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Permanence and global

attractivity of a delayed

predator-prey model with mutual interference

Kai Wang and Yanling Zu

Abstract—By utilizing the comparison theorem and Lyapunov
second method, some sufficient conditions for the permanence and
global attractivity of positive periodic solution for a predator-prey
model with mutual interference m & (0,1) and delays 7; are
obtained. It is the first time that such a model is considered with
delays. The significant is that the results presented are related to the
delays and the mutual interference constant m. Several examples are
illustrated to verify the feasibility of the results by simulation in the
last part.

Keywords—Predator-prey model, Mutual interference, Delays, Per-
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I. INTRODUCTION

N this paper, we consider the permanence and global

attractivity of a delayed predator-prey population model
with mutual interference in the form:

&(t) = x(t)(ar(t) — br(D)x(t — 1) — er(D)y™(t — 72)),

() = y(t)(—ax(t) = b2(t)y(t — 73) + c2()2(t)y™ 1 (1)),

x(@) = 410(9) =20,0¢ [_Tv 0]7 QP(O) =0 >0,

y(0) = 9(0) =0, ¥ € [-7,0], ¥(0) = 3o >0,

(PP)
where 7;(¢ = 1,2,3) are nonnegative constants, T =
maxi<;<3{7i}, ¢ and ¢ are continuous on [—7,0]; z(¢) and
y(t) denote the size of prey and predator at time ¢, respectively;
ai, b; and ¢;(i = 1,2) are continuous and bounded above and
below by positive constants; m € (0, 1) is mutual interference
constant, which was introduced by Hassell in 1971, see [1]-[3]
for more details.

Recently, there are some literatures on studying the species
dynamics, such as the permanence, positive periodic solutions,
positive almost periodic solution, global attractivity etc., of
the population model with mutual interference, see [4]-[15]
for more details. It was pointed by Kuang(1993) [16] that any
model of species dynamics without delays is an approximation
at best, more detailed arguments on the importance and use-
fulness of time-delays in realistic models may also be found in
the classical books of Macdonald (1989) [17] and Gopalsamy
(1992) [18]. But there are few literatures on considering the
delays in population model with mutual interference in the
form of model (PP).
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The structure of this paper is as follows. In section 2, some
useful lemmas and definitions are presented. In section 3,
by using the comparison theorem we estimate the eventually
upper and lower bounds of all positive solutions for system
(PP) and present some sufficient conditions for the permanence
of the (PP) model, and by applying the Brouwer fixed point
theorem we prove the existence of positive periodic solutions
for system (PP) under some sufficient conditions. In section 4,
sufficient conditions are presented for the global attractivity of
the system (PP). Lastly, several examples are given to verify
the feasibility of the results by simulation.

For the sake of convenience, we set

=t (@)}, f7 = inf {0},

where f is a continuously bounded function defined on interval
E =[0,+00), and denote

al I M I
v = expfa m 3= [0]
1 2
K K
M3 — min {bUl GXp{(Kl — blUMl)Tl} ) bUl} )
1 1
Ky . m
M, = l:ag:| , K = l#?ﬁ?f(al(t) — M, Cl(t))a

K5 :ltle}«gIolof (MgCQ(t) — M22_mb2(t)) s

gmrﬂhw@m+Mmm+wmww

t+T1+T72

t+71
/ bl(l)dl 7M1b1(t+7'2) bl(l)dl:|

t+T7o

t+13
— o) M [1 + M, / bg(l)dl} :
t

gg(t) = |:b2(t) — (ag(t) + M2b2(t) + M1M4 7101(25)) X

t+273

t+73
/ b (l)dl — Msbsy (t + T3) bg(l)dl] R
t

t+13

93(t) = ca(?) [Mg — M M, /t o bg(l)dl} ,

t+7T1+72
ga(t) = Ber(t + 72) [1 + Miby(t + 72) / bl(l)dl] ,
t

+72
Gi(t) =ga(t) + (1 — m)M5"">gs(t) — mM;" " ga(1),
Ga(t) =g2(t) + (1 — m)M" "2 g3(t) — mM" " ga (1),
G3(t) =g2(t) + (1 — m)M" g5 — mM"~ ga(t),

where (3 is a given positive constant.
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II. LEMMAS AND DEFINITIONS
In this section, we give some important lemmas and defini-

tions, which will be used in next sections.

