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Lagrangian geometrical model of the rheonomic
mechanical systems
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Abstract—In this paper we study the rheonomic mechanical sys-
tems from the point of view of Lagrange geometry, by means of its
canonical semispray. We present an example of the constraint motion
of a material point, in the rheonomic case.
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I. INTRODUCTION

HE main purpose of the present paper is to study the

rheonomic Lagrangian mechanical systems. The geome-
tric study of the sclerhonomic mechanical systems given by
Lagrange equations with the external forces a priori given has
been investigated in many papers, as [4], [6], [8], [10]. The
works [2], [3], [9], [11], [13] extend the geometric investi-
gation of nonconservative sclerhonomic mechanical systems,
using the associated evolution non-linear connection.

In this paper, we study the dynamical system of the
rheonomic Lagrangian mechanical systems, whose evolution
curves are given, on the phase space T'M x R, by Lagrange
equations. Then one can associate to the considered mecha-
nical system a vector field S on the phase space, which is
named the canonical semispray. The integral curves of the
canonical semispray are the evolution curves of the rheonomic
mechanical system.

The article is organized as follows. In the next section
we briefly recall some basic notions on rheonomic Lagrange
geometry. In the third section we employ a method similar
to that used in the geometrization of sclerhonomic Lagrange
mechanical systems, [11], and we obtain a non-linear con-
nection for the rheonomic Lagrangian system with external
forces. The geometry of the semispray will determine the
geometry of the associated dynamical system on the phase
space. We obtain the canonical non-linear connection and the
metrical connection which depends by the external forces of
the mechanical system.

In the last section, we apply these results to a concrete
rheonomic mechanical system: the constrained motion of
a material particle on a time varying surface. The kinetic
potential as a difference of the system’s kinetic energy and
its potential energy express the Lagrange function introduced
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in the geometrical approach of the dynamical system. It is
visible that for the considered rheonomic mechanical system
is easy to apply the previous theory for obtaining geometrical
descriptions of this mechanical system.

II. PRELIMINARIES

We start with a short review of the basic used notions and
concepts of the Lagrange geometry and their terminology. For
more, see [12].

Let M be a smooth C'*° manifold of finite dimension n, and
(T'M,m, M) be its tangent bundle. We consider the manifold
T M x R and we shall use the differentiable structure on 7'M x
R as the product of the manifold 7'M and R.

In this paper the indices i,j,k,... run over the set
{1,2,...,n}.

The manifold

E=TM xR

is a (2n + 1)dimensional, real manifold and the local coordi-
nates in a chart will be denoted by (¢, ', ).
The natural basis of tangent space 7, E at the point u €

U x (a,b) is given by
0 9 0
Oxt’ Oyt ot )’

X(E) is the C°°(E)-module of (smooth) vector fields
defined on FE.
On the manifold E a vertical

distribution V is

introduced, generated by n + 1 local vector fields
9 9 90
Ayl dy?’ T oynT ot )’
ViueE—-V,CcT,E (1)

as well as the tangent structure, [1],
J: xX(E) — x(E),
given by

0 0 0 0
(o) =a (o) 0 () -0 @

fori,7,k=1,2,...,n.

The tangent structure J is globally defined on E and it is
an integrable structure.

A semispray on E, [12], is a vector field S € y(E) which
has the property

JS =C, 3)
;0 . S
where C' = yZT is the Liouville vector field.
yl
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Locally, a semispray S has the form
0 ; 0 0
- —2G" t)— — G° t) =
axl ('/'E7 y’ )ayl ('/'E’ y7 )at7
where G'(x,y,t) and G°(z,y,t) are the coefficients of S.

