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Abstract—In this paper, some new nonlinear generalized
Gronwall-Bellman-Type integral inequalities with mixed time delays
are established. These inequalities can be used as handy tools
to research stability problems of delayed differential and integral
dynamic systems. As applications, based on these new established
inequalities, some p-stable results of a integro-differential equation
are also given. Two numerical examples are presented to illustrate
the validity of the main results.
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I. INTRODUCTION

As an important basic tool, inequality technique is exten-
sively applied in diversity areas including global existence,
uniqueness, stability, boundary value problem, and other prop-
erties. In the past decades, various inequalities and their
generalized forms have been established, such as Halanay-type
inequality [1], [2], impulsive integral inequality [3], impulsive
differential inequalities [4], [5], and so on. As pointed out in
[6], since Gronwall-Bellman inequality provides an explicit
bound to the unknown function, it has been a powerful tool in
the study of quantitative properties and stability of solutions
of differential and integral equations. In [7]-[9], by using
Gronwall-Bellman inequality, projective or feedback neural
networks for solving program problems were investigated
and some stability criteria were obtained. Based on Riccati-
equations and Gronwall-Bellman inequality, bounded input
bounded output (BIBO) problems of delayed system were
studied in [10]. In [6], Cheung and Zhao established some new
nonlinear Gronwall-Bellman-Type inequalities. These new es-
tablished inequalities can be used to solve boundary value
problems. Recently, the research on Gronwall-Bellman-Type
inequality attracts considerable attention, and all kinds of new
generalized forms are derived in terms of various practical
applications (see [6], [11]- [15]).

However, these previous established Gronwall-Bellman-
Type inequalities can not be applied to the stability problems
of integro-differential equations with mixed time delays. For
solving this problem, it is necessary to established some new
generalized Gronwall-Bellman-Type inequalities.
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Motivated by the above discussions, the objective of this
paper is to establish some new advanced Gronwall-Bellman-
Type inequalities. Applying mathematical analysis method,
some new Gronwall-Bellman-Type inequalities with mixed
delays are established. The new inequalities generalize some
previous results. In addition, some stability results of a class of
integro-differential equations are also given by using these new
established inequalities. Finally, two numerical examples are
also provided to illustrate the validity of the proposed results.

Notations. The notations are used in our paper except where
otherwise specified. | - | denotes the Euclidean norm; || - ||
denotes a vector or a matrix norm; The notation || - ||? is used
to denote a vector norm defined by ||-||P = Y7 |z4]P; ||]|A £
SUP_ oo ct<o |-, %, %™ are real and n-dimension real number
sets respectively.

II. ADVANCED GRONWALL-BELLMAN-TYPE INTEGRAL
INEQUALITIES

Theorem 2.1: If there exist positive scalars a, b, h, T,
1, Y2, 73, nonnegative continuous functions m(t), k(¢) and
nonnegative continuous differentiable function «(¢) on interval
[to — 7, +00) such that the following conditions hold:

m(t) <u(t)h+m /t u(t — s)m(s)ds

to

+ v2 / u(t — s)m(s — 7(s))ds

to

[ Cult— s) [ ks - mieydeas,

to

u'(t) < —au(t), u(0) ="b,
a > byi + byo + kbys, k2 / ¢ k(s)ds
0

where to > 0,0 < 7(t) < 7, then as ¢ > ty, we have
m(t) < bhe ==t (D)

where ¢ is the unique positive solution of the following
equation

e=a— by — bye" — kbys.

Proof. Set

y(t) :u(t)h—l—m/ u(t—s)m(s)ds—l—w/ u(t—s)m(s—7(s))ds

to to

4 [ ute=s) [ ks~ mie)asas.
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In views of 0 < m(t) < y(t), we have

SO = uOh+n /tu'(t—s)m(s)ds

to

+v2 / U (t — s)ym(s — 7(s))ds

to

4 [ W= [ ks - gmieyie

Fu(0)m(t) + y2u(0)m(t — 7(t))

+73u(0) /_ k(t — s)m(s)ds

IN

—ahu(t) —an / u(t — s)m(s)ds

to

—ays2 / u(t — s)m(s —7(s))ds

to

avs / u(t — s) / " k(s — E)m(€)de + byml(?)

t

+boyam(t — 7(t)) + bys /

—00

k(t — s)m(s)ds
= byum(t) + byam(t — 7(t))

b3 / "kt — s)ym(s)ds — ay(t)

(b1 — a)y(0) + bzt — 7(1)

+bv3 /too k(t — s)y(s)ds. )

IA

Set §(t) = {SUp_.ocg<obhestotlest = ppe—eslt—to),
we first prove that y(t) < bhe <(t=%)_For arbitrary positive
scalar [ > 1, we claim that y(t) < Ibhe=5(*=*0)_If it is not
true, since y(t) < §(t) = bhe==(t=t0) < [bhe—=(t=t0) = [(t)
for all ¢t < tg, there must exist t* > ty such that

y(t) <ly(t),vt <t y(t") =ly(t").