Lemma 2.1. ( See [19]) If @ > 0,b > 0 and 2(t) > (<
Yb—az(t) for t = 0, 2(0) > 0, then the following inequality
holds

0> (91 + (50 - ¥ )ep(-at)

or

Q|

b
lminfy(t) > —, li 1) <
lim inf y(t) > — gigopy()

Lemma 2.2. ( See [20], [21]) Ifa >0, b> 0,7 >0, fort €
R, and y(t) < y(t)(b—ay(t—7)), then there exists a constant
T > 0 such that

b
y(t) < — exp{b7} fort >1T.
a

Lemma 23. Ifa >0, b >0, 7 >0, fort € R, and
y(t) = y(@)(b — ay(t — 7)), and limsup, . y(t) < M,
then

lim inf y(¢) > min {b exp{(b — aM)7}, b} )
a a

t—+o00

The proof is similar to that of [20] and [21], so we omit it
here.

Definition 2.1. System (PP) is said to be permanent if there
exist positive numbers M > m such that any positive solution
of (PP) satisfying
m < liminf{z(¢),y(t)} < limsup{z(t),y(t)} < M.
t——+oo

t——+o00

Definition 2.2. System (PP) is called globally attractive, if
Jlim(2(t) = zo(t)] + [5(t) — wo(t)]) =0,

for any two positive solutions (z(¢),y(t)) and (xo(t),yo(t))
of system (PP).

III. PERMANENCE AND POSITIVE PERIODIC SOLUTIONS

In this section, the permanence of the (PP) model is dis-
cussed. Some sufficient conditions are presented for it.

Theorem 3.1. If K; > 0 and K3 > 0, then system (PP) is
permanent.

Proof. Suppose that (x(t),y(t)) is any positive solution of
system (PP). We first estimate the eventually upper bounds of
the positive solution (z(t), y(t)) of system (PP). From the first
equation of model (PP), we get

i(t) < z(t) (aff —bla(t—m)),

it follows from Lemma 2.2 that there exists constant 77 > 0
such that
.Z’(t) < My for t > 1Tj.
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Similarly, from the second equation of system (PP) we can
get
§(t) <y™(t) (5 My —az y'=™(1))
i.e.,
d(y'~™(t))
dt
The above inequality and Lemma 2.1 yield

< (1—m) (S My —al y'=™(t)) fort>Ty.

U U

_ cs M _ cs M

Yyt () < ZaL1+[ 0" = 2aL1}eXp{(m1)c[2jM1t},
2 2

which yields
limsup y(t) < Mo. (1)

t——+o0

We now estimate the eventually lower bounds of the positive
solution (z(t),y(t)) of the system. From (1) and the first
equation of model (PP) we get

i(t) = 2(t) (a1 (t) — et (M3" — bzt — 7)), t — +o0.
It follows from K7 > 0 and Lemma 2.3 that

. B
1t1£I>14}Iolof x(t) = Ms.
On the other hand, the second equation of system (PP) yields
g(t) = y™ (1) (c2(t)Ms — b2(t) M5~ — ajy' ~™(1))
as t — +o00. Thus Lemma 2.1 and K> > 0 yield
liminf y(t) > My.

t——+oo
The proof is now finished. [ |
If all coefficients in model (PP) are continuously periodic

functions, i.e., it is a periodic system, then Theorem 3.1 and
the Brouwer fixed point theorem yield the following result.

Theorem 3.2. If model (PP) is an w-periodic system, then
Theorem 3.1 yields that the w-periodic model (PP) has at least
one positive w-periodic solution.

IV. GLOBAL ATTRACTIVITY

In this section, we will present some sufficient conditions
for the global attractivity of model (PP). Assume that all
conditions in Theorem 3.1 hold, and § can be chosen freely
in RT.