The integrals curves of the semispray S are the solutions of
the following system of differential equations

S:yi

“

dx’ 4 dy? ,
=y (1); - +2G (a(7), y(7), (7)) = 0;
dr dr
dt 0
P + G°(z(71),y(1),t(T)) = 0. 5)
A non-linear connection on E is a smooth distribution:
N:wueE—N,CT,E, 6)
which is supplementary to the vertical distribution V:
T.E=N,®V,, Yu=(z,y,t)eE. @)

In the following we set ¢t = y° and we introduce the Greek
indices «, 3, ... ranging on the set {0,1,2,...,n}.
The local basis adapted to the (7) decomposition is

5 0
—, = 8
(5.2 o
where
0 0 o 0
S - N; (fﬂ»yvt)@ ©)

and (Nf(z,y,t)) are the local coefficients of the non-linear
connection N on E.
The dual basis of (8) is (6z¢, dy®), with

dxt = dz'; oyt = dyt + N;dxj;
6y° = 6t = dt + N dx".

(10)

A differentiable rheonomic Lagrangian is a scalar function
L:TMxXR— R

of the class C on the manifold £ = E\ {(x,0,0),z € M}
and continuous for all the points (z,0,0) € TM XR.
The d—tensor field with the components
1 9°L
© 20yi0y
is of type (0,2) and symmetric.
It is called the fundamental or the metric tensor field of the
rheonomic Lagrangian L(x,y,t).
The rheonomic Lagrangian L(z,y,t) is called regular if

gij(xayat) (11)

rank(gi;) = n,on E.

A rheonomic Lagrange space is a pair RL"™ = (M, L(x,y,t)),
where L is a regular rheonomic Lagrangian and its fundamen-
tal tensor g;; has constant signature on E.

For a rheonomic Lagrange space RL™ = (M, L) exists
a non-linear connection /N defined on E, whose coefficients
(NJC“) are completely determined by L, called the canonical
non-linear connection, [12]. Its coefficients are as follows

c 10 [ 0L . oL\]
Ny = 4 OyJ {g (ayhaxky ol ) |7 (12)

International Scholarly and Scientific Research & Innovation 5(1) 2011

o_ 1 &L
I 20toys

The almost complex structure is a F (E)—linear mapping
F:x(E) — x(E),

given by

0 0 0 g 0
*(5) o (o) ~5 7 (5) -0 09

A d—connection is a linear connection Dy, X € x(E) (in
Koszul’s sense) on £ = TM x R which maps horizontal
vector fields onto horizontals ones and vertical vector fields
onto verticals ones.

An N —linear connection on E is a d—connection D on E‘,
such that

(DxF)(Y) := DxFY —F(DxY) = 0,vX,Y € \(E). (14)

o 0
With respect to the adapted basis | —, —— |, the
oxt’ Oy~

N —linear connection has the coefficients
DI = (L;-h(x,y,t), C;a(x,y,t)) ,

where the functions (L; w(T,y, t)? under a coordinate trans-
formation on E behave as the local coefficients of a linear con-
nection on the manifold M and the functions (Ci,(z,y,t))
define d—tensor fields.

The h— and v—covariant derivatives of a d—vector field
(X i), with respect to the N —linear connection DI' are given
by:

5X?

i _ hri
respectively
) oX? )
o= Gor + X" Char (7= 1)

An N —linear connection D is called the metrical N — linear
connection for a rheonomic Lagrange space if

gijik =03 gij la=0, (15)

where |;, and |, are h— and v,-derivations, respectively.

The metrical N-linear connection CT' = (L; > C;a), with

the coefficients:

i }gih OGnk N 0gin  Ogjk \ .
kT dxi  dxk b )7

; 1 .n (Ogne  Ogin  Ogjk

i= g (9 - : 16
i 1 in 09jn
059 "o

is called the canonical metrical N — linear connection.
This connection depends only on the fundamental function
L of the Lagrange space.
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III. RHEONOMIC LAGRANGIAN MECHANICAL SYSTEMS

A rheonomic Lagrangian mechanical system is the triplet

Y= (M,L(x,y,t), F(z,y,t)), a7

where RL™ = (M, L(x,y,t)) is a rheonomic Lagrange space
and F(z,y,t) is a vertical vector field:

Fi(ep.t)
The tensor g;;(x,y,t) of the rheonomic Lagrange space
RL™ is the fundamental tensor of the mechanical system X.
Using the variational problem of the integral action of
L(z,y,t), we introduce the evolution equations of 3 by:
The evolution equations of the rheonomic Lagrangian me-
chanical system . are the following Lagrange equations:

d (0L oL N
1. i _7:FZ 77t; l:77
() o = Blewtr v =G

F(z,y,t) = 18)

