subset of

the usual n-dimensional space R™. The set A,, is a complete
metric space with the metric d defined by

. 1/2

dt,s) = > [t: — sil” for

i=1

t,s € A,.

Therefore, for a given number 6 > 0, the J-neighborhood
Us(tY) of a given point t° = (¢9,¢3,...,t9) € A, is the set
of all points ¢ € A, such that d(t°,t) < §. For functions
f + A, — R we have the concepts of the limit, continuity,
and properties of continuous functions on general complete
metric spaces. Following standard one-dimensional concepts,
we can define jump operators for each time scale T;, i = 1, n.
For t? € T;, the i-th forward jump operator o; : T; — T; is
defined by

O'(to) _ mf{tL eT;:t; > t?} if t? ;A max T;,
(A max T; if ) = maxT);.
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The i-th backward jump operator p; : T, — T; is defined by

(1) = sup{t; € T; : t; <t} if Y # minT;,
P = min T it 0 = minT;.

A point t° € A, is called i-right-dense, i-right-scattered, i-
left-dense and i-left-scattered if o; (t?) =19, o (t?) > Y,
pi (t2) = t9 and p; (t?) <, respectively. The corresponding
i-th forward graininess and i-th backward graininess functions
wi» i : Ty — R, respectively, are defined by ;(t) = o (t9) —
t; and () = t] — pi(£7).

In order to define partial derivatives properly, we introduce
the following. If T; has a ¢-left-scattered maximum, then we
define (T;)* = T, \ maxT;, otherwise (T;)* = T,. If T;
has a i-right-scattered minimum, then we define (T;),, = T; \
min T;, otherwise (T;), = T,;. We also introduce

(A2)F =Ty x Ty x ... x Ty_g x (T;)" x Tigy X ... x Ty,
(AD)e =Ty x Ty x ... X Ty_g x (Ty)x X Tigy X ... x Ty,
(L)% = (ML) N (AL
=Ty xTox...xTi—q X (T;)5 x Tipq x ... x Ty,
(Ap)" = (T1)" x (T2)" x ... x (Tp)",
(An)k = (T1)k X (T2)k X ... X (Tp)k,
(An)s = (An)" N (An)x = (T1)5 x (T2)5 x ... X (Tn)5.

For a function f defined on A,,, to provide a shorthand notation
we set

fgl(t) = f(t17t27 ... 7ti7170i(ti)7ti+17 e at’n);
fpl(t) = f(t17t27 L 7ti717pi(ti)ati+17 e 7tn)7
and
fis(t) = f(thtg, .. .,ti,1,87ti+1, .. -7tn)~

Definition 1 (cf. [3]): Let f : A,, — R be a function and let
t% € (A%)". Then define f2:(t°) to be the number (provided
it exists) with the property that given any ¢ > 0, there exists
a neighborhood Us(t?) = (t? — 6,t) +§) N'T; for 6 > 0 such
that

£ (°) = f )] = f2 ) o)) — )] < eloa(]) — til

for all t; € Us(t?). f2(t°) is called the partial delta
derivative of f at t° with respect to the variable t; (partial
A;-derivative). Similarly, the partial nabla derivative of f
at t° € (A%), with respect to the variable ¢; (partial V;-
derivative), denoted by fVi(t°), is the number (provided it
exists) with the property that given any € > 0, there exists a
neighborhood Us(t?) = (9 — §,tY + §) N'T; for 6 > 0 such
that

74 () = £ ()] = FY (E0)pa(8) — tall < elpi()) — til

for all ¢; € Us(t?).
From the works [4]-[6] we have that f2¢(¢?) and Vi (%)
are equal to

o, tO _ fti tO pi tO _ fti tO
GO IO W VT 1Y
t;—t0 i (9, t5) t;—t? ni(t7,ts)
tiFoi(t]) tiFEpi (t9)
(H
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respectively, where p;(t2,t;) = 0:(t?) — t; and 7;(t9,¢;) =
pi(t9) — t;. For n = 1 we obtain the one-dimensional time
scales delta and nabla derivatives

. f(e(t) = f(t) (@) — f(t)
gy = ey T
10(t°) 10(1°)

respectively, where o and p are forward jump operator and
backward jump operator, respectively. See [16], [17].

