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Additional Considerations on a Sequential Life
Testing Approach using aWeibull Model

D. |. De Souza, D. R. Fonseca, R. Rocha

Abstract—In this paper we will develop further the sequentia
life test approach presented in a previous article by [1] using an
underlying two parameter Weibull sampling distribution. The
minimum lifewill be considered equal to zero. We will again provide
rules for making one of the three possible decisions as each
observation becomes available; that is: accept the null hypothesis H;
rgect the null hypothesis Hy; or obtain additional information by
making another observation. The product being analyzed is a new
type of alow alloy-high strength steel product. To estimate the shape
and the scal e parameters of the underlying Weibull modd we will use
a maximum likelihood approach for censored failure data. A new
example will further develop the proposed sequentia life testing
approach.

Keywords—Sequentia Life Testing, Underlying Weibull Model,
Maximum Likelihood Approach, Hypothesis Testing.

|. INTRODUCTION

HE two-parameter Weibull distribution is widely used as

a falure modd, paticulaly for mechanica and
metallurgical components. It has a shape parameter 3, which
specifies the shape of the distribution, and a scale parameter 6,
which represents the characteristic life of the distribution.
Both parameters are positive.The Weibull density function
f(t)is given by.

=20 2o @

Here, trepresentsthe time to failure of a component or part.
The scale parameter 6 (the characteristic life) is positive and is
the 63.21 percent point of the distribution of T. The shape
parameter 3 which is aso positive, specifies the shape of the
distribution. As B increases the mode of the distribution
approaches the scale parameter 6. The hypothesis testing
situations will be given by:

1. Forthe scale parameter & Ho: 6 >6,;, Hi: 0< 6,

The probability of accepting the null hypothesis Hy will be
set at (1-a) if 8= &. Now, if 8= 6 where & <&, then the
probability of accepting Hy will be set a a low level y Hy
represents the aternative hypothesis.

2. For the shape parameter B Hy: 8> o, Hi: B
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The probability of accepting Howill be set again a (1-a)in
the case of 5= . Now, if = B where B</f, then the
probability of accepting Ho will also be set at alow level .

I1.SEQUENTIAL TESTING

The development of a sequentia test uses the likelihood
ratio (LR) given by the following relationship proposed by [2]
and [3]:

LR= Ll;nILO;n

The sequentia probability ratio (SPR) will be given by:

Based on the paper from [4], for the Weibull case the (SPR)
will be given by:

n [t /o
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So, the continue region becomes A< SPR< B, where A=y
/(1-a) and B = (1-y)/a. We will accept the null hypothesis Hy
if SPR = B and we will rgect Hq if SPR < A. Now, if A
<SPR< B, we will take one more observation. Then, we get:
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lll. THEMAXIMUM LIKELIHOOD APPROACH
According to [1], the maximum likelihood estimafor the

0 = 2,500,000cycles; B= 2.5

shape and scale parameters of a two parameter Weibu It was decided that = 0.05 andy = 0.10. Initially, we elect

sampling distribution is given by:

ey )

L
8 =L (o) ir;m(ti)-
r B B ©
S8l )
From (4) we obtain:
o= [[g(tl)h(n—r)(n)ﬂ /r]w ©

Using (6) for 8 in (5) and after some mathematical

manipulation, (5) reduces to:
r
e ) -
=
(7

Equation (7) must be solved iteratively.

In a previous article [1] an example was presernzd
illustrate the proposed approach. We will now apalfjour
new different situations for the hypothesis testiogsidered
in this paper.

IV. EXAMPLE

A new low alloy-high strength steel product will liée
tested. Since this is a new product, there i®littformation
available about the possible values that the paemef the
corresponding Weibull underlying sampling distribatcould
have. To estimate the shape and the scale paranadtéhis
sampling model we will use a maximum likelihood eggzTh
for censored failure data. Some preliminarily liésting was
performed in order to determine an estimated vaduénhe two
Weibull parameters. Using the maximum likelihootireator

approach we obtained the following values for these

parameters:
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the null hypothesis parameters to @e= 2,500,000 cycles;
with Bp = 2.5;a = 0.05 andy = 0.10 and choose some possible
values for the alternative parameté@isand 3;, and see how
this choice will alter the results of the test. &fthat, we will
change the values of the null hypothesis parameatsdsverify
how the test results will behave. So, we chdise 2,000,000
cycles and3; = 1.5. Then, using (2) and (3), we have:

o 15
2000000 12

2500000 %° ) _ [ 1-010)] _
25 0.05
Nx14,55569 — 2.89037

o 15
200000012

25
L 25000007 ) (1-0.05)7_
25 0.10

nx14.55569 + 2.25129
Then, we get:
nx14.55569 — 2.89037< W< nx14.55569 + 2.25129
n t _1.5 t ?.5

w= Y ' - '
21| 20000001°  255000002°

+ 1.0x anln(ti )

i=1

After a sequential test graph has been developedhfs
life-testing situation, a random sample is taken.
The procedure is then defined by the following sule

1. If W= n x14.5557 + 2.2513, we will acceptH,.

2. If W< n x14.5557-2.8904, we will rejectH,.

3. If n x14.5557-2.8904< W < n x 14.5557 + 2.2513, we
will take one more observation.

In this first case, 7 units were tested to allow decision of
accepting the null hypothesisl, These values for the
corresponding number of cycles (time to failure)tloése 7
units were the following: 2,467,263.2; 1,574,362.1;
2,010,281.3; 2,361,826.1; 1,016,274.8; 2,605,312.2;
2,663,115.0 cycles. Table | and Fig. 1 show the results of thi
test.

TABLE |
SEQUENTIAL TESTRESULTSFOR THE WEIBULL MODEL
B1=1.5; 8,=2,000,000 3, = 2.5; 8, = 2,500,000

Unit N2 Lower Limit Upper Limit Value of W
1 11.6653: 16.8069! 15.1212:
2 26.22101 31.36267 29.77428
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3 40.77670 45.91837 44.71597
4 55.33239 60.47406 59.80671
5 69.88808 75.02975 73.89523
6 84.44377 89.58543 89.04640
7 98.99946 104.14110 104.2067
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Fig. 1Sequential test graph for the two-parameteitll model

Next, we modify the value @,, the shape parameter of theby this sequential

alternative hypothesis, making it closer to theueabf3,, the
shape parameter of the null hypothesis. So, we sghdbe
value of 2.0 fof3;. Table Il shows the results of this test.

TABLEII
SEQUENTIAL TESTRESULTSFOR THE WEIBULL MODEL
B:1=2.0; 6, =2,000,000 B, = 2.5; 8, = 2,500,000

Unit Number Lower Limit Upper Limit Value of W

TABLE Il
SEQUENTIAL TESTRESULTSFOR THE WEIBULL MODEL
B1=2.5; 8,=2,000,000 3, = 3.5; 8, = 2,500,000

Unit Number Lower Limit Upper Limit Value of W

1 10.72396 15.86562 13.60100
2 24.33828 29.47994 27.75229
3 37.95261 43.09427 41.82779
4 51.56693 56.70860 55.58061
5 65.18126 70.32292 69.42410
6 78.79559 83.93725 82.78290
7 92.40991 97.55157 96.02476
8 106.024: 111.165! 109.9741

9 119.6386 124.7802 123.0851
10 133.2529 138.3946 135.8842
11 146.867: 152.008! 149.730!

12 160.4816 165.6232 160.3708

In this third case, 12 units had to be life-testedllow the
decision of rejecting the null hypothesig A relatively poor
choice of the value for the null shape paramefgr=< 3.5),
caused this rejection. So, we can verify that ggguential
life testing procedure is shown to be sensitive"woong”
choices for the null shape parameter values.

Finally, we decided to verify if a null scale parter value
relatively wrong will cause the null hypothesistie rejected
life testing procedure. We cleodke
following values for the alternative and null scpkerameters
6, and6, (8, = 2,500,000 cycled), = 2,000,000 cycles).

Table IV shows the results of this test.