19)

where Fi(z,y,t) = gij(z,y,t) F (2, y,1).
Proposition 3.1: The Lagrange equations (19) are equiva-
lent to the equations

a2 + 2T (x,y,t) = §F (xvyvt)v (20)
where _ _ )
2I" = 2G"(z,y,t) + N§(x,y,1),
1. 0%L oL
2G' = g™ ( Sy - o ) 21
29 (ayhaxsy awh> @D
_ 1, 0°L
d Nj(z,y.t) = -g™ :
an ()(xvya ) 29 atayh

The equations (20) are called the evolution equations of the

mechanical system Y. The solutions of these equations are

called evolution curves of the mechanical system X.
Theorem 3.1: a)The vector field S given by:

S=y — 2l (z, y,t) 9 —l—a%

v (22)
is a semispray on TM x R.

b) The semispray S is a dynamical system on TM x R
depending only on the rheonomic Lagrangian mechanical
system 3.

c) The integral curves of S are the evolution curves of ¥
given by (20).

Proof:

a) As G' and N{ are the local coefficients of the canonical

semispray of the rheonomic Lagrange space RL™ and F' are

1
the components of a d—vector field it follows that G* — §F1

and N¢ are also a local coefficients of a local semispray.
The vector field S is globally defined on Eand JS = C.
So Sis a semispray on E.
c¢) The integral curves of S satisfy the system (20), so they
are the evolution curves of the rheonomic mechanical system
3. [ |
We call this semispray the canonical evolution semispray
of the mechanical system .
We can say:
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The geometry of the rheonomic Lagrangian mechanical
system Y is the geometry of the pair (RL™, S), where RL™ is
a rheonomic Lagrange space and S is the evolution semispray.

Afterwards we investigate the variation of the energy

0L

along the evolution curves of the rheonomic mechanical sys-
tem X.
Straightforward calculations lead to the following results:
Theorem 3.2: On the evolution curves of the rheonomic
mechanical system 3, the variation of energy E is given
by dE oL
TtL =y'Fi(z,y,t) — Ere

Theorem 3.3: The canonical non-linear connection N of the
mechanical system X has the coefficients (N}, N7):

i L0 [ 0L , OL\]_ 10F _9G'
I 40y 9 ayhaxky Oxh 40yi Oyl
(23)
vo 1 0L
I 2 9tdys”

. . 1.
with Gt = 2G"(z,y,t) — EF’(%y,t).

Let us consider the adapted basis to the distributions N and

V. .
S5, 0 0
- — — 24
{817“83/”875}’ ( )
where
5 9 o d 0 o 10F/ 9
5 = o~ N @utgs — M@ g+ 1an o

The Lie brackets of the local vector fields from the adapted
basis (24) are as the following:

) 8 ., 0
— ,—| =R = + R% —;
[51‘3 ’595’1} I oy * LT

5 ON’ ON?
i; ,g =7 8‘ 0 (26)
oxd Ot ot 0y’ at ot
5 o oNja  ON) o
dxi T oyt | oyl Oy (‘3yh at’
§oo]_[o o] [o 0]_,
Syl T oyh| T |0y Ot ot’ ot ’
where
.. ONI NP ON9  §N?
A h. 0 — J _ “'h
Rjn = dxh  oxd ) TR gxh S @7
The dual basis {dz?,dy’, 6t} is given by
0y' = dy' + Nida ot = dt + N2dz'. (28)

One can demonstrate the following theorem
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v

Theorem 3.4: The cangnical non-linsear connection N is
integrable if and only if R, =0 and R}, = 0.
Progﬁ
0
A P
s oxd .
X"(TM x R) it results that N is integrable if and only if their

0 0
dxd  dxh <
Xh(TM x R). Using (26) we have the already mentioned
conclusion. ]
On the manifold 7'M x R an important geometric structure,
whose existence is equivalent to the existence of the canonical

non-linear connection N, is given by the F(T'M x R)-linear
mapping F : x(TM x R) — x(TM x R),

5 ) ) 5 )
Iﬁwﬂ—zwﬁﬂw»waQJ‘“(m

The structure I has the following properties:

DF depends on the rheonomic Lagrangian mechanical sys-
tem X, only;

2) F is a tensor field of (1, 1)-type on the manifold 7'M x R

and F oIl = —Id-i-a@dt;

3)It is an almost complex structure if and only if the
curvature tensor R}-lk of the evolution non-linear connection
vanishes.