Similarly to the one-dimensional time scale Ay, [16], [17],
we obtain the partial delta and nabla derivatives of sums,
products, and quotients of functions that have partial delta and
nabla derivatives.

Theorem 1: If f g : A, — R have partial delta and nabla
derivatives at t° € (A?)" with respect to the variable ¢;, then

) f + g has partial delta and nabla derivatives at t°
with respect to the variable ¢;, and

(f +9)2 (1% = f2(t%) + g™ (7,

(F+0)7 () = [V () + 6% (1)

(ii)

For any constant ¢, c¢f has partial delta and nabla
derivatives at t° with respect to the variable ¢;, and

()2 (%) = ef> (1%),

(/)Y (A7) = ef ¥ (t%).

fg has partial delta and nabla derivatives at t° with
respect to the variable ¢;, and

(iii)

(Fg)2i(t%) = 2 (%) g(t%) + f7 (t°) g™ (°)
= g2 () F () + g7 (t°) 2 (1°),

(fg)Vi (%) = fYi()g(t”) + £ (t°)g ¥ (£°)
=gV () f () + g7 () V().
If g(t%)g7 (t°) # 0 and g(t°)g” (t°) # 0, then f/g

has partial delta and nabla derivatives at t° with
respect to the variable ¢;, and

( f)Ai (10 = 129t = F(E)g% ()
g 9(t0)g7(t°) ’

(iv)

N o T E)g() — F(0)g% (1)
<g> )= 9(10) g7 (1) '

Proof: Using Definition 1 we can prove these properties
similarly to the proofs for the one-dimensional time scales
presented in [16] and [17]. Another method to prove this, is
to use (1). Let us prove the first equality of (iii). The other
results are proved by the same way. If ¢° is -right-dense, then
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we have
A (40 o (f9)7 (%) = (f9)i (1Y)
iW(tY) = lim
titoi(ty])
o £TE07) - £ ()9 1)
t;—t? Hi (t?a t;)
tiFo; (t9)
+ dm o (7 = S )™ (1)
tﬁéﬁi(;?)
o, tO _ fti tO
— lim %9@0)
ti—t? ity )
tiFoi(t9)
g7 () =g (°) 0
1 2 N 7 Jr v T foi (¢t
* tigrtl? i (9, t;) )
titoi(t])
= PAE)E) + 17 () (),
because

(o] 0 _ ?1 0
POl B G

t;—t? i (9, ;)
tiFoi(t])
C o 900 — g ()
ti—t?  patd, )
ti#o;(t9)

and f(t°) = foi(tY). If ¢° is i-right-scattered, then we have

(f9)7 (1) — (f9)i (t°)

(f)% (") = lim

t—t° i (t9,4:)
ti#ﬁ(;?)
C o 797 — £ (g (1)
t;—t? 1 (2, t7)
tio (t9)
. g(t°) — gi' (t°) 0 ti (40
lim L Ji ) poi 0y gty
+ tigﬁ‘; PRI (f7 (@) = f;° (@)
ti#oi (1))
—  lim w (%)
= 0 40 1. 9
ti—ty Nz(ti s tz)
tiFo(t))
) 97 (%) = g (t°) o, 0
+ lim =——2 2t L (¢
tiﬁtgo 1 (2, t7) )
tﬁéo'z(ti)
= R0 g(t%) + 7 (t0) g™ (10),
because
L) g0 gt — et
ti—t i (t?a ti) i (t?, t?) .
tiF£o(t9)

|

Definition 2: Let f : A, — R be a function and let t° €

(A%)%. Then define f®=:(t°) to be the number (provided it

exists) with the property that given any € > 0, there exists a

neighborhood Us(t?) = (9 — §,tY + §) N'T; for 6 > 0 such
that

a7 (2%) = £ ()i (8, t3) + (1 = ag) [F7 (%) = ()]
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)i (9, t:) = fO () s (89, t)ma (9, £5)]
< el (8, ta)mi (8, t5)]

for all t; € Us(t?). f€=i (tY) is called the partial diamond-c;
derivative of f at t° with respect to the variable t; (partial
O, -derivative).