TABLEIV
SEQUENTIAL TESTRESULTSFOR THE WEIBULL MODEL
1=2.0; 8,=2,500,000 B, = 2.5; 8, = 2,000,000

Unit Number Lower Limit Upper Limit Value of W

1 4.698672 9.840336 7.913573 1 3.69452( 8.83618! 6.64299;
2 12.2877, 17.4293 15.3532 2 10.27942 15.42109 13.62447
3 19.87676 25.01842 23.04058 3 16.86432 22.00599 20.51506
4 27.46581 32.60747 30.90511 4 23.4492; 28.5908! 27.2295!
5 35.0548! 40.1965 37.9737! 5 30.03412 35.17579 34.12661
6 42.64389 47.78556 45.94856 6 36.61901 41.76068 40.66241
7 50.23294 55.37460 53.94793 7 43.2039: 48.3455! 47.1486!
8 57.82198 62.96365 61.72543 8 49.78810 54.93048 53.96407
9 65.41103 70.55269 69.74948 9 56.37371 61.51538 60.39636
10 73.00007 78.14173 77.82352 10 62.95861 68.10027 66.70446
11 80.58911 85.73077 85.65101 11 69.54350 74.68517 73.46568
12 88.17815 93.31982 93.91177 12 76.12840 81.27007 79.01801
13 82.71330 87.85497 84.12077
14 89.29819 94.43986 91.06505
The choice for the value of the alternative shapeumeter 15 95.88309 101.0248 97.96452
- i i 16 102.4680 107.6097 104.3059
(B, = 2.0), being closer to the yalue of the null hy;m. is 17 1060529 1141946 111 9875
shape parametef{ = 2.5) made it necessary to continue the 18 115.6378 120.7795 117.6909
test through 12 units, so a decision could be madsccept 19 122.2227 127.3643 124.5001
20 128.8076 133.9493 131.3394

the null hypothesis.

Now, we decided to verify if a null shape paramet@iue
relatively wrong will cause the null hypothesistie rejected
by this sequential life testing procedure. We cleodke

In this last case, even after 20 units have bdertdisted, it
is not possible to make the decision of acceptimg null

following values for the alternative and null shag@@@ameters hypothesi_9-|0 or rejecting_the null hypothesi.
B, andBo (B1 = 2.5;Po = 3.5). Table Ill shows the results of A relatively poor choice of the value for the nsitale

this test.
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parameterf, = 2,000,000 cycles), has caused this impasse. In
cases like this, instead of obtaining addition&bimation by
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making another observation, it seems more logiabply the [3]
stopping-rule mechanism (truncation) presentedjn [

V.CONCLUSIONS [4]

The sequential life testing approach developedhis work
provides rules for working with the null hypothedik in
situations where the underlying sampling distribatiis the
Weibull model. After each observation one of thpmssible
decisions is made:

1. Accept the null hypothesi4.

2. Reject the null hypothedlit,.

3. Take one more observation.

In the example presented, we analyzed 4 differiéumttons
for the hypothesis testing considered in this papable |
shows the sequential test results for the Weibistribution,
wheref; = 1.5;6, = 2,000,000 cyclef}, =2.5;6, = 2,500,000
cycles.

In this first case it was necessary to use onlyitswf the
product under analysis to reach the decision tecihe null
hypothesidH,.

In the second case, the test had to be continuedgh 12
units before a decision could be made to acceptnilik
hypothesis. Table Il shows the results of the tes¢n 3, =
2.0;6, = 2,000,000 cycleB; = 2.5;6, = 2,500,000 cycles. We
used the value of the alternative shape parampier @.0)
because it is closer to the value of the null higpsis shape
parametei3, = 2.5 (the value we believe to be “true” for this
parameter).

Table 11l shows the results of the test when weel&av=
2.5;6, = 2,000,000 cyclefi = 3.5; 6, = 2,500,000 cycles. In
this third case, 12 units had to be life-testedaliow the
decision of rejecting the null hypothesis. A relatively poor
choice of the value for the null shape paramefgr=( 3.5),
caused this rejection. So, we can verify that geguential
life testing procedure is shown to be sensitive"woong”
choices for the null shape parameter values.

Finally, Table IV shows the results of the test whp, =
2.0; 8, = 2,500,000 cycleBy = 2.5;6, = 2,000,000 cycles. In
this last case, even after 20 units have beendgeed, it is not
possible to make the decision of accepting the myplothesis
Ho or rejecting the null hypothedhi&. A relatively poor choice
of the value for the null scale paramet& & 2,000,000
cycles), has caused this impasse. In cases likgittstead of
obtaining additional information by making another
observation, it seems more logical to apply thesitng-rule
mechanism (truncation) presented in [1]. This &wows the
advantage of such a truncation mechanism to be used
sequential life test approach.
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