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Cubic B-spline collocation method for numerical
solution of the Benjamin-Bona-Mahony-Burgers
equation
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Abstract—In this paper, numerical solutions of the nonlinear
Benjamin-Bona-Mahony-Burgers (BBMB) equation are obtained by
a method based on collocation of cubic B-splines. Applying the
Von-Neumann stability analysis, the proposed method is shown to
be unconditionally stable. The method is applied on some test
examples, and the numerical results have been compared with the
exact solutions. The Lo, and L2 in the solutions show the efficiency
of the method computationally.
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I. INTRODUCTION
N this paper we consider the solution of the BBMB
equation

Ut — Uyt — QUgy + Puy +uu, =0,  x € [a,b], t€[0,T],

with the initial condition .
u(z,0) = f(z), = ¢€lab], 2

and boundary conditions
u(a,t) = u(b,t) =0, 3)

where « and (3 are constants.

BBMB equations play a dominant role in many branches of
science and engineering [1]. For a = 0, Eq. (1) is called the
Benjamin-Bona-Mahony (BBM) equation. In the past several
years, many different methods have been used to estimate the
solution of the BBMB equation and the BBM equation, for
example, see [2-6].

The paper is organized as follows. In Section 2, cubic B-spline
collocation method is explained. In Section 3, we develop an
algorithm for the numerical solution of the BBMB equation.
Section 4, is devoted to stability analysis of the method. In
Section 5, examples are presented. A summary is given at the
end of the paper in Section 6. Note that we have computed
the numerical results by Mathematica-7 programming.

II. CuBIC B-SPLINE COLLOCATION METHOD

The interval [a,b] is partitioned in to a mesh of uniform
length h = x;41 — x; by the knots z;,2 = 0,1,..., N such
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that a = 29 < 21 < 22 < ... < zny_1 < zny = b. Our
numerical treatment for BBMB equation using the collocation
method with cubic B-spline is to find an approximate solution
Un(z,t) to the exact solution u(z,t) in the form
N-1
Un(z,t) = Y ci(t)Bi(w), )
i=—3
where ¢;(t) are time-dependent quantities to be determined
from the boundary conditions and collocation form of the
differential equations. Also B;(x) are the cubic B-spline basis
functions at knots, given by [7,8]

(x — Ii)37 T € [T, Ti41),
h3 4+ 3h%(x — 2441)? + 3h(x — 241)
1 =3(x — i41), T € [Tiq1, Tita),
6? h3 + 3h2($i+3 — .Z‘)2 + 3h(l‘i+3 — f)
—3(xir3 — ), T € [Tiq2, Tit3),
(®igq — x)3, T € [Tit3, Tita).
0, otherwise.

&)
The values of B;(x) and its derivatives may be tabulated as
in Table 1. The values of U and its space derivatives at the
knots x; can be obtained as

1
U; = 6(0143 +dcig +ci), (6)
, 1
U, = ﬁ(cz‘ﬂ —¢i—3), @)
4 ]‘
U’ = ﬁ(ci_;g —2¢ci_o+ Ci—l)- (8)
) TABLE I
B; ,B; AND B, AT THE NODE POINTS.
x T Tit1 Tit2 Tit3 Tit4
Bi(x) 0 % z z 0
Bi(z) 0 o 02 —f—lh 0
Bi(x) 0 3z —3r g2 0

III. CONSTRUCTION OF THE METHOD

To apply the proposed method, discretizing the time
derivative in the usual finite difference way. Using the finite
difference method, we can write

n+1 n n+1 n
’U«n+1*un Upy —Ugy OZUTT +u:r,;r, +
2

At At
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ntl, n n+1 n
up tuy | (uue)" T (uug)”
’6 2 + 2 =0.