Easily, using the same process that Rogers Jr. and Sheng
used for one-dimension case in [18], we obtain that the partial
diamond-«; derivative is well-defined.

Now, we define the partial &, -derivative in relation to the
partial A;-derivative and partial V;-derivative.

Theorem 2: Let 0 < o; < 1,4 = 1,n. If f has both partial
A;-derivative and partial V;-derivative at t° € (A,,)%, then f
has partial <,,,-derivative at t° and

FOr(t0) = a2 (1) + (1 — i) fY(1°).

Proof: The proof mimics the one given in [18] for
the one-dimensional time scales. Assume that f2i(¢°) and
FVi(t0) exist at t9 € (A%)%. Then, for all € > 0, there exists
a neighborhood Uy, (t9) = (t9 — 61,12 + 61) N'T; for §; > 0
such that

L7 (2%) = £ ()] = f2 )8, 10)] < elpa?, 1)

for all t; € Uy, (t?) and there exists a neighborhood Uy, (7) =
(t9 — 62,12 + 02) N'T; for d> > 0 such that

(LFP2(°) = F 0] = FY )t 4] < elmie? 1)
for all t; € Us, (t?). Then, for all t; € Us, (t?), we get
[ F7H (%) = fEFEOmi (8, t3) — aa f 2 (80) (8, ta)ma (29, 13)|

< cielps (87, t)mi(13, )]
and, for all t; € Uy, (t9), we obtain
(1= i) [f7(°) = fi ()i (22, t3)
—(L =) V() (87 )i (87, 13)|
< (1= aiq)elpi(t?, t)mi(t9, t3)-
Thus, for all t; € Us, (t) N Us, (t9), we have
s [fF70 (%) = F (g, t) + (1= ) [F7(8°) = fi (7))
)p(t,t:) = [aa fA(80) + (1= ) £ ()] (] ta)n(19, 1)
< a7 () = £ (E)mie?, 1)
—a fAN(E0) (], ) (29, 1)
HL =) [P (%) = f ()2, 1)
(1= i) [V () s (87, )i (19, )
< el it t)mi (8, 1) + (1 — au)elpa (82, t0)m (7, 12)|
= el (8, to)mi (27, :)].
Therefore f«:(t") exists and
£ ) = f ) + (1 ) £ 1),

|
Remark 1: Tt is clear that £« (t9) reduces to f2i(t°) for
a; =1 and fVi(tY) for a; = 0.
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From Definition 2, Theorem 1 and Theorem 2 we obtain
the following properties.

Theorem 3: If f,g : A, — R have partial diamond-c;
derivative at t° € (A%)" with respect to the variable ¢;, then

6)) f + g has partial diamond-o; derivative at t° with
respect to the variable ¢;, and

(f +9)% () = [ (t°) + g% (1°).

(i)  For any constant ¢, cf has partial diamond-«; deriva-
tive at t° with respect to the variable ¢;, and

(cf)®ei () = ef =i (7).

fg has partial diamond-a; derivative at t° with
respect to the variable ¢;, and

(fg)os (t%) = fOos (1°)g(t%) + i 7 (¢°)g (1°)
(L= aq) [ (%)Y (7).
Gv) If g(t9)g7:(t%)g”i (t°) # 0, then f/g has partial

diamond-c; derivative at ¢ with respect to the vari-
able t;, and

(3)" e

(iii)