Theorem 4.1. If g > 0 and ltiglJrigcf{gl(t), Gi(t)} > 0,
then system (PP) is globally attractive.

Theorem 4.2. If g§ < 0 and 1tim+inf{gl(t), Ga(t)} > 0,
— 100
then system (PP) is globally attractive.

Theorem 4.3. If g < 0 < ¢¥ and ltimjénf{gl(t)7 Gs(t)} >
0, then system (PP) is globally attractive.

The proofs of the above theorems are similar, thus we only
present the complete proof of Theorem 4.1.

Proof. Suppose that (x(t),yo(t)) and (z(t),y(t)) are any two
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positive solutions of system (PP), by Theorem 3.1 one know
that there exists positive constant 7" such that

<yo(t),y(t) <

Define the Lyapunov functional by

M3 < .Io(t),l‘(t) < My, My My fort >1T.

V(t) = Vi(t) + Va(t) + Va(t) for t > T,
where
Vilt) = BlIn(t) — Inao(6)] + [ y(t) — Ingo(t)
Va(t)
5[ el +ml™(s) - s (o)lds

t—To

t+71 t
+ ﬂ/t /l_ bl(l)(al(s) + Mlbl(s) + Mgmcl(s))
t+711 t
« |2(s) — zo(s)|dsdl +ﬂM1/t /l_ﬁ by (1)bi ()

thr gt
X |z(s — T2) —xg(s—Tg)\dsdl—l-ﬂMl/ /

l T1
x by (1)b1(s)e1(s)|y™ (s — 12) — yi' (s — 72)|dsdl

t+7‘3
/ /bz )(s) — vo(s)]
lT3

x (az(s) + Maba(s) + M1 My* " ei(s))dsdl

t+ry  pt
+ Moy / / ba(D)ba(s)|y(s — m3) — yo(s — 13)|dsdl
t l—73

14713 t
MM / / ba(D)ea(s)|y™(s)
t l—T13

t+713 t
+ MM / / bo(1)ea(s)](s) — zo(s)|dsdl
t l—73

— gy (s)ldsdl

and

s+T1+T2
=M / / b1(1)b1(s + 72)|x(s) — xo(s)|dlds
t—T1o Js

+72

s+T1 +T2
! /t T /+7-
2 JS 2

x |y™( s)|dlds

9—0—27‘3
+ M, / /
t—713 Js+73

Computing its Dini derivative along system (PP), we have
D*Vi(t)|(pp)
= Bbr(®)](t) — zo(t)] = ba(t) y(t)

/t_ (9(s) — do(s))ds
+ Ber(Dly™ (= ) — it — )]
(0| [ (@) = do(o)ds

+ea(t)sgn(y(t) — yo(t) (x(H)y™ 1 (8) — wo(t)yg " (1))
@

(Db1(s+ 72)c1(s + 72)

(Db2(s + 73)|y(s) — yo(s)|dlds.

— yo(t)]

+ ba(2)
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Meanwhile, we have

sgn(y(t) — yo(t))(z (t)ym‘l(t) —zo(t)yg' (1))

< — 2™ (1) — g O]+ 4 (O)2(t) — wo(t)] D
and
/t_ (#(s) — do(s))ds
- / () = wols)) s (5) — ba()o(s — 1))
— () (5 — ) ds @
" / £(5) {1 (5) (@o(s — 1) — (s — 7))
er(5) (5 — ™) — 4™ (5 — 7)) }ds
and
/t () — dols))ds
= [ ) = () =aals) = ba(shan(s = )
+eals)rolty ™ (6)ds s
— [ b ats = m) =l = mo)s
+ / sy ) ) — )
+ 51 (5)(2(s) — o (5)))ds.
Substitution of (3), (4) and (5) into (2) yields
D*Vi(t)|(pp)
< (ealt) MF1 — Bbu(8)) |(t) — zol0)
Cba(®)y(t) — wo(t)] — Msealy™ (1) -y (2)]
+ Ber(t) [y™(t — o) — yo' (t — 12)
om0 [ Ja(e) = auls)
x (a1(s) + Mybyi(s) + M3 ci(s))ds
LM / (b1(5)|wo(s — 71) — (s — 71)]
F e (s m) s - m))ds)
o] [ 106 = )
x (az(s) + Myby(s) + My M ey (s))ds
My / ba(5)[y(s — 73) — yo(5 — 73)ds
+ My M, /ti 02(8)‘ym_1(5) - y?*l(S)lds
+ MMt /ti ca(s)]x(s) — xo(s)|ds}.
” 6)
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Note that

