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Existence of solution for singular two-piont
boundary value problem of second-order differential
equation

Xiguang Li

Abstract—In this paper , by constructing a special set and utilizing
fixed point theory in coin , we study the existence of solution
of singular two points boundary value problem for second-order
differential equation , which improved and generalize the result of
related paper .
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lem, coin , fixed point theory .

I. INTRODUCTION

HE theory of singular differential equation is emerging

as an important area of investigation since it is much
richer than the corresponding theory of concerning equation
without singular . Recently,some existence results concerning
the general boundary value problem of singular differential
equation have been obtained ([1-3]) , in thesis [4].wang proved
the existence of solution for the general boundary value
problem for the second-order differential equation:

2 (t)=f (¢, z(t)),
az(0) — pz (0) =0,
ya(1) + 6z’ (1) = 0,

however , the f is a function without the term =’ , motivated
by the work of Wang , in this paper we study the following
second-order differential equation

5 0) = Fe,(0 0),
ax(0) — ﬁx, (0)=0, (1)
~a(1) + 62 (1) = 0,

where f € C[J x R% R],J = [0,1], f(..) may be singular
at ¢ = 0,1, that is }ir%||f(t..)|| = oo, tlin% | f(t.)] = oo,
let C[J,R] = {z : J — R | z is continuous in J } , and
C'J,R] = {z € C[J,R] | 2" is continuous in J }, Itis easy to
prove that C[J, R] is a Banach space with norm || z ||= max |

x(t) | , C'[J, R] is also a Banach space with norm || z ||;=
max{| «(t) .| « (1) |} , A map z € C*[J.R]NC?[J, R
is called a solution of (1) if it satisfies all equations of (1) .
For convenience sake , we list the definition and preliminary
lemmas .

Definition 1.1 let £ be a real Banach space , if P is a convex
close set and satisfied the following conditions: (1)x € P, \ >
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0= Xz eP;(2xe P—zxeP=z=0,0Is element zero
of £, we call Pisacoinin E .
Lemma 1.1 Assume that A = ay + ad + B,

LB+at) 6441 -s)0<t<s<l,
G(t,s) =
S(B+as)(E+9(1-1),0<s<t <1,

Let y € C[J, E] , then
2 (t) =y,
az(0) — Bz'(0) = 0,
ya(1) + 0z’ (1) = 0.

ha§ a unique solution in C2[J,R] given by xz(t) =
G(t, s)y(s)ds . We also easily obtain G(t,s) < G(s,s) =

els) and G(t,s) < G(t,1) = e(t),0 < t,s < 1.

Lemma 1.2 ([5])Let K be a coin in a Banach space ,
0 < r < RBWOR) = {z € K||z|| < R},Kr =
B(9,R)(\ K . Suppose that operator A : Kp — K is
a completely continuous such that following conditions are
satisfied : for z € K, || z |= R, | A(z) ||<|| = || , and for
z e K,|z|=r] A(z) ||>] « ||, then A has a fixed point in
Kr\ K.

Il. CONCLUSION

Theorem2.1 Let f : (0,1) x R? — R be a continuous
function , suppose that the following conditions are satisfied :
(Hy) For all (z,y) € R? and t € (0,1) , f(t,z,y) =
pr(t)ar () + p2(t)a2(y) + r(t) , where p;, ¢; € C[(0,1), ],

and / e(s)pi(s)ds < 4oo(i = 1,2),r(t) € C[J,R] and

1 0

e(s)r(s)ds < +o0.
0
(H2)There exist constant a > 0 such that

/O' e(®pa(t) a1 (z)dt

max
z€[ga(t),a]

+ [ ettpatt) e asto)a

[9a(t),a]
1
+/ e(t)r(t)dt < a,
0

where
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(Hs)There exist constant b € (0,a) such that

1

Me(t) min t,z,x/ dt ||> b,
I [ ey min | s
B+0a 546y

Bta’l d+y
at least one solution z € C?[0, 1].

Proof : Operator 114 : C'0,1] — C0,1] is defined as
G(t,s)f(s,z(s), 2 (s))ds. It is easy to

see z(t) is a solutiorﬁ) of (1) if and only if z(¢) is a fixed point

of the operator Ax(t) = z(t) . Let E = C'[0,1],K = {x €

o, 1] m}%)x(t) > M || z(t) ||}, it is easy to see K is a
117

where M = min{ }, then the problem (1) has

follows : Ax(t) =

’te(
coinin E .