Namely
y'(t") =1y’ (t") > 0. A3)

On the other hand, from inequality (2) and the conditions of
Theorem 2.1, we have

(") < —(a=bny(t") +brey(t” - (")

+bvs /t k(" — s)y(s)ds

= —la—bn)yt") +byy(t” - 7(t7))
+bys /t k(™ — s)y(s)ds

< —la—bWT(E) + brelf(e” — 7))
+brsl / "R = $)i(s)ds

= —l(a—by)bhe =¥ 710 4 p2yplpe =TTt
+b2’731/t k(t* — s)he =10 g

= —l(a—by)bhe 71 4 blyplhe =TT
b yglhe (1) / e k(s)ds

0

= [~(a—by) + kbys + byae”]lbhe =" )
= —elbhe =700 = 17 (). @)
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This contradicts to inequality (3), thus, y(t) < Ibhe=s(t=t0),
Let [ — 1, we can obtain that y(t) < bhe~=(!=%0)_ Noting that
m(t) < y(t), we have m(t) < bhe—(t=%0) which complete
the proof.

Theorem 2.2: 1If there exist positive scalars a, b, h, 7, 71,
~a2, 73, nonnegative continuous functions m(t), k(¢) and non-
negative continuous differentiable functions u(¢) on interval
[to — T, +00) such that the following conditions hold:

m(t) < u(t)h +m / u(t — s)m(s)ds

to

+ 72 / u(t — s)m(s — 7(s))ds

s / utt—s) [ " k(s — &m(€)deds
u'(t) < —au(t), u(0) =0,

a > byr + by2 + bys, / k(s)ds=1

0

where tg > 0,0 < 7(t) < 7, then as ¢ > ty, we have

m(t) < { sup bhe® 0D} = ppeto andt ligl m(t) = 0.

—o00<6<0

Proof. We will complete the proof in two steps. In step
1, we will prove that m(t) < 1wy, = bhe =
SUD_ o cg<o bhe® ) In step 2, we will prove that
lim;_ 4 o m(t) = 0.

Step 1: we first prove that for any positive constant d > 1,
the following inequality holds

y(t) <d'yto7 t2t07 (5)

where y(t) is the same as defined in Theorem 2.1. Since for
any t € (—o0,tp), y(t) < SUp_._geobhe® ot =y, If
Y, = 0, then we get 0 < y(t) < 0, namely y(t) = 0. Thus,
we always assume that y;, > 0. When ¢ < ¢, we have y(t) <
Yo < d - yz,. If inequality (5) is not true, there must exist
t1 > to such that

y(t) = d-yr,, y(t) <d-yg,, Yt <1,
which implies that y'(¢;) > 0. From inequality (2), we have
y'(t) < —(a—by)y(t) +brey(ts — 7(t1))
+bys / "kt — s)y(s)ds
< —(a— f:;j)d “Yio +by2d - Yo

t1
+b’73/ d . k(t1 — S)ytOdS

ty

= [~(a=bm)+br+ b73/ k(t1 — s)ds]d - yz,

— 00

+oo
= [~(a=by)+by2 + bys / k(s)ds]d -y,
0
= [—(a—bm)+by2 +bysld-y, <O0. (©6)

This contradicts to 3’(¢1) > 0, namely (5) holds. According
to the arbitrary property of positive constant d, we have y(t) <
bhe®. In views of m(t) < y(t), we get

m(t) < bhe™ VYt > t. (7)

Step 2: In what follows, we will prove lim;_, . m(t) = 0.