FOi(t)g7 (t°)g” (1°)
g9(t0) g7+ (1) P+ (1°)
o f () g7 (0)g > (t°)

g(t)g7: (t°)gr: (°)
(=) fr(E) g7 (t0)g V()
g(t°)g7i (t°)gr: (t°) '
Definition 3: Suppose that there exist partial <, -

derivatives at t° € (A,,)% for all i = 1,n. The diamond-«
gradient of a function f : A,, — R at point t° € (A,,)" is the
vector whose coordinates are equal to partial <, -derivatives
at t9 for i = 1, n. We denoted it by

Oaf(t) = (for (%), fOo2(t°), ..., [ (1))

The delta and nabla gradients of f at t°, denoted by Af(t°)
and V f(t%), respectively, are defined equivalently.

ITII. OPTIMIZATION PROBLEM ON TIME SCALES

In this section we present the main result. Similarly to
definition of continuity on time scales to the one-dimensional
case we obtain the following.

Definition 4: A function f : A, — R is continuous at t° if
for all e > 0 there is some § > 0 such that | f (t) — f (t°)| < e
whenever d(t,t°) < §, t € A,,. We say that the function f is
continuous on A,, if it is continuous for all t° € A,, and we
write f € C(A,,R).

Suppose that max{d(t)

n 1/2
d(t) = <Z m?) .

i=1

it € Ay} = oo, where

Consider an optimization problem on time scales

f(t) — min,
gj(t) = 07 ] = 17m7 (2)
h‘k(t) SO’ k:15l7
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where f: A, > R, g; : Ay, > R, j=1,m, hy : A, > R,
k = 1,1, are continuous and have partial <, -derivatives, i =
1,n, for all t € A,,.

Definition 5: A point t* € A,, is a local solution to problem
(2) if there exists € > 0 such that for all ¢ that verifies the
conditions d*(t,t*) < e, g;(t) = 0, j = 1,m, hi(t) <0,
k= 1,1, we have f(t) > f(t*).

Lemma 1: Let X C A, be a closed set and let f : A,, = R
be a continuous function that verifies

i T (1) = Fo0
teA,
Then there exists t* € X such that f(¢*) < f(¢) forall t € X.
Proof: In order to prove that result we need an auxiliary
function which extends f to [}, [minT;, max T;],

f: H[minTi,maXTi] — R,
i=1

(t) if
for some [ € I, with I C N and ¢! a point i-right-scattered for
some ¢ = 1,n, where

defined as
teA,,

te X!,

P | R

T
o (t;)#t;

n
H T,
=1
m(t )=
g(t) is a continuous function on X',

lim g(t) = f(E) < g(t),
t:Xl

teoX'nA,, 3

and [] is the cartesian product. By continuity of f and
by definition of f we deduce that f is continuous on
[T, [min T;, max T;]. We have also that

am, 0=

te] ;= [min T;,max T;]

Consider X; C T, such that X = H?:l X;. Since X is closed
then there exist min X; and max X;, ¢« = 1,n. As a direct
consequence of the Weierstrass theorem for the continuous-
time case, there exists t* € X = [/, [min X;, max X;] such
that f(t*) < f(t) for all t € X. See, e.g., [19].

Suppose that t* ¢ X. Then there is an {* € I C N such that
f(#*) = g(t") for t* € X'". By (3) we have g(t*) > f(f), { €
OX" N Ay, and f(t*) > f(t) — f(#) that is a contradiction.
Thus t* € X and f(t*) < f(t), t € X. This implies that
f@*) < f(t) for all t € X. [ |

Definition 6: A function f : A,, — R has a local extremum
at t* € (Ay,)7 if there is a neighborhood U (¢*) of the point
t* such that either f(t) > f(t*) or f(¢t) < f(t*) for all ¢ €
U(t*). For the case f(t) > f(t*), the image of t* by f is
defined by local minimum. For another case, f(t) < f(t*),
f(t*) is defined by local maximum.

