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Abstract—In this paper, the three species food chain model on
time scales is established. The Monod-Haldane functional response
and time delay are considered. With the help of coincidence degree
theory, existence of periodic solutions is investigated, which unifies
the continuous and discrete analogies.
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I. INTRODUCTION

ESEARCH on food chain system has been a hotspot

in population dynamics recently. Dynamical behavior of
these models governed by differential equations and difference
equations has been extensively studied in [1-5].

Motivated by the so—called Monod-Haldane function pro-
posed in [6], we can get the following non—autonomous food
chain model with time delays,

maa(t)us(t)

Uy (t) = ur (£)[r(t) — di(t)ua(t) — al(t)+b1(t)u1(t)+u§(t)]’

() = w(t)=r2(t) + st )
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ey
where w1 (t), ua(t) and ug(t) stand for the population density
of prey, predator and top—predator at time ¢, respectively. All
coefficients are positive continuous functions. m; ;41 (t) is the
capture rate of the predator, m;y1,(t) is a measure of the
food quality that the prey provided for conversion into predator
birth, where ¢ = 1, 2.

However, if the populations have non—overlapping genera-
tions, the discrete model governed difference equations is more
appropriate :
ur(n+1) =ui(n)explri(n) — di(n)ui(n)
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where all the coefficients are positive periodic sequences.

Enlightened by the idea of Stefan Hilger [7], to unify the
continuous and discrete dynamic systems, we consider the
following dynamic system on time scales

maa(t)e? )
a1 (t)+b1(t)ex®) fe22(t)

x(t—T)

22 (t) = ri(t) — di()er® —

YA (1) = —r2(t) + s e — da(t)eV?)
mas (t)e” "
T az () +b2 (t)ev® e2u(® i’ )
ms e¥(t—e 2
ZA(t) = —r3(t) + az(t)_;’_bz(i;ity)(tfo)+62y(tfa) - dS(t)e (t):
3)

where all coefficients are positive w—periodic functions. Set
up(t) = W, uy(t) = e¥®, ug(t) = e*(), then (3) can be
reduced to (1) and (2) when T = R and T = Z, respectively.

The aim of this paper is to study the periodicity of three—
species food chain system on time scales. We would like to
mention that there are several papers on periodicity in dynamic
systems on time scales by using the coincidence degree
theory, see [8—11]. The remainder of the paper is organized
as follows. In the following section, some preliminary results
about calculus on time scales and the continuation theorem
are stated. Next, the sufficient conditions for the existence of
periodic solutions are explored.

II. PRELIMINARIES

For convenience, we first present the useful lemma about
time scales and the continuation theorem of the coincidence
degree theory; more details can be found in [12-14].

A time scale T is an arbitrary nonempty closed subset of
real numbers R. Throughout this paper, we assume that the
time scale T is unbounded above and below, such as R, Z
and (J, ¢ [2k, 2k + 1]. The following definitions and lemmas
about time scales are from [12].

Lemma 2.1.([13]) Letty,to €I, andt e T.If g: T —
|R€ C,.4(T) is w—periodic, then
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the constant factor % is the best possible.

487 1SN1:0000000091950263



Open Science Index, Mathematical and Computational Sciences Vol:7, No:3, 2013 publications.waset.org/16994.pdf

World Academy of Science, Engineering and Technology
International Journal of Mathematical and Computational Sciences
Vol:7, No:3, 2013

For simplicity, we use the following notations throughout
this paper. Let T be w-periodic, that is £ € T implies t+w € T,

E=min{R*NT}, I,=[kk+uw]nT, g*= inf g(1),
€
iy 1 1 k+w
g =supg(t), g= */ g(s)As = */ g(s)As,
teT wJr w Jk

w

where g € C,q(T) is an w-periodic real function, i.e., g(t +
w) =g(t) for all t € T.
Next, we state the Mawhin’s continuation theorem, which

is a main tool in the proof of our theorem.

Lemma 2.2. [14] (Continuation Theorem) Let L be a Fred-

holm mapping of index zero and N be L-compact on ).

Suppose

(a) for each A € (0,1), every solution v of Lu = ANwu is
such that u ¢ 0

(b) QNu # 0 for each u € 92 Nker L and the Brouwer
degree deg{JQN,QNker L,0} # 0.

Then the operator equation Lu = Nwu has at least one solution

lying in Dom L N Q.

III. MAIN RESULTS
Theorem 3.1. If

miyel? > M (ad! + b)Y eM2 4 e2M2)
holds, where oL "
_ 1. 4273 maw
LQ =In M 7
M3g by
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then system (3) has at least one w—periodic solution.