®

The nonlinear term in Eq. (9) can be approximated by using
the following formula [9]:

(uug)" T = w Tl + utul T — (uug)" (10)

Substituting the approximate solution U for w and putting
the values of the nodal values U and its derivatives using Eqgs.
(6)- (8) at the knots in Eq. (9) yield the following difference

equation with the variables ¢; , ¢t = —3,..., N — 1,
G b e = de g écf o+ fey,i=0,1,...,N,
(11)
where
G=F =gt
4 2
b= -3,
=2+ %+,
(12)
d=1+4 % - 5,
é=4 i—%’,
f=1++4
W1th:r—1+Atu y = %-FNQUH,Z: — —U‘TAt,
At At
-1 + a_ v = - -

The system (11) consists of NV + 1 linear equations in N +
3 unknowns {c_3,c_2,...,cN—2,cn—1}. To obtain a unique
solution for C' = {c_3,...,cn_1}, we must use the boundary
conditions. From the boundary conditions and Table 1, we can
write

1
E(C’jgl +4c" T+ Mt =0, (13)
1

G (A5 +a Ty + i) = 0. (14)

Associating (13) and (14) with (11) we obtain a (N + 3) x
(N + 3) system of equations in the following form

AC =Q, (15)
where
1 4 1
5§ 6 &5 0
a b ¢ ... 0
A= e e ) (16)
0 a b ¢
1 4 1
0 § 6 ©
C= (Ci—glv T—L—glv CTIQ+127C%+11)T5 (17)
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Q=

(o,u(xo,t)+(—1+a%)um(zo,t)— Bty (w0,1),. ..,

T
w(en, ) + (~1+ a8y (an, 1) = A3tus(an, 1),0)
if t= At
T
(o,mg,...,\pyv,o) : if t> At
(18)
with

n __ i 7 5 AT ¢ n
Wit =dci 5 +éciy + fei gy

IV. STABILITY ANALYSIS

In this section, we present the stability of the cubic B-spline
approximation (11) using the Von-Numann method [10,11].
According to the Von-Neumann method, we have

= exp(Nkhi), A= -1, (19)

where k is the mode number and h is the element size. To
apply this method, we have linearized the nonlinear term uu,,
by consider w as a constant in term (9). We obtain the equation:
a&g"tlexp(Akh(i — 3)) + b lexp(Akh(i — 2))+
e lexp(Akh(i — 1)) = d€™exp(Akh(i — 3))+

e€mexp(\kh(i — 2)) + fE"exp(Akh(i — 1)),

(20)
where
a—L1_ 9 , &
a=¢g— a2, t e
74 2
b=7§— 72
Efl+i’+i
=6 T 2n T A2
(21)
_ )
d=§+ 35 T 570
42
e_é_h_gm
__ ,
f=%—3r+7
with & = —1 — @t = BAt 4 Atu” [y 14 ot

Dividing both sides of (20) by exp((i—2)Akh), we can write:

g+l (Zzexp()\kh) +h+ Eexp(—)\kh)) -
¢ (Jeq:p()\kh) te+ feccp(—)\kh)) ,

(22)
Eq. (22) can be rewritten in a simple form as:
X -)Y
= — 23
3 X, Ay (23)
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where

X = (§ + ) cos(kh) + (3 — 1),
X1 = (% + &) cos(kh) + (3 — %),
Y = (&) sin(kh).

X and X can be rewritten in the form:

X; = (2 — &) cos(kh) + (3 +55) + 9AL(1 — cos(kh)),

X = (4 cos(hh) + (4 + ) -

985 (1 — cos(kh)).

- 2 2
We note that X < X, so [¢]2 = &€ = % < 1
Therefore, the linearized numerical scheme for the BBMB
equation is unconditionally stable.

V. NUMERICAL EXAMPLES

We now obtain the numerical solutions of the BBMB
equation for two problems. To show the efficiency of the
present method for our problem in comparison with the exact
solution, we report L., and Lo using formulae

Loo = max; | Uz, t) — u(z;,t) |,

Ly = (h 32, | Uzist) = ulwi,t) [*)2

s

where U is numerical solution and u denotes analytical
solution.