V3 (t)

= Ber(t+72)ly™ (s) — yo' (1]

= Ber(®)]y™ (t = 72) = yo' (t = 72)|
+ B(ar(t) + Mabi(8) + My i (1))

t+71
« / b (1)dl |2(t) — z0(2)]

— 601 (1) (a1(s) + Mybi(s) + M c1(s))

t—71

X |x(s) — xo(s)|ds

t+T11
+6M1b1(t)/t bl(l)dl|[17(t_7—2)_iUQ(t_TQ)‘
t+711
+ BMicr ()b (t) / bi(Ddlly™ (t — 72) — yg' (t — 72)|

= AMb(e) [ (le(s — )~ wols o)

- en()ly™ (s — 72) — g (s — 7))
+ (az(t) + Mgbg(t) + MlMin_lCl(t))

t+73
x / ba(1)dl [y (t) — o (1)]
b (t) / 19(s) — y0(5)|(a2(s) + Maba(s)

t—73

+ MM ey (s))ds

t+T13
#Mabaft) [ baaly(t — )  olt — )

— Maba(t) / ba(3)ly(s — 75) — wols — 73)|ds

t—13

t+73
+ M Maes(t) / ba(Dl]y™ 1 () — 5 (2)]
t

— M M, / ba(Dea(s)ly™ 1 (s) — ygn_l(s)|ds

t—T
L : t+713
MM en(t) [ baO) o) (e
t

t

— Mo M thy(2) ca(s)|x(s) — xo(s)|ds

t—T73

)
and
V3(t)
t+711+72
o [ b+ (o) - wo(t)
t+T1o
+e(t+7)y™ () —yo' (D)])dl
t+711
M0 [ D (falt ~ ) —anlt - g
t
+a(t)y™(t — 1) —yp'(t — m2)|)dl
t+273
FMaba(ttm) [ ba@dily(o) — wnle)
t+73
t+73 "
~Maba(t) [ badlly(t — ) = ot~ 7).
t
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From (6)-(8), we obtain

DYV (t)

=DFVi(t) + V5 (1) + V5 (1)

<

N

429

(ca(t)y M3*~1 = Bby(t)) |2(t) — 2o(t)|
— ba(t)|y(t) — yo(t)| — Maea(t)ly™(£) — v~ (1)
+ Ber(t +72)|ly™ (t) — vy ()]

+ B(ai(t) + Mybi(t) + M3 e (1))

t+711
< [ () - ao(t)
+ (ag(t) + Mgbz(t) + M1M517101 (t))

t+13
< / ba(1)dl [y(t) — yo(t)|
t
t+711+72

+5M1b1(t+7'2) . bl(l)dl(|m(t) —.Cl]o(t)‘

et +72)ly™ () —yo' (1)])

t+273

+ Mby(t + 73) ba(D)dl |y(t) — yo(t)]

t+713

t+73
+ My Maes(t) / ba(Ddlly™ (t) -y~ (1)
t+713
+M2Mz;**1c2(t)/ bo(1)dl |z(t) — x0(t)]
- (ﬁbl(t) ot MZ — Ban(t) + Miba(2)

t+711

+M§”cl(t))/ by ()dl — My M eq(t)
t

t+11+72

t+73
></t bg(l)dl*ﬂMlbl(t+T2)/t

+72

bl(l)dl>
X |x(t) — zo(t)] — [bz (t) — (a2(t) + Ma2b2(2)

t+T13
+ My M ey (1)) / bo(1)dl — Mabo(t + 73)

t+273
y / bgmdz} y(t) — wo(2)]

