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Abstract—Let G be a graph of ordern, and let k ≥ 2 and
m ≥ 0 be two integers. Leth : E(G) → [0, 1] be a function. If∑

e∋x
h(e) = k holds for eachx ∈ V (G), then we callG[Fh] a

fractionalk-factor of G with indicator functionh whereFh = {e ∈
E(G) : h(e) > 0}. A graphG is called a fractional(k, m)-deleted
graph if there exists a fractionalk-factor G[Fh] of G with indicator
function h such thath(e) = 0 for any e ∈ E(H), where H is
any subgraph ofG with m edges. In this paper, it is proved that
G is a fractional(k, m)-deleted graph ifδ(G) ≥ k + m + m

k+1
,

n ≥ 4k
2 + 2k − 6 + (4k

2
+6k−2)m−2

k−1
and

max{dG(x), dG(y)} ≥
n

2

for any verticesx andy of G with dG(x, y) = 2. Furthermore, it is
shown that the result in this paper is best possible in some sense.

Keywords—graph, degree condition, fractionalk-factor, fractional
(k, m)-deleted graph.

I. I NTRODUCTION

IN this paper, we consider finite undirected graphs without
loops or multiple edges. LetG be a graph with vertex set

V (G) and edge setE(G). For anyx ∈ V (G), the degree and
the neighborhood ofx in G are denoted bydG(x) andNG(x),
respectively. ForS ⊆ V (G), we denote byG[S] the subgraph
of G induced byS, andG−S = G[V (G)\S]. Let S andT be
two disjoint vertex subsets ofG, we useeG(S, T ) to denote
the number of edges with one end inS and the other end in
T . We denote the minimum degree and the maximum degree
of G by δ(G) and∆(G), respectively. We define the distance
dG(x, y) between two verticesx andy as the minimum of the
lengths of the(x, y) paths ofG.

Let k ≥ 1 be an integer. Then a spanning subgraphF of
G is called ak-factor if dF (x) = k for eachx ∈ V (G). Let
h : E(G) → [0, 1] be a function. If

∑
e∋x h(e) = k holds for

any x ∈ V (G), then we callG[Fh] a fractionalk-factor of G
with indicator functionh whereFh = {e ∈ E(G) : h(e) >

0}. Zhou [1] introduced firstly the definition of a fractional
(k, m)-deleted graph, that is, a graphG is called a fractional
(k, m)-deleted graph if there exists a fractionalk-factorG[Fh]
of G with indicator functionh such thath(e) = 0 for any
e ∈ E(H), whereH is any subgraph ofG with m edges.
A fractional (k, m)-deleted graph is simply called a fractional
k-deleted graph ifm = 1.
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Some people studied graph factors [2–6]. Yu and Liu [7]
obtained a Fan-type condition for a graph to have a fractional
k-factor. Liu and Zhang [8] gave a toughness condition for a
graph to have a fractionalk-factor. Cai and Liu [9] showed
a stability number condition for graphs to have fractional
k-factors. Zhou [10] obtained some sufficient conditions for
graphs to have fractionalk-factors. Zhou [1,11] obtained two
sufficient conditions for graphs to be fractional(k, m)-deleted
graphs.

The following results onk-factors, fractionalk-factors and
fractional (k, m)-deleted graphs are known.

Theorem 1. ([12]). Let G be a connected graph of ordern

with δ(G) ≥ k, wherek is a positive integer,kn is even and
n ≥ 8k2 + 12k + 6. If G satisfies

max{dG(x), dG(y)} ≥
n

2

for any verticesx andy of G with dG(x, y) = 2, thenG has
a k-factor.

Theorem 2. ([7]). Let G be a connected graph of order
n with δ(G) ≥ k, where k is a positive integer andn ≥
8k2 + 12k + 6. If G satisfies

max{dG(x), dG(y)} ≥
n

2

for any verticesx andy of G with dG(x, y) = 2, thenG has
a fractionalk-factor.

Theorem 3. ([1]). Let k ≥ 2 and m ≥ 0 be two integers.
Let G be a connected graph of ordern with n ≥ 9k − 1 −

4
√

2(k − 1)2 + 2 + 2(2k + 1)m, δ(G) ≥ k + m + (m+1)
2
−1

4k .
If

|NG(x) ∪ NG(y)| ≥
1

2
(n + k − 2)

for each pair of nonadjacent verticesx, y of G, thenG is a
fractional (k, m)-deleted graph.

Theorem 4. ([11]). Let k ≥ 1 andm ≥ 1 be two integers.
Let G be a graph of ordern with n ≥ 4k − 5 + 2(2k + 1)m.
If

δ(G) ≥
n

2
,

thenG is a fractional(k, m)-deleted graph.

In this paper, we proceed to study the fractional(k, m)-
deleted graphs and obtain a Fan-type condition for a graph
to be a fractional(k, m)-deleted graph. Our result is the
following theorem which is an extension of Theorems 1 and
2.
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Theorem 5. Let k ≥ 2 andm ≥ 0 be two integers, and letG
be a graph of ordern with n ≥ 4k2+2k−6+ (4k2

+6k−2)m−2

k−1
.