Theorem 3.5: The canonical metrical N—connection of the
rheonomic mechanical system 3, CT(INV), has the coefficients
given by the generalized Christoffel symbols:

Yo lgih Sghk n dgjn B 0gjk
ik 9 Sxi  dxk Gzt |7

are generators for the horizontal distribution

Lie brackets are horizontal, which means that

<i L s (Ognk . Ogjn  Ogjk
L= gl i - 30
Jjk 9 <8yj 8yk 8yh 9 ( )
i1 in 09jn
0799 o

The relation between the coefficients (30) and the co-
efficients of the canonical metrical N —connection of the
rheonomic Lagrange space RL" is given by the following
theorem.

Theorem 3.6: The local coefficients of the canonical metri-
cal N—linear connection D of the mechanical system > have

the following form
OF"
—C. .
jkh ays) )

31)

OF"h
oy*

1, OF"

=g | Cskn—=— + Cs

29 < kh By + Cjsh
Cir = Clk: Cio = C}o»

where CT(N) = (L, C%,) is the N—canonical metrical

connection of Lagrange space RL" and

_ 1 (0gix
ngk = 9 (8y3 +

yi oo 11
v = Ljr +

0gi; o s
Oy* oyt )
Proof:

If we use the Lagrange equations and the coefficients L; i of
the N — canonical metrical connection of rheonomic Lagrange
space we obtain first equality (31).
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The equalities '}, = Ci,; Cly = Cl, are straightforward.
|
The metric tensor g;;(x,y,t) of the rheonomic Lagrange
space RL™ and the canonical non-linear connection N allow
us to introduce a pseudo-Riemannian structure G on the
manifold TM x R. This is given by the N—lift G of the
fundamental tensor g;;:
G = gijda’ @ da? + gi;0y' @ 8y + 0t @8t (32)
The metric N—lift G has the following properties:
1) G depends on the rheonomic Lagrangian mechanical
system X only;
2) G is a pseudo-Riemannian structure on the manifold
TM x R.
The model (TM x R, G, IE‘) gives a fair geometric descrip-
tion of the rheonomic Lagrangian mechanical system.

IV. EXAMPLE OF RHEONOMIC MECHANICAL SYSTEM

Let us consider the concrete rheonomic mechanical system
of a constrained motion of a material particle of mass m
and position vector 7 = x'i + 2?j + x%k, [14], with the
rheonomic constraint given by f(a!, 22 x3,¢#) = 0. The
material particle is under the action of the linear, or non-
linear spring force with potential II = —U (7). The material
particle cannot move subject to constraints without considering
certain constraint reaction due to the constraint expressed by
Foun = Agrad f (z', 22,23, t), for ideal constraint, where A
is Lagrange’s multiplier.

For non ideal constraint, with friction coefficient p, the
constraint reaction due to the constraint can be expressed by

Fo=Fun+Fur = )\gradf(xl,xQ,:f,t)f
—,uﬁ\)\gradf(xl,xz,xB,tH.

The material particle is under the external dumping force, lin-
ear proportional with the material particle velocity, expressed
by Fu7 = —bv. Let F(t) = Xi+ Yj + Zk be the active
force.

In the considered case, the material particle is limited by
rheonomic constraint as the moving surface, and their position
is defined by three coordinates x!, 22 and 23, but the material
particle have two degrees of freedom and we need to chose
two coordinates as the generalized coordinates of their motion.
Let the generalized coordinates be:

1 2

¢ =2 ==

and because the constraint is of rheonomic nature, we consider
a rheonomic coordinate ¢° = ¢(t). Therefore we can express
the third position coordinate 2° = (¢, ¢%, ¢°), as [7].