Lemma 2: Suppose that a function f : A, — R assumes
its local extremum at t* € (A,,)% and f has partial A; and

[0,1], i = 1,n,

lim f(t) = 4o0.
teAn

V,-derivatives at t*. Then, there exist «; €
such that &, f(t*) = 0.

1SN1:0000000091950263
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Proof: We prove this result for a local minimum. The
proof for a local maximum is done to a similar way. Suppose
that f assumes its local minimum at ¢* € (A,,)%. Using (1) we
obtain f2i(t*) > 0and fVi(t*) <0,i=1,n. If fA(t*) =0
or fVi(t*) = 0, then we put a; = 1 or a; = 0, respectively.
If f2(t*) >0 and fVi(t*) < 0 we make
AL

fYits) = fA(tr)
Since fVi(t*) — f2i(t*) < 0 and f2i(t*) — fYVi(t*) >
—fVi(t*) we have that 0 < o; < 1 and we obtain the result.
|

We can see that result for one-dimensional case in [20].
Let a € R be a number. By a; we denote the max{0,a}
a#0,

and we take
. a/lal if
sign(a) = {o/l | if a=0.

Now, we present the main result that consists to obtain
necessary conditions for a solution of problem (2).

Theorem 4: Let t* be a local solution of problem (2). Then
there exist A € R}, p; = sign(g;(t))a;, a; € Ry, j = 1,m,
ve €ERY, k=1,1, and o; € [0,1], s = I, n, such that

1.

%)

MO f(t) + (1, Cag(t?)) + (v, Cah(t?)) = 0, (4)

. vhi(t) =0, k=T, )
3. . l
N>+ v #0, (©6)
j=1 k=1
where
w= (1, oy fim), v = (V1,v,...,1),
Cag(t™) = (Cag1(t*), Caga(t™), ..., Cagm(t”)),

and
Cah(t) = (Cahi(t?), Caha(t™),. .., Calu(t?)).

Proof: Set v < f(t*) and A, uj, v € R, j = 1,m,
k = 1,1. Consider the functions

m l

O(t,y) = N () =74 + D19 (6) + D> vihe(t)+
j=1 k=1

and

where p; : T; — R are continuous functions such that
pi(ts) > (b —17)%,  t € T\ {t]},
pi(t7) =0,

and o
0 <p; " (t:) < qilas, t7)(t; — t7)?
for functions g; of [0,1] X T; into R and ¢ = 1, n. If AY >0,

p] = sign(g;(t))aj, aj > 0, and v;) > 0, then we have
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®(t,v) >0 for all t € A,, and F(t,y) — +oo if d(t) — oco.
From Lemma 1 we get that F'(¢,~) has a global minimum at
a point ¢7. Since the functions f: A, = R, g; : A, = R and
hi : A, — R have partial <, -derivatives, i = 1,n, for all
t € A, from (i)-(ii) of Theorem 3 we have that ®(¢,~) has
also partial <, -derivatives for all ¢ € A,,. Then F'(¢,7) has
also partial <, -derivatives for all ¢ € A,, and from Lemma
2 there exist «; € [0,1], ¢ = 1,n, such that &, F(t7,7) = 0.
From (i)-(ii) of Theorem 3 we obtain

m

l
N O f (1) + > plCagi(t) + > vl Oali(t?) = 0. (1)
j=1 k=1

Set v = b} hy(t7), b) >0,k =1,1,and v 1 f(t*). Without
loss of generality we consider that A7 — A, ;L;-Y — pj, that is,
a} — aj, and v — vy, Since

P17 < S pil])

=1

<O(t7,9) + Zpi(t?) =F(t",7)

<F@y)=A(f(t) =)

we have t7 — t*. Therefore, passing to the limit in (7) we
obtain (4) and we have (5) because if hy(t*) < 0 then v, = 0.
The condition (6) is very important, because otherwise the
condition (4) is always verified. |

Remark 2: If optimization problem (2) has not any restric-
tions, the Theorem 4 becomes into Lemma 2. If A,, = R",
then O, f(t*) = Vi f(t*), Cagi(t*) = Vig;(t*), j = 1,m,
and G hg(t*) = Vihp(t*), k = 1,1, where V; represents the
classical gradient in R™ with respect to the variable ¢, and
we obtain the classical conditions of the Lagrange multipliers
rule. See, e.g., [19].