+73

~ext) (M5~ 2t o b)) 157 0) = )

t+711+72
+ﬂcl(t+72) (1+M1l)1(t+7’2)/ bl(l)dl>
t+T1o

X [y™ (1) = yg' (1))
—1()|z(t) = zo(t)| — g2(D) |y (t) — yo(t)]

=gy MO =y T O+ ga®ly™ (1) — w5 (D)]-
9
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In view of g > 0 and g > 0, we get from the mean value
theorem that

ga®ly™ () = y5" (O] < mM" " ga(O)]y(t) = yo(t)], (10)

gs(O)ly™ () —yg (1) = (1—m) M3 2g3(t)|y(t) —yo(t)-
(11)
Combination of (9)-(4.11) yields

DYV (t)
<= g1)]z(t) — zo(t)] — (92(t) +
—mM" " ga())y(t) = yo(t)]-

It follows from assumptions that there must exist two positive
constants \ and ~ such that

(1 —m) M3 2gs(t)

DYV (t) < =Ala(t) = @o(t)] = v |y(t) — yo(t)| fort>T.
Thus, V(t) is non-increasing on [0,+00). Integrating the
above inequality from 7" to ¢t we obtain

¢ t
VO [ 120 - aofolde + [ 1u0) - vo(0)] d
T T
<V(0) < +oo for t > T.
By applying Barbalat’s Lemma [22], we have
Jim_ ()~ wo(t)| =0 and lim_[3(®) = yo(t)| = 0.
The proof is now finished. [ |

Remark 1. It follows from the mean value theorem and ggU <
0 that

gy (1) =g (B)] = (L—m) M2 g5(£)]y(t) —yo(t)]-
(12)

If (11) is replaced by (12), then the proof of Theorem 4.2 is
obtained immediately. Similarly, in view of gZ < 0 we have

gy M) =y T O] = (1= m) Mg [y(t) — yo(t)],

which yields that Theorem 4.3 holds.

V. EXAMPLES AND SIMULATION
In system (PP) we let

a1 (t) =12+ 0.01sint, by (t) = 6, ¢1(t) = 0.3 4 0.29sint,

as(t) =5 —0.01sint, ba(t) = 3.4, co(t) = 1.2+ 0.1sint.
Example 5.1. Take 7y = 0.01, 7, =0, 73 = 0.1 and m =
1/3, and choose 3 = 2. We obtain

M, = 2.25709856, Mo = 0.450910134, K = 11.55757282,
Ms = 1.88840248, Ky = 1.175749967, M, = 0.113688327,
gF = 0.86559480, ¢g& = 1.696604746, G¥ = 0.735131706.

According to Theorems 3.1 and 3.2 we claim that the
system is permanent and has 27-periodic positive solution,
and according to Theorem 4.1 we assert that the system is

International Scholarly and Scientific Research & Innovation 7(3) 2013

globally attractive, see Figure 1 for more details.
()

2.1

2.05

Prey

1.95

19

185 . . . .
0

0.35

0.3 1

Predator

02 . . . .
0 2 4 6 8 10

Figure 1. Evolution of the solutions of Example 5.1 with initial values:
(o(t),9(t)) = (1.9,0.24;1.95,0.3;2,0.2; 2.1,0.24), Vt € [-1,0].

Example 5.2. Let 74 = 0.01, 79 =0, 73 = 0.1 and m = 0.9
and $ = 1. We obtain

M, = 2.2570986, My = 0.004942348, K, = 11.98991596,
Mz = 1.9675316, Ky = 2.154403597, M, = 0.000216219,
g =0.6258010, ¢g& = 2.160112597, G¥ = 75.95693025.

One can see from Figure 2 that the prey and predator are
permanent, which is the same as Example 5.1.