1SN1:0000000091950263
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From inequality (5), we know that y(¢) is a bounded con-
tinuous function, thus when ¢ — +o00, the upper limit(noted
by p) of y(t) exists, namely

=p,p=0. (®)

The remaining proof is to prove p = 0.
If it is not true, there must exist arbitrary positive constant
€ > 0, and constant T3 > ¢ such that

y(t —7(t)) <p+e,

On the other hand, since fo
T5 > to such that

limy— 4 ooy (t)

y(t)<p+€, Vt>T1.

s)ds = 1, there must exist

+oo
/ k(s)ds < e,¥t > To.
t

Set T'= max{T1,T>}, when t > 2T, we have
y'(t) < —(a—bn)y(t) +bray(t — (1))
+bys / "kt — s)y(s)ds
= —(a—by)y(t) +byay(t —7 t))
+bvys /t /:(t — 8)y(s)ds + bys
< 0= b +bsli— )
+by3Yt, /t_/:(t —s)ds+ (p+e)bys /tkT(t — s)ds
= b - )
+bv3y1, /+oo k(s)ds + (p+¢€)bys /OT k(s)ds

T
<(a—by)y(t) + by2(p+ &) + byseye, + (p+ €)b739)

(t — s)y(s)ds

By direct calculation, we get

y(t) < y(to) exp{—(a — by1)(t —to)}

1
S lp+e)by +eb + pbys + ebys).
(a=by) [(p + €)by2 + ebysye, + pbys + ebys]
From (8), we get

1
p < m[bwe + beysys, + pbys + pbys + ebys].

In views of the arbitrary property of €, we have p < %,
namely (a — by1) < bys + bys, which contradicts to a >
by1 + by2 + bys, thus limy 4~ y(t) = 0 holds, namely,
lim;_, 4 oo m(t) = 0. The proof is completed.

Similar to the proof of Theorem 2.1, Theorem 2.2, we can

easily obtain the following Corollaries.

Corollary 2.1: 1f there exist positive scalars a, b, h, T, 71,
~2, 73, nonnegative continuous functions m(t), k(t) and non-
negative continuous differentiable functions u(¢) on interval
[to — T, 400) such that the following conditions hold:

m(t) < u(t)h + 7 /t u(t — sym(s)ds

+ 2 / u(t — sym(s — 7(s))ds

oo

' (t) < —au(t), u(0) =b,

a>by+by+bys, 1= / e’ k(s)ds
0

k(s — &)m(&)dEds,
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where tg > 0,0 < 7(t) < 7, then as ¢ > ty, we have
m(t) < bhe =t=t0),

where ¢ is the unique positive solution of the following
equation
€=a—by — bye" —bys.

Corollary 2.2: 1f there exist positive scalars a, b, h, T,
Y1, Y2, Y3, € nonnegative continuous functions m(t), k(t)
and nonnegative continuous differentiable functions u(t) on
interval [tg — 7, +00) such that the following conditions hold:

m(t) < u(t)h + 7 /t u(t — s)m(s)ds

+ 72 / u(t — s)m(s — 7(s))ds

+W3/t0 t—s)/ (s—¢

W/(t) < —au(t), u(0) = b,
a > by + by2 + bkys, / k(s)ds =k
0

m(€)déds

where tg > 0,0 < 7(¢) < 7, then as ¢ > ¢y, we have

m(t) <{ sup bhe®®+DV = phetto and hm m(t) = 0.
—00<6<0 t—+oo

III. APPLICATIONS

The inequalities obtained in Section 2 can be widely applied
to research the stability of delayed integral and differential dy-
namic systems. To illustrate the validity, consider the following
integro-differential dynamic system:

zi(t) = —cimi(t) + Z ai; fi(z; (1)) + Z bijgs(z;(t —7(t)))

+3dy / it — ) (a5 (5)) ds

zi(t) = p(t), t<0
(10)
where x(t) € %" is state vector; ¢; > 0, a;;, b;; and
d;; represent the connection weight and the delayed con-
nection weight respectively; f;, g; are continuous functions

satisfying [f;(z) — fi(y)| < ULlz — yl,]9:i(2) — gi(y)| <
Ue—yl,Ve,y € Z, where [;,1;(i = 1,2,- -+ ,n) are Lipschitz
constant; f(x(t)) = (fi(z1(1)), fo(@2(t)), ..., falzn(t)))T,

g(x(t)) = (gl(wl(t))JQQ(x2(t))v'"vgn(xn(t)))T' 0 <
7(t) < 7 is transmission delay. Kernel functions k;;(t)(i,j =
1,2,...,n), are real-valued nonnegative continuous func-
tions defined on [0,00). ¢(t) is initial condition satisfying
p(t) € C((—00,0,#Z") and sup_,,,<olp(t)[P < oo,
where C((—o0,0],%") denote the family of all continu-
ous #Z"—valued functions ¢(t) on (—oo,0] with the norm
le@)A = SUP_ooci<o l@(¢)|P. For the further discussion,
the following standard hypothesis, definition and lemmas are
needed.

(Hl) Assume that f(0) =0, ¢(0) = 0.