The kinetic energy of the material particle motion can be
expressed by the two generalized coordinates and the third
rheonomic coordinate in the following form:

1
E, = §m62 = (33)
e @t (52 20 00
@ s (0 2 it S 2.
27 1SN1:0000000091950263
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Fig. 1.

1, 2
we can introduce the rheonomic coordinate ¢° =1 £Qt and the
3 _ 1 02

=@ =d")"

When the constraint is defined by z® =

previous constrain will become as follows x
The kinetic energy can be written

1

4
Be=gm |(@)'+ (@) + 5 @ @) (¢ o)’

The matrix of the mass inertia moment tensor is:
2 2
I+ & (¢ =¢")" 0 —& (¢ —¢°)
A=m]| O 1 0
2
A=) 0 A )
The virtual work W of the active force on the virtual
displacements 7

oF = 6¢* z+(5qg+ 5qt (qlfqo)féqo(qlfqo)}lg

7 3
is given by:
W = (ﬁ 577) ¢

2
— ZZ (q1 — qo) 8q°.

The generalized components of the active force, for the gen-
eralized coordinates ¢' and ¢ and the rheonomic coordinate

q°, are given by

2
Q1=X+ZZ(Q1—QO);Q2

For the active force induced by the spring:

2
W = | X + 77 (¢" - qo)] 5¢' +Y8q?

2
=YiQo=—-,2(¢ - d").

. - - 1 -
F = —cf = —cq'i — c¢*j — CZ (q1 — q0)2 +mg| k,

the generalized force components are:

2 2
(@' —°) = Zmg (¢" — ¢°); Qs

— 2.
62 ¢ = —Ccq;

Qi =—cq' —c55

2 2
Qo=rcp (@ —d°)" = Gmg (a' — ).
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The potential energy can be expressed in the form:

(ﬁ, dF) -

=5 =g @ @ g @ ).
| |

The kinetic potential is difference of the kinetic energy
and the potential energy and we can express the Lagrangian
function in the following form:

=
el
I
=
I
|
O\‘n

L=E,—E,=E4 —H(ql,QQ,f(q17q2’qo)) =
1 1) 2 o2 40 1 012
—Qm{(q) + (¢°) +£—2[(q —4¢") (¢ = d")] }

1 1 0\4
+ ﬁ ( —q ) :| .
L is a rheonomic regular Lagrangian.
The matrix of the d-tensor field with the components
1 0%L
99 = 20404
is the fundamental (or metric) tensor field of the La-

grangian corresponding to the mechanical rheonomic system

of one material particle moving along moving surface, z° =

1
7 (q1 - KQt)Q as a rheonomic constraint:

—j=1,2,0
G = (qyi=120 _ (1 O°L ™
= (gl])|li:1,2,0 - §8q18q7

1i=1,2,0
1
G—_A—
2
2
L (El =) 0 —E =)
=m0 10
2 2
#l=d")" 0z -d)
where
1 1 1 2
gi1 =§a11(Q)=§m 1+€2 (' —4°)
1 () = 1
922 = 2(122 q) = 2m
1 1 4,17 2
goo = §a00 (q) = §m?2 (q —q ) )
1
g12 = sa12(q) =0
2
1 1 4, oo
gor = §ao1 (¢) = 2m€—2 ( —4q ) )
1
goz = 5002 (q) =0,
where (¢) = (¢*,¢% ¢°) and ¢° is the rheonomic coordinate,

depending of time ¢.
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We can see that the fundamental tensor field of the consi-
dered Lagrangian is half of the mass inertia moment tensor
matrix.