@
21

2.05 b

2
1.95% b

191 J

Prey

1.85 . . . .
0

Predator

Figure 2. Evolution of the solutions of Example 5.2 with initial values:
(o(t),%(t)) = (1.9,0.5€-3; 2,0.2e-2;1.95,0.1e-2; 2.1, 0.24e-2), Vt €

[~1,0].

Example 5.3. Let 74 = 0.01, 79 =0, 73 = 0.1 and m = 1.
We see from Figure 3 that the predator is extinct finally.
Comparison of Examples 5.1, 5.2 and 5.3 yields that the
mutual interference constant m can influence the permanence
of the predator. But it doesn’t influence the permanence of the
prey, which is only dependent on the coefficients a1, by and c;.
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@)

21

2.05 1

1.95

Prey
N
—

1.85 I I I I

x 107 (b)

2 4
1 4
n PR E— I

0 2 4 6 8 10
t

Predator

Figure 3. Evolution of the solutions of Example 5.3 with initial values:
(o(2),(t)) = (1.9,0.5e-6; 2,0.2e-6; 1.95, 0.1e-6; 2.1, 0.24¢-6), Vt €

[-1,0].

Example 5.4. In this example we consider the special case
that m; = 73 = 0, m = 1/2,8 = 1 and 75 = 0 and 100,
respectively. By calculating we have

M, = 2.00166667, My = 0.271937517, K; = 11.70232898,
Ms = 1.95038816, Ky = 1.663276495, My = 0.110218234,
g =2.08423493, gk = 2.145426980, GT = 10.94943628.

Comparison of Figures 4 and 5 shows that the delay 75 has
no intrinsic influence on the permanence of the species in
these examples. In fact, it follows from b, (t) = 6 that g1, g2
and g3 are independent of the delay 75.

(CY
25 ‘

Prey
N

(b)
0.35 ‘

0.3f 1

0.25 J

Predator

0.15 J

01 . . . . .
0 5 10 15 20 25 30

t

Figure 4. Evolution of the solutions of Example 5.4 with 7o = 0 and initial
values: (¢(t),(t)) = (1.5,0.3;2.5,0.1;1.5,0.1; 2.5,0.3), vt € [—1,0].
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2.5 T

Prey
N

15 . . . . .
0 5 10 15 20 25 30

0.35 T

Predator

Figure 5. Evolution of the solutions of Example 5.4 with 72 = 100 and
initial values: (¢(0),4(0)) = (1.5,0.3;2.5,0.1;1.5,0.1;2.5,0.3), V¢t €

[~1,0].

VI. CONCLUSIONS

In this paper we study a predator-prey model with mutual
interference and delays. By applying the comparison theorem
and constructing suitable Lyapunov functional we present
some sufficient conditions for the permanence and global
attractivity of the model. The results obtained are both delay-
dependent and mutual interference-dependent. Some interest-
ing phenomenons are found.

Conclusion 1. If m = 1, that is there is no mutual
inference between the prey and predator, then from figure 6
one can easily see that the prey is permanent but the predator
is extinct eventually. So the mutual interference can effect
the population of the predator. In the real world we must
consider the predator-prey model under the influence of mutual
interference.

Conclusion 2. One can see from the formula of g¢;,i =
1,2,..,4 that the delays 7 and 73 can not only influence the
permanence of the model (PP) but also the global attractivity
of the model. In order to guarantee the permanence and global
attractivity of the model (PP), the delays 7 and 73 should be
small enough.

Conclusion 3. Theorem 3.1 yields that the delay 7, doesn’t
influence the permanence of the model (PP). Furthermore, we
claim that the delay 75 has no essential influence on the global
attractivity of the model (PP).

Actually, if 77 = 73 = 0, then Theorem 3.1 is delay-
independent. Moreover,

gi(t) = Bbi(t) — My" 'ea(t), g2(t) = ba(t),
g3(t) = Mzca(t), ga(t) = Bei(t + 72).

Obviously, ggL > 0. If ¢(t) =const., then Theorems 4.1-4.3
are also delay-independent.
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