If δ(G) ≥ k + m + m
k+1

and

max{dG(x), dG(y)} ≥
n

2

for any verticesx andy of G with dG(x, y) = 2, thenG is a
fractional (k, m)-deleted graph.

Our result is stronger than Theorem 4 ifk ≥ 2 and the
order n is sufficiently large. Setm = 0 in Theorem 5. Then
we get the following corollary.

Corollary 1. Let k ≥ 2 be an integer, and letG be a graph
of ordern with n ≥ 4k2 + 2k − 6. If δ(G) ≥ k and

max{dG(x), dG(y)} ≥
n

2

for any verticesx andy of G with dG(x, y) = 2, thenG has
a fractionalk-factor.

Obviously, the result of Corollary 1 is stronger than Theo-
rem 2 if k ≥ 2.

II. T HE PROOF OFTHEOREM 5

The proof of Theorem 5 relies heavily on the following
lemma.

Lemma 2.1. ([1]). Let k ≥ 1 andm ≥ 0 be two integers,
and letG be a graph andH a subgraph ofG with m edges.
ThenG is a fractional(k, m)-deleted graph if and only if for
any subsetS of V (G)

k|S| +
∑
x∈T

(dG−S(x) − dH(x) + eH(x, S) − k) ≥ 0,

whereT = {x : x ∈ V (G)\S, dG−S(x)−dH(x)+eH(x, S) ≤
k − 1}.

Proof of Theorem 5. Suppose thatG satisfies the assump-
tion of Theorem 5, but is not a fractional(k, m)-deleted graph.
Then from Lemma 2.1, there exists some subsetS of V (G)
such that

k|S| +
∑
x∈T

(dG−S(x) − dH(x) + eH(x, S) − k) ≤ −1, (1)

whereT = {x : x ∈ V (G)\S, dG−S(x)−dH(x)+eH(x, S) ≤
k−1} andH is some subgraph ofG with m edges. It is easy to
see thatdG−S(x)−dH(x)+eH(x, S) ≥ 0 for anyx ∈ V (G).
Since|E(H)| = m, we have

∑
x∈T dH(x)−eH(S, T ) ≤ 2m.

Now, we prove the following claims.
Claim 1. 1 ≤ |S| < n

2
.

Proof. If S = ∅, then from (1),δ(G) ≥ k + m + m
k+1

≥
k + m and dH(x) ≤ m for any x ∈ V (G), we get−1 ≥∑

x∈T (dG(x) − dH(x) − k) ≥
∑

x∈T (δ(G) − m − k) ≥ 0, a
contradiction. Hence,|S| ≥ 1.

On the other hand, according to (1),|S| + |T | ≤ n and
dG−S(x) − dH(x) + eH(x, S) ≥ 0 for any x ∈ V (G), we
obtain

−1 ≥ k|S| +
∑
x∈T

(dG−S(x) − dH(x) + eH(x, S) − k)

≥ k|S| − k|T | ≥ k|S| − k(n − |S|) = 2k|S| − kn,

which implies|S| < n
2

. This completes the proof of Claim 1.
Claim 2. |T | > |S|.
Proof. In terms of (1) anddG−S(x)−dH(x)+eH(x, S) ≥

0 for any x ∈ V (G), we have that−1 ≥ k|S| +∑
x∈T (dG−S(x) − dH(x) + eH(x, S) − k) ≥ k|S| − k|T |,

which implying |T | > |S|. The proof of Claim 2 is complete.
Claim 3. |T | ≥ k + 1.
Proof. Suppose that|T | ≤ k. Then from (1),δ(G) ≥

k + m + m
k+1

≥ k + m and dH(x) ≤ m for any x ∈ V (G),
we obtain

−1 ≥ k|S| +
∑
x∈T

(dG−S(x) − dH(x) + eH(x, S) − k)

≥ |T ||S| +
∑
x∈T

(dG−S(x) − dH(x) + eH(x, S) − k)

=
∑
x∈T

(|S| + dG−S(x) − dH(x) + eH(x, S) − k)

≥
∑
x∈T

(δ(G) − m − k) ≥ 0,

which is a contradiction. This completes the proof of Claim
3.

Claim 4. |S| < n
2
− (k + m − 1).

Proof. Suppose that|S| ≥ n
2
− (k + m − 1). Then using

(1), |S| + |T | ≤ n and
∑

x∈T dH(x) − eH(S, T ) ≤ 2m, we
have

−1 ≥ k|S| +
∑
x∈T

(dG−S(x) − dH(x) + eH(x, S) − k)

= k|S| +
∑
x∈T

dG−S(x) − (
∑
x∈T

dH(x) − eH(S, T ))

−k|T |

≥ k|S| +
∑
x∈T

dG−S(x) − 2m − k|T |

≥ k|S| +
∑
x∈T

dG−S(x) − 2m − k(n − |S|)

= 2k|S| +
∑
x∈T

dG−S(x) − 2m − kn

≥ 2k(
n

2
− (k + m − 1)) +

∑
x∈T

dG−S(x) − 2m − kn

= −2k(k + m − 1) +
∑
x∈T

dG−S(x) − 2m,

that is,
∑
x∈T

dG−S(x) ≤ 2k(k + m − 1) + 2m − 1.