Proof Let X = Z = {(z,y,2)7 € C(T,R%)
z(t +w) = z@), Yyt +w) = y).z(t + w) = 2(t),
vt € T}, 2)T|| = maxser, |#(t)] + maxer, |y(t)] +
maxser, |2(t)], (v,y,2)T € X (orin Z). Then X and Z
are both Banach spaces when they are endowed with the above
norm || - ||. Let
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t z(t
da (t)ev ™ (a2(t)+?§€t()35<t>+62y<t>» Ny = —ra(t) +
as (£ eVt
ey — A (0.
k
x o x x L k+wx(t)At
Lyl =y, Plyl=Q|y| =2 ")t
z 28 z z

%fk)w z(t)At

Obviouslyker L = R?, ImL = {(z,y,2)T € Z:2 =9 =
z=0,te T}, dimker L = 3 = codimIm L. Since Im L is
closed in Z, then L is a Fredholm mapping of index zero. It is
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easy to show that P and @ are continuous projections such that
Im P = ker L and Im L = ker Q = Im(I — Q). Furthermore,
the generalized inverse (of L) Kp : Im L — ker P N Dom L
exists and is given by

x féx(s)As —
y| = fk y(s)As —

pr fk s)AsAt
f e fk (s)AsAt

z f; 2(s)As — it < [, e fk s)AsAt
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x
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Clearly, QN and Kp(I — Q)N are continuous. According
to the Arzela-Ascoli theorem, it is not difficulty to show that
Kp(I-Q)N (€) is compact for any open bounded set Q C X
and QN () is bounded. Thus, N is L-compact on €.

Now, we shall search an appropriate open bounded subset
Q for the application of the continuation theorem, Lemma 2.2.
For the operator equation Lu = ANwu, where A € (0,1), we
have

y(t)
uft () = A(ra(8) = di (t)e”® — Et)ggzlgtgtg:@)%h@))
moi(t)e )
u (t) = A(—ra(t) + - (t)+bfjf<3 =
t z(t
_dQ(t)ey(t) - az(t)+n;;€t()e)ye(t)+62y(t) )a
A =\ rn;;g(t)ey(t_g)
Us (t> = (*TS(t) + a2 (8) 1 b2 (t)ed o) fe2u(t—0)
—dy(t)e* ™).

“4)
Assume that (uy,us,u3)” € X is a solution of system (4) for
a certain A € (0, 1). Integrating (4) on both sides from % to
k + w, we obtain

ktw T mag(t)e?® _
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Since (z,y,2)7

that
r(&1) = minger, {x(t)}, x(m) =
y(&2) = minger, {y(H)}, y(n2) =
2(&3) = minger, {2(1)},  2(n3) =

From (4) and (5), we have

k+w
/ ’xA(t)’ At < 27w,
k
| At <2

k+w M

A myjw
/ ly2(t) < sz1
k 1

k+w M
/ |28(1)| At < 27322
k

2

By the first equation of (5) and (6),
dy(&)e” ) < ry(&),

that is

From the second equation of (5), we have

moq (7]2)61'(772 —T)

r2(n2) < a1 (m)

and
rkal

x(m) > x(ne —7) > In —+.

ma1

According to Lemma 2.1, we have
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k
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21

From the first equation of (5) and (6), we can obtain
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€ X, there exist &, n; € I,, t = 1,2,3, such From the third equation of (5), we have

maa(Es) V(E=9) > pa(t),

az(&3)
this reduces to
aLlyL
y(n2) > y(&s — o) > In =253,
m3g
then
1 k+w A
W) > =g [ Ao a
L..L M
az "3 maW a
Z In mM - bL = Lg.
32 1

According to the first equation of (5), we have

WEPI(S)) (&)
>d e*\&3)
by ~ )
then
1 k+w A
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7 R V.
Besides, we have
L Lo

M3a€ M
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3 adt + b eMa 4 e2M2 30

then
1 k+w
A0 = dm) g [ 0] A
L L
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= i b
£ Ls.

Therefore, we have

t)] < M|, |L1|} 2 Ry,
seipa [e(t)] < max{[Ma, [La[} = B
)| < M|, |Ls|} 2 R,
telkuhsw] [y(8)] < max{|Mal, [Le|} 2
DIRS Ms|,|Ls|} £ Rs.
o [=(0)] < max{|Mal, [Lal} £ R

Clearly, Ry, Ro and Rj3 are independent of \. Let R = R; +
Ry 4+ Rs + Ry, where Ry is taken sufficiently large such that
for for the following algebraic equations:

- Ktw mia(t)e? _
— et - 2 Wﬁ =0,
Ktw Mot (He -
R WAt doe? ;
mage” At =0 ( )
_5+ K W =0,
Ktw man(t)e _
T+ 5 fe mmtiameren At — dse® =0,
every solution (x*’y*7z*)T of (7) satisfies ||(x*,y*, Z*)T” <

R. Now, we define Q = {(z,y,2)" € X : ||(z,y,2)T|| < R}.
Then it is clear that € verifies the requirement (a) of Lemma
2.2.If (ug, ug, uz)T € 0QNker L = ONNR3, then (z,y,2)T
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a constant vector in R? with ||(z,y, 2)T|| = |z|+|y|+|z| = R,
so we have
x 0
QN |y| # |0
z 0

By the assumption in Theorem 3.1 and the definition of
topological degree, a direct calculation yields deg(JQN, Q2N
ker L,0) # 0. We have verified that  satisfies all require-
ments of Lemma 2.2; therefore, system (3) has at least one
w-periodic solution in Dom L N Q. This completes the proof.
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