Example 1: Consider the optimization problem

t2 + 2 + t3 — min,
t1 +ta=1, )
t2 <0,
on time scale A3 = 7Z x Z X 7Z. Since
A +15+13) = (2t + 1,2t + 1,2t5 + 1),
V(2 413 +12) = (2t; — 1,2ty — 1,2t3 — 1),
Aty +ta—1) =V (t; +t2 — 1) = (1,1,0),
Aty = Vi, = (0,1,0),
by (4) we obtain

2, + 20y — 1 1 0 0
Mo2ta+200—1 | +pl1 ]| +v 1] =]0],
s + 203 — 1 0 0 0

where A\ > 0, p = sign(ty +t3 — 1)a, a > 0, v > 0, and
a; € [0,1], 2 = 1,3. Set A = 0. Thus we obtain u = v = 0.
This contradicts the condition (6). Then we can choose A = 1.

We obtain
_1-201—p

tl ) ’

1SN1:0000000091950263
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1—-200 —p—v
BET

and
B 1-— 2043

2
Since a3 € [0, 1], we get t3 € [—1/2,1/2]. Then we obtain
t3 = 0 because t3 € Z. If v = 0 we have

t3

1—200 —p
= ———F
and by the first restriction of problem (8) we obtain p =
—ap — ap. First, we make 1 = 0. We obtain oy = —ae. That
implies
1+ 2« 1 -2«
t1 = T2 and to = T2

Since we also have ay € [0, 1], we obtain ¢t; € [1/2,3/2]
and t2 € [—1/2,1/2]. Then we get the critical point (1,0, 0).
Now, put ¢ # 0. We obtain 7 =0 and 2 =1 or t; = 1 and
to = 0. The first case contradicts the last restriction of (8) and
the second case is the same critical point (1,0,0). Consider
v > 0. By condition (5) we get
1200 —p—v
B 2

If 4 =0, we obtain v = 1 — 2a5 and
_ 1-— 2041
-
Thus we have t; = to = t3 = 0 that contradicts the first
restriction of (8). Finally, taking 4 # 0 and using again the
first restriction of (8) we obtain the same critical point (1,0, 0).
Therefore, the image of the point (1,0,0) is the only local
extremum. Since the function f(t1,t2,t3) = t3 43 +t3 tends

to infinity when d((t1,¢2,%3)) tends to infinity, from Lemma
1 we have that f(1,0,0) is the global minimum.

to =0.

ty

IV. CONCLUSION

In this work we obtained necessary conditions for a so-
lution of an optimization problem on time scales that are
a generalization of the results to the discrete and continu-
ous cases. The obtained result allows to solve optimization
problems on mixed domains. We also obtained important
properties and results about partial diamond-alpha derivatives
of continuous-multivariable functions. We presented the pro-
perties of the partial delta, nabla and diamond-alpha deriva-
tives of an n-dimensional function. We defined continuity to
an n-dimensional function, local extremum, local minimum
and local maximum, and we presented conditions to local
extremum. Based on this work, it is possible to obtain results
about necessary conditions for a solution of an optimal control
problem on time scales. That will be our future work.

International Scholarly and Scientific Research & Innovation 7(6) 2013

ACKNOWLEDGMENT

This work was supported by the Portuguese Foundation for
Science and Technology (FCT), the Portuguese Operational
Programme for Competitiveness Factors (COMPETE), the
Portuguese Strategic Reference Framework (QREN), and the
European Regional Development Fund (FEDER).