(Hs) fo i (t)dt=1,14,7=1,2,-

(Hs) There exists an € > 0 such that fo ethy;(t)dt £ kyj <
oo. k(t) = sup; < j<n{kij(t)}, K 2 max; < j<n (Kij)-

1SN1:0000000091950263
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Definition 3.1: The trivial solution of system (10) is said
to be p-exponentially stable if there exists a pair of positive
constants A and « such that

lz(@)|” < allelpe™,t > 0.

Lemma 3.1: (Holder inequality)[16]) Assume that there
exist two continuous functions f(x),g(z) and a set €2, p and
q satisfying 1/¢g +1/p = 1, for any p > 0,¢ > 0, if p > 1,
then the following inequality holds

2)g(x)|dx 2)|[Pdx)1/P 2)|9dz) /9.
/Qlf()g()\d S(/Qlf()ld) </Q|g<>|d>

Lemma 3.2: [17] Assume that there exist constants ajp >
0,k =1,2,...,n,p and q satisfying 1/q + 1/p = 1,for any
p > 0,q > 0,if p > 1,then the following inequality holds

n n
Q) <n'™' ) af.
k=1 k=1

Applying the inequalities obtained in Section 2, we can obtain
the following stability results.

Theorem 3.1: Under the assumptions (H1 ), (Hs), the triv-
ial solution of system (10) is p-exponentially stable(p > 2),
if

M+ + kv <c, (11)
where
(’ g Z[Z |a’]7«|q|l ‘ % 4;071’(‘, = min{015627 e
j=1 =1
“ESUS Il
Jj=1 1i=1
n
P
V3 = 4P~ 1 Ta Z Z‘d]z| |l2| q
Jj=1 i=
’r 7 _ p
e 1239{%}7‘1 T

(12)
Proof. For system (10), by using the method of variation of
parameters, we have

t n
lzi(t)] < 676”\%(0)\-%/0 e IS " a fi (s (s)lds
=1

+ n
+/0 e—ci(t*S)‘ Z bijgj(xj(s — Tj(S)))|d8

j=1

/ —ci(t— s)‘zdlj/ ”

< €_Ct|l‘i(0)|+/0 R DI ACHONE
j=1
t (t—s) n
H NS b -

g

L I+ Lo + I3 + La;.

=) fi(z;(v—

75(8)))dv|ds

7j(s)))lds

=) fi(z;(v = 75(s)))dvlds

13)
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In views of Lemma 3.2, the following inequality holds

Z |l2i ()P < 4p=t Z(Ifi + Ig@ + ]ZI’:i + Ifi)~
i=1 i=1

By Lemma 3.1, we can obtain

>m=3f

n

R DRI ACIONIE
j=1

- 3 / (S a1 5 () ]

i=1
n

i=1

IN

IN

075

P

c 4

Z[/te"a

j=1

c(t—s) —c(t—

T lasllf (s (9) Ddsl”

0

Sotf e ”[Zw LITE1 e ()7 s}
EY Zlam i [ e S o))

n n

SR el W1 [0S o) pas)

j:l i=1

j=1 1i=1

Similarly, for I%,, I7., we have

1070

n

E P
‘[47,'

i=1

ent ilé’iSc*?ZZ\bm 1251%] / ‘C“-S)f]m,-,(s—n-,(s))V’ds.
1=1 i=1

j=1i=

n

Z[/t o—clt—5)

i=1 70

IS [ kgl = oo o)) dolds)
j=1 -

n

< 2;[/;6&(”)
<Z ol [ ks = )1 o) o))
< 3 ety e
x(jzj‘; ol [ kgls = 0l (s o)l as)
_ _ t]ﬁ[/ote—cﬁ—@
Z|du| [ hals = olfi e )ldo)as)
<

[l
X(Z |di;] /j kij(s — )| fj(z;(v))|dv)Pds}
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< ‘%Xn:{/te‘c““”
i=1 /0
(> |dz‘j||lj\/ kij (s — v)|z;(v)|dv)’ds}
i=1 —oo
P n t
c o[

(Zldul 1515 Z(/ ks (s —
= Z{ §:j|dw|q|u / et
Z kst = olesldoyash
¢ ;{@\dm 4195 / <=9

( / " K (s — )2 (s — 0|5 (0)]dv)ds}}

v)|z;(v)|dv)"ds}

M:

X
1

<.
Il

» n n » t s
< iy (. \dij|q|lj|q)"{/ e e
p e 0
x Yo | k=0l (0)Pauas})
C _P = ~ B
= () O )
j=1 i=1
t s
><[/ e =9 / (s —v) Z | (v)|Pdvds]. (16)
0 —
Set u(t) = e, one can easily obtains that v’ (t) < —cu(t),

u(0) = 1. From inequalities (12)-(15), and Theorem 2.1, there
exists an ¢ > 0 such that Y ;" |z;(¢)[P < Y0 |pilPe
(to = 0), namely

(@17 < llelae™

The proof is completed.