Consequently, it follows from Claim 2 andn ≥ 4k2 + 2k −

6 + (4k2
+6k−2)m−2

k−1
that

∑
x∈T dG−S(x)

|T |
≤

2k(k + m − 1) + 2m − 1

|S| + 1

≤
2k(k + m − 1) + 2m − 1

n
2
− (k + m − 1) + 1

≤ 1 −
1

k
.
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Combining the inequalities above with Claim 3, we obtain∑
x∈T

dG−S(x) ≤ (1 −
1

k
)|T | = |T | −

1

k
|T | < |T | − 1. (2)

Set T0 = {x : x ∈ T, dG−S(x) = 0}. Note that|T0| ≥ 2
holds by (2). For eachx ∈ T0, dG(x) ≤ |S| < n

2
by Claim

1. SinceT0 is an independent set ofG and G satisfies the
assumption of Theorem 5, the neighborhoods of the vertices
in T0 are disjoint. Therefore, we obtain

|S| ≥ |
⋃

x∈T0

NG(x)| ≥ δ(G)|T0|

≥ (k + m +
m

k + 1
)|T0| ≥ (k + m)|T0|. (3)

Using (2) and the definition ofT0, we have

(1 −
1

k
)|T | ≥

∑
x∈T

dG−S(x) ≥ |T | − |T0|,

which implies

|T0| ≥
1

k
|T |. (4)

According to (3) and (4), we get

|S| ≥ (k + m)|T0| ≥ (1 +
m

k
)|T | ≥ |T |.

That contradicts Claim 2. This completes the proof of Claim
4.

Claim 5. eG(S, T ) ≤ (k + m)|S|.
Proof. SincedG−S(x) − dH(x) + eH(x, S) ≤ k − 1 for

eachx ∈ T anddH(x) ≤ m, we havedG−S(x) ≤ k + m− 1
for eachx ∈ T . Combining this with Claim 4, we obtain

dG(x) ≤ dG−S(x) + |S| <
n

2
(5)

for eachx ∈ T . From (5) and the assumption of Theorem 5,
G[NG(s) ∩ T ] is a complete induced subgraph ofG for each
s ∈ S. Note thatS 
= ∅ by Claim 1. Thus, bydG−S(x) ≤
k + m − 1 for eachx ∈ T , we have

eG(s, T ) ≤ ∆(G[T ]) + 1 ≤ k + m.

Hence, we obtain

eG(S, T ) ≤ (k + m)|S|.

The proof of Claim 5 is complete.
According to (1),

∑
x∈T dH(x)− eH(S, T ) ≤ 2m, δ(G) ≥

k + m + m
k+1

, Claim 2, Claim 3 and Claim 5, we have

−1 ≥ k|S| +
∑
x∈T

(dG−S(x) − dH(x) + eH(x, S) − k)

≥ k|S| +
∑
x∈T

(dG−S(x) − k) − 2m

= k|S| +
∑
x∈T

(dG(x) − k) − eG(S, T ) − 2m

≥ k|S| +
∑
x∈T

(δ(G) − k) − (k + m)|S| − 2m

≥ k|S| + (k + m +
m

k + 1
− k)|T |

−(k + m)|S| − 2m

= m(|T | − |S|) +
m

k + 1
|T | − 2m

≥ 0,

which is a contradiction. This completes the proof of Theorem
5.

III. R EMARK

In Theorem 5, the bound in the assumption

max{dG(x), dG(y)} ≥
n

2

is best possible in the sense that we cannot replacen
2

by n
2
−1.

We can show this by constructing a graphG = ktK1 ∨ (kt +
1)K1, wherek ≥ 2 and m ≥ 0 are two integers andt is
enough large positive integer. Then it follows that|V (G)| =
n = 2kt + 1 and

n

2
> max{dG(x), dG(y)} = kt >

n

2
− 1

for any two vertices verticesx, y of (kt + 1)K1 ⊂ G

with dG(x, y) = 2. Let S = V (ktK1) ⊆ V (G), T =
V ((kt + 1)K1) ⊆ V (G) and H is any subgraph ofG with
m edges. Then|S| = kt, |T | = kt + 1, dG−S(T ) = 0 and∑

x∈T dH(x) − eH(S, T ) = 0. Thus, we get

k|S| +
∑
x∈T

(dG−S(x) − dH(x) + eH(x, S) − k)

= k2t − k(kt + 1) = −k < 0.

In terms of Lemma 2.1,G is not a fractional(k, m)-deleted
graph.
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