REFERENCES

[1] B. Aulbach and S. Hilger, “A unified approach to continuous and discrete
dynamics,” in Qualitative theory of differential equations (Szeged, 1988),
vol. 53 of Collog. Math. Soc. Janos Bolyai, North-Holland, Amsterdam,
1990, pp. 37-56.

[2] S. Hilger, “Ein maBkettenkalkiil mit anwendung auf zentrumsmannig-
faltigkeiten,” Ph.D. dissertation, Universitit Wiirzburg, Germany, 1988.

[3] B. Jackson, “Partial dynamic equations on time scales,” J. Comput. Appl.
Math., vol. 186, no. 2, pp. 391-415, 2006.

[4] M. Bohner and G. SH. Guseinov, “Partial differentiation on time scales,”
Dynam. Systems Appl., vol. 13, pp. 351-379, 2004.

[S] M. Z. Sarikaya, N. Aktan, H. Yildirim, and K. flarslan, “Partial A-
differentiation for multivariable functions on n-dimensional time scales,”
J. Math. Inequal., vol. 3, no. 2, pp. 277-291, 2009.

[6] P. Stehlik, “Maximum principles for elliptic dynamic equations,” Math.
Comput. Model., vol. 51, no. 9-10, pp. 1193-1201, 2010.

[7] U. M. Ozkan and B. Kaymakalan, “Basics of diamond-c partial dynamic
calculus on time scales,” Math. Comput. Model., vol. 50, no. 9-10, pp.
1253-1261, 2009.

[8] A.B. Malinowska and D. F. M. Torres, “Strong minimizers of the calculus
of variations on time scales and the Weierstrass condition,” in Proc.
Estonian Acad. Sci. Phys. Math., vol. 58, no. 4, 2009, pp. 205-212.

[9] A. B. Malinowska and D. F. M. Torres, “The delta-nabla calculus of
variations,” Fasc. Math., vol. 44, pp. 75-83, 2010.

[10] A. B. Malinowska and D. F. M. Torres, “Leitmann’s direct method of
optimization for absolute extrema of certain problems of the calculus
of variations on time scales,” Appl. Math. Comput., vol. 217, no. 3, pp.
1158-1162, 2010.

[11] M. Bohner, “Calculus of variations on time scales,” Dynam. Systems
Appl., vol. 13, no. 3-4, pp. 339-349, 2004.

[12] N. Martins and D. F. M. Torres, “Calculus of variations on time scales
with nabla derivatives,” Nonlinear Anal., vol. 71, no. 12, pp. €763—e773,
2009.

[13] R. A. C. Ferreira, A. B. Malinowska, and D. F. M. Torres, “Optimality
conditions for the calculus of variations with higher-order delta deriva-
tives,” Appl. Math. Lett., vol. 24, no. 1, pp. 87-92, 2011.

[14] R. Hilscher, “Optimality conditions for time scale variational problems,”
D.Sc. dissertation, Masaryk University, Brno, Duben, 2008.

[15] M. Adivar and S.-C. Fang, “Convex optimization on mixed domains,”
J. Ind. Manag. Optim., vol. 8, no. 1, pp. 189-227, 2012.

[16] M. Bohner and A. Peterson, Dynamic Equations on Time Scales: An
Introduction with Applications. Boston, MA: Birkhduser Boston, Inc.,
2001.

[17] M. Bohner and A. Peterson (Eds.), Advances in Dynamic Equations on
Time Scales. Boston, MA: Birkhduser Boston, Inc., 2003.

[18] J. W. Rogers Jr. and Q. Sheng, “Notes on the diamond-a dynamic
derivative on time scales,” J. Math. Anal., vol. 326, no. 1, pp. 228-241,
2007.

[19] R. K. Sundaram, A First Course in Optimization Theory. Cambridge,
UK: Cambridge University Press, 1996.

[20] A. B. Malinowska and D. F. M. Torres, “The diamond-alpha Riemann
integral and mean value theorems on time scales,” Dynam. Systems Appl.,
vol. 18, pp. 469-482, 2009.

1048 1SN1:0000000091950263