Theorem 3.2: Under the assumptions (H; ), (Hs), the triv-
ial solution of system (10) is p-asymptotically stable(p > 2),
if

got>0.

7 +72+’Yé<c (17

where 74 = 4P=1ema YU (S0 |djal9]0:]9) 7, g = 2y
Proof. In views of (Hs), similar to the proof of Theorem 3.1,
inequality (15) becomes the following form

DO Iyl 7]

n
S I < (o)”
i=1 j=1 i=1

t s
X [/ e—ct=9) / (s —v) Z |z; (v)|Pdvds]. (19)
0 —

From inequalities (12)-(14), (17) and Theorem 2.2, we can
get that the trivial solution of system (10) is p-asymptotically
stable.

Theorem 3.3: Under the assumptions (Hq) — (Hj), the
trivial solution of system (10) is p-exponentially stable(p > 2),
if

n n

(18)

A2+ kv <ec (20)
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Proof.
From inequalities (12)-(14), (17) and Theorem 2.1, we can
easily obtain this result.

Remark 1. In some previous literature, the time-varying
delay 7(t) is assumed to be differential and it’s derivative is
simultaneously required to be not greater than 1 or a positive
constant, and may impose a very strict constraint on model
because time delays sometimes vary dramatically with time
in real circuits. In our results, we only require 0 < 7(¢) < 7.

Remark 2. In [18] [19], kernel functions are assumed
to satisfy fo s)ds = 1, fooo e®*k(s)ds < oo, and
Jo° se=*k(s)ds < oo. In our results, they are only assumed to
satisfy one or two above conditions, thus our results enlarge
the selection of kernel functions, which will be shown in three
examples provided later (Details see example 1,2).

IV. NUMERICAL EXAMPLES

In this section, two numerical examples will be presented
to show the validity of our results.

Example 1. Consider the following two-dimensional integral-
differential equation with mixed delays.

da(t) = [-Cu(t) + Af(x(t)) + Bg(z(t — 7(1)))

t
+ D/ K(t—s)f(z(s))ds]dt, t >0 21
(t) = n(t),t < 0.
where
20 0.21 0.1 —-0.31 0.11
¢= [ 0 2 ]’A: { 0.3 0.1 ]732 { 0.21 —0.31 }

—0.51 0.31 e e
b= [ 0.3 0.25 } K1) = { e e |
f(x) = g(z) = tanh(z), 7(t) = 2+40.02|sint|, n(t) = [-3.4,5.6]",

By direct calculation, we get that I; = Il = I} = 5 = 1.
Set ¢ = 0.1, we can obtain k' = maxi<; j<2{kij} ~ 1.1. Let
p = 2, we can get v1 = 0.3082, 72 = 0.4846, k'~vs = 0.9249,
Yo + v2 + k'3 = 1.8102 < ¢ = 2. In views of Theorem 3.1, the
equilibrium point (0,0)7 of the given system (19) is exponentially
stable.

Remark 3. From system (19), we can see that kernel function
kij(t) = e72* (i,j=1,2). It obviously satisfies (H3), but does not
satisfy (Hz). Time-varying delay 2—0.02] sin ¢| is non-differentiable,
thus previous results in the literature cited therein can not be used
to judge the stability of this system.

Example 2. In example 1, set

13 0 0.11 0.1 ~0.21 0.1
o= { 0 13 } A= { 0.3 0.1 }732 { 021 —0.11 }

o[ 02 081 ] = 0

n(t) = [-4.4,6]7, ki;(t) s7az (1j=1.2). We can verify
that k;;(t) satisfies (Hz), but dose not satisfy (Hsz). By simple
calculation, we get that Iy,l2,15,l5 = 1. Let p = 2, we have
v1 = 0.3757, 72 = 0.3458, 3 = 0.3995, y1+72+7vs = 1.2098 <
¢ = 1.3. In views of Theorem 3.2, the equilibrium point (0,0)” of
the given system (19) is asymptotically stable. However, the results
obtained in the literature cited therein can not be used to judge the
stability of this system.
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V. CONCLUSION

In this paper, some new Gronwall-Bellman-Type inequalities with
mixed delays are established. Applying these new established inequal-
ities, some new sufficient conditions ensuring p-exponential stability
of a integro-differential equation are obtained. The results improve
and generalize some previous works. Numerical examples show that
our results are valid.
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