Example 1. Consider the BBMB equation with o = 0 and
(3 = 1in the interval [—40, 60], with the exact solutio u(z, t) =
3csech?(k(z—vt—1x0)). We have taken ¢ = 0.03, v = 1, 29 =
Oand k = m. The initial condition is taken from the exact
solution. Tabge 2 gives a comparison between the L,and Lo
found by our method in different times and different values of
N with At = 0.1. Also Table 3 gives comparison of absolute
errors found by present method with At = 0.01 and N = 300.

TABLE II
| Method | Time [ N [ Ly x103 | Lo x 103 |
present method 1 100 0.902611 0.328588
present method 10 100 8.14052 1.76978
present method 20 100 16.2506 3.53644
present method 1 300 0.507465 0.328588
present method 10 300 4.71001 1.77131
present method 20 300 9.40151 3.54203
method in [12] 20 1000 14.45 3.996
TABLE III

COMPARISON OF ABSOLUTE ERRORS FOR EXAMPLE 1 WITH
At = 0.01 AND N =300

[2\t | 05 [ ] [ 15 ]
30 | 2.12681 x 10~ 2 [ 1.99925 x 10~ % [ 5.42065 x 10~—°
220 | 1.0672 x 1073 | 1.00969 x 10~3 | 2.72896 x 10~3
210 | 3.57975 x 1073 | 3.52499 x 10~3 | 1.00584 x 10~3

0 | 7.45797 x 10~4
10 3.9186 x 103
20 | 1.36982 x 10~3
30 | 2.81202 x 10~

1.20873 x 10—3
4.06787 x 103
1.50618 x 10~3
3.12619 x 10—*

5.59997 x 104
1.25094 x 10~3
5.09114 x 10—*
1.07576 x 10~5
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Fig. 1. Three-dimensional plot for Example 1.
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Fig. 2. Approximate solution graphs of Example 1 for € [—40, 60] with

At =0.01 and N = 300.

Example 2. As a last study we consider here a numerical
solution of the BBMB in the interval [—12,12] with a =1,
=1 and initial condition u(z,0) =sech?(%). Tables 4 and
5 give numerical results with At = 0.01 and N = 200. Also
Fig 3 shows approximate solution graphs.

TABLE IV
NUMERICAL RESULTS FOR EXAMPLE 2 WITH At = 0.01 AND
N = 200
[(2\¢ | 0.2 | 0.5 | 0.7 |
-12 | 3.33333x10° 11 | -2.23333x10~ 10 [ -3.33333x10 1T
-10 0.0229513 0.0198217 0.0179501
-5 0.256278 0.224742 0.206391
0 0.978102 0.933352 0.897596
5 0.319376 0.380993 0.42342
10 0.0304198 0.0397963 0.0472631
12 2x10~10 6.66666x10~11 | -2.66667x10~10
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space(x)

Fig. 3. Approximate solution graphs of Example 2 for € [—12,12] with
At =0.01 and N = 200.

TABLE V
NUMERICAL RESULTS FOR EXAMPLE 2 WITH At = 0.01 AND
N = 200
[=\¢ ] ] [ 1.5 [ 2 |
-12 | 1.33333x10° 11 | -1.26667x10~ 10 | 8.66667x10 11
-10 0.0154352 0.0119344 0.00916508
-5 0.182231 0.149239 0.123215
0 0.83834 0.733537 0.631526
5 0.487532 0.589817 0.676809
10 0.0605017 0.088659 0.12528
12 | -1.13333x10~9 | -3.33333x10~10 | -1.01048x10~16

VI. CONCLUSION

The cubic B-spline collocation method is used to solve
the Benjamin-Bona-Mahony-Burgers(BBMB) equation. The
stability analysis of the method is shown to be unconditionally
stable. The numerical results given in the previous section
demonstrate the good accuracy and stability of the proposed
scheme in this research.
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