First , we’ll prove that operator A is a completely continu-
ous one mapping K into K . Let D be a arbitrary bounded set
of C'[0,1], forall z € D, sup ¢;[0, || z ||] is defined as follow:
supi[0, || @ (1] = sup{aiy) | v € [0,] = |1]}(i = 1,2).
therefore ,

Ax(t) :/0 G(Ls)f(s,x(s),:r/(s))ds
slamwmmmw

1

+Ae@m®mﬂm®+AdW@@

hence,

’

nmwzédﬂm@@w@ws

9wmwxmédwmm

+ sup ¢2[0, || = ||1]/0 e(s)pg(s)ds—l—/o e(s)r(s)ds.

In view of (H;) , we easily obtain that AD are all uniformly
bounded on J. On the other hand , according to Lebesgue
control collect theory , we know that A is continuous on .J.

For—<t<Z,wehave

4

w(t)“sgt’ 5+9v75§t’
Glt,s) w(s N 5+
G(s,s) -

v 4o Brbo o

P(s) 0+«

where

p(t) =(y+3d—1),9(1) = (B+at),0 <t <1,

G(t,s)
> > .
Glss) = M , therefore G(t,s) > Me(s)

If x € K, then

so we get

min_ Az(t) = min
1 3 1 3
T<t<3 T<t<3

> M/o e(s)f(s,x(s),a:/(s))ds
> M| Az ||, (2)

/OG(t,S)f(S,JJ(S),CL’/(S))dS
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so Ar € K , which imply that AK ¢ K . For any
x € [0,+00) , we can define P, ,,(¢)(: = 1,2) as follow :

. 1
mm{pi(t)api(g)}» 0<ts<—,
i 1l o<zl
Pnt) = { P l<pgnst,
. n—1 n—1
min{p;(t), pi( )}, — <<l

Let pra(t)q1(z) + pon(t)ge(@) + 7(t) = fult,z,2), it is
easy to see for any ¢ € [0,1] ,

min{f (2,7, f (-0}, 0 < <

3=

f(t7x’ xl)’

3=

<t<1-

3=

)

fn(t7z71’/) =

/ 1 / 1
min{f(t,z,z ), f(1 — =, z,z )}, 1 — = <t
n n

correspondingly we can define
1

Anx(t) :/ G(t,8) fn(s,2(s),2 (5))ds,n > 2. (3)
0

Obviously , for any n > 2 we can see that f,(¢,z,z) is
continuous in [0,1] x [0, +0c) x [0,400) and f, (¢, z,z) <
ft,z,2), Pin(t) < pi(t)(i = 1,2), A, is relatively compact
in K. For R > 0, let Bp = {2 € K|||z|| < R} , now we
prove that A,, is approximate to A in Bg.

| Apa(t) — Ax(t) |

1

< /0_ Gls,8)(f (5,(5), 2 () = fuls,x(s), ' (s)))ds

1
o).

| G(5,9)(f(s,2(5), 2 (5)) — fuls, 2(s), @ (5)))ds
<)

+A%d$@x@p%x@mx£w»w
.
+A;

<m0l [+ [ )els)pr(5) = pra(s)ds

3=

e(s)(p1(s) = prn(s))qr(x(s))ds

e(s)(p1(s) = pr,n(s))q1(x(s))ds

e(s)(p2(s) = P2.n(s))ga (@ (s))ds

maxaa0.el)( [+ [ el o) = paa(ois. ()

By condition 0 < e(s)pi(s)ds < o0 and 0 < p; n(s) <

pi(s), we can get | Aonx(t)fo(t) |< e(n — oo) which imply
that A,, is approximate to A , so A is relatively compact in
K.

Finally , we show that A has a fixed point . Let 0B, =
0B(0,a)K , Vx € OB,, ||| =a, A is a convex function,
therefore z(s) € [g4(s), al, s € [0, 1], by condition Hy
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Jasl = [ Gl f(5,2(9), 7 ()]
<Il/ el (5)as ()]
+l e(5)pa(s)ar(e (5))ds )
a e(o)r(s)is]
< [[eomis) pox mas

[9a(s).a]

+ /0 e(s)pa(s) max ga(y)ds

y€lga(s),a]

1
+/ e(s)r(s)ds
0
<a. ()
On the other hand , Vz € 9By, || z ||= b, 2(s) € [gv(s), D],

| Az]) = | / G(t, 5)/(s,x(s), 7' (5))ds]

1

2/ Me(s) min  f(s,2(s),z (s))ds
0 we[gb(s),b]

>b

(6)
By lemma 2 , we can see that (1) has at least one solution .
As an example,we consider the following problem

2 ()=t zz4+(1—t) 22 +t,te(0,1)
I, ™

it is easy to see (Hy) — (Hs) are all satisfied , according to
Theorem 2.1, the problem (7) has at least a solution .
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