The extended Lagrange system of differential equations of
the second order, has the following form:

doB. 0B 0B,
dt 9¢*  0¢t 9t Y
doB. 0B 0B,
dt 0¢2 02 02 ¥

dOE, 0B, 0E,

dt 6q0 8q0 aqo - QO +Q00a

and for ¢° = ¢Qt, ¢° = ¢Q, {° = 0, it becomes:

1 9 1 0)\3
P e e -
[1+€2(q1—q0)] [1+£2(q1—q0)}
_ 4@ -0 =) 2 gld-¢)

2 4 ] ;
{1+€2(q1_q0 2] [H@(q1 qO)Q]
P+ g’ =0,

m

and from the third equation of the Lagrange system we can
find the rheonomic constraint force Qoo

d 4 . . 2 4 .1 g2
= {@ (q1 7q0) (ql 7qo> } + 5 (ql 7q0) <q1 7q0) _
2¢ 3 2
= (¢' —¢°) - 7m9 (' =)+ Qoo. (39
The theoretical form of the Lagrange equations is:
G +2G"(q,4:t) + Nolg, 4. 1) = 5Q'(¢, ¢, t); 4" = —,
with the coefficients
2G'(q, 4,t) =
, % f 2 O%f o*f
— ma'! | (61)? -2 4+ 92 1624
*f 5| of a O°f of .0 O°f Of
q -m —mg"q +
0q20t oq! Oqlot ot 0qlot 0q?
, 0% f 2 Of O*f
+ma®2 | (gt 2 + (62 +9 162y
+32fq1 ﬁ,mﬂ *f gi i2 .1 anﬁ
Oqlot 0q¢? 0q20t Ot 0q20t Ogt
.1 OI1 .o OI1 o Of o Of \ OII .
i1 2 2 il YJ 27 ) T2, 1.92.
e T e T (g gt Y 8(12) o' ="
Using the theoretical form of coefficients
i . _ 1 ih 62L
Ni(g,4,t) = 59 m
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we obtain:
i , of 0%f . o O*f Of
N’L _ 71 27 1 2 I
0(¢,4,t) =mg ( o ogorl T4 agag T
o 0 OF 0 of 105
T o920t 0q" T 0qlot ot | 012 gl
) of 0%f . 4 O%f Of 4 O*f Of
i2 Y5 2 1 “J 1 _J
tmy <2aq2 o2ot! T apatag T agatogt
O*f of  O°f Of ‘
One obtain

. , 4
2G (¢, 4,t) + Ny (q,4:t) = —

2G*(q,4,t) + N§(q, ¢, t) =

We define the following functions

0
2I"=2G"(q,q,t) + No(q,4,t) — 5@‘((17 q,t).

0
So, S given by

0 +g
oyt Ot

gzyi 8_ —21“0i (z,y,1)
o’ T
is the evolution semispray of the mechanical system %.
The integral curves of S are the evolution curves of the
mechanical system %
The canonical non-linear connection ](\)7 of mechanical sys-

0
tem, Y, depending only on the rheonomic Lagrangian mecha-
0 0
nical system, has the coefficients (N}, N})) given by

07; . 801 Q7Q7t 18FZ Q7Q:t
Nl (Q7QJt): ( )77 ( ):

A4 4 g
— g (2 of
a4 O*f of .o 0*f Of
0> gt - 20gt
N2L (%‘Lt) - =

Of Pf o, PF O
aq' 0(g")2? T 9gloq2 gt
12 2 —J _J
tmg ( 1 9(q")? 0¢? 4 0q'0q? 0g?
O*f of Of O%f 10Q"
Aqlot 0g2  dqt Oq20t

0¢2 4 0
2 2
:mgﬂ@af Of 4, g OF OF
of 0*f

aq" 002" T 71 B(q?)? "

*f of

g 020t 8q18t8(12>

Pf of . O*f Of

9q'0q2 9> qa(q2)23q2)
i=1,2.

1o
2042’

—i—mgi2 <2q'1

0
Clearly, the canonical non-linear connection N determines

0 0
the metrical N-linear connection CT(N).
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V. CONCLUSION

We present the Lagrangian geometric model of the rheo-
nomic mechanical systems and apply it to a concrete rheo-
nomic mechanical system: the material particle motion along
moving surface.

We can see that the fundamental (or metric) tensor field of
the considered Lagrangian is half of the mass inertia moment
tensor matrix.

The integral curves of the evolution semispray g’ are the
evolution curves of the mechanical system.

The canonical non-linear connection for the concrete rheo-
nomic mechanical system have the coefficients expressed using
the rheonomic constraints of the mechanical system.

It is visible that for considered rheonomic mechanical
system is easy to obtain geometrical description and the
dynamical properties.
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