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Soft connected spaces and soft paracompact spaces

Fucai Lin

Abstract—Soft topological spaces are considered as mathematical
tools for dealing with uncertainties, and a fuzzy topological space
is a special case of the soft topological space. The purpose of this
paper is to study soft topological spaces. We introduce some new
concepts in soft topological spaces such as soft closed mapping, soft
open mappings, soft connected spaces and soft paracompact spaces.
We also redefine the concept of soft points such that it is reasonable
in soft topological spaces. Moreover, some basic properties of these
concepts are explored.
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I. INTRODUCTION

HE real world is too complex for our immediate and
direct understanding, for example, many disciplines,
including medicine, economics, engineering and sociology,
are highly dependent on the task of modeling uncertain
data.Since the uncertainty is highly complicated and difficult
to characterize, classical mathematical approaches are often
insufficient to useful models or derive effective. There are
some theories: the theory of rough sets [10], the theory of
vague sets [2] and the theory of fuzzy sets [13], which can be
regarded as mathematical tools for dealing with uncertainties.
However, all these theories have their own difficulties. The
main reason for these difficulties is, possibly, the inadequacy
of the parametrization tool of the theory as it was mentioned
by Molodtsov in [6]. In [6], Molodtsov introduced the concept
of a soft set in order to solve complicated problems, and
then Molodtsov presented the fundamental results of the new
theory and successfully applied it to several directions such as
operations research, game theory, Riemann-integration, theory
of probability, smoothness of functions, Perron integration etc.
A soft set is a collection of approximate descriptions of
an object. In [6], Molodtsov also proved how soft set theory
is free from the parametrization inadequacy syndrome of
probability theory, rough set theory, game theory and fuzzy set
theory. Soft systems provide a very general framework with
the involvement of parameters. Hence research works on soft
set theory and its applications in various fields are progressing
rapidly. Recently, Shabir and Naz [11] have introduced the
notion of soft topological spaces which are defined over an
initial universe with a fixed set of parameters. Then some
authors has began to study some of basic concepts and
properties of soft topological spaces, see [3], [5], [11], [8],
[12]. In particular, Akdag, Zorlutuna, Min and Atmaca [12]
proved that an ordinary topological space can be considered
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a soft topological space, and that a fuzzy topological space is
a special case of the soft topological space. Of course, a soft
topological space is not certain an ordinary topological space.

In the present study, we introduce some new concepts in
soft topological spaces such as soft closed mapping, soft open
mappings, soft connected spaces and soft paracompact spaces.
We also redefine the concept of soft points such that it is
reasonable in soft topological spaces.

II. PRELIMINARIES

Definition 2.1: [6] Let U be an initial universe and F be
a set of parameters. Suppose that P(U) denotes the power
set of U and A is a non-empty subset of E. A pair (F, A)
is called a soft set over U, where F' is a mapping given by
F:A—PU).

In indeed, a soft set over U is a parameterized family of
subsets of the universe U. For a particular e € A, F'(e) may
be considered the set of e-approximate elements of the soft
set (F, A).

Definition 2.2: [7] For two soft sets (F', A) and (G, B) over
a common universe U, (F'; A) is a soft subset of (G; B), de-
noted by (F, A)C(G, B), if AC Band e € A, F(e) C G(e).

(F, A) is called a soft superset of (G, B), if (G, B) is a soft
subset of (F, A), (F, A)2(G, B).

Definition 2.3: [7] Two soft sets (F, A) and (G, B) over a
common universe U are said to be soft equal if (F,A) is a
soft subset of (G, B) and (G, B) is a soft subset of (F, A).

Definition 2.4: [4] The complement of a soft set (F, A),
denoted by (F, A)¢, is defined by (F,A)c = (F<,A), F° :
A — P(U) is a mapping given by F(e) = U — F(e) for
arbitrary e € A. F¢ is called the soft complement function
of F. Obviously, (F€)¢ is the same as F' and ((F, A)°)¢ =
(F,A).

Definition 2.5: [7] A soft set (F, A) over U is said to be a
NULL soft set denoted by () if for each e € A, F(e) = ((null
set).

Definition 2.6: [7] A soft set (F, A) over U is said to be
an absolute soft set, denoted by Uy, if e € A, F(e) =U.

Obviously, ones have UG = 04 and 04 = Uga.

Definition 2.7: [7] The union of two soft sets (F, A) and
(G, B) over the common universe U is the soft set (H,C),
where C'= AU B and for arbitrary e € C,

F(e), ifeec A\ B,
H(e) =< G(e), ifee B\ A4,
Fe)UG(e), ifee ANB.

Definition 2.8: [9] The intersection of two soft sets (F, A)
and (G, B) over the common universe U is the soft set (H, C),
where C'= AN B and for each e € C, H(e) = F(e) N G(e).
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Note In order to efficiently discuss, we consider only soft
sets (F, E') over a universe U in which all the parameter set £
are same. We denote the family of these soft sets by SS(U) g.

Definition 2.9: [12] Let I be an arbitrary index set, and let
{(F}, E)}i € I be a subfamily of SS(U)g.

1) The union of these soft sets is the soft set (H,FE),
where H(e) = U;erFi(e) for every e € E. We write
Uier(Fy, E) = (H, E).

2) The intersection of these soft sets is the soft set (M, E),
where M(e) = NierFi(e) for every e € E. We write
Nier(F;, E) = (M, E).

Definition 2.10: [11] Let 7 be a collection of soft sets over

a universe U with a fixed set E of parameters, then 7 C
SS(V)g is called a soft topology on U with a fixed set E if

1) Og,Ug belong to T;

2) the union of arbitrary number of soft sets in 7 belongs
to 7;

3) the intersection of arbitrary two soft sets in 7 belongs
to 7.

Definition 2.11: Let (U, F1, E) and (U, F2, E) be two soft
topological spaces over U. If F; C Fj, then we say that
(U, Fs, E) is finer than (U, Fy, E) or (U, F1, E) is coarser
than (U, Fo, E). If 71 C F» and F; # Fo, then we say that
(U, Fa, E) is strict finer than (U, F1, E) or (U, Fi, E) is strict
coarser than (U, Fo, E).

Note: The soft indiscrete space is the coarsest soft topology,
and the soft discrete pace is the finest soft topology.

Definition 2.12: [12] A soft set (G, E) in a soft topological
space (U, 7, E) is called a soft neighborhood of the soft
set (F,FE) if there is a soft open set (H,FE) such that
(F,E)C(H,E)C(G, E).

Definition 2.13: Let (U, 7, E) be a soft topological space,
and let (G, E) be a soft set over U.

1) The soft closure [11] of (G, E) is the soft set (G, F) =

N{(S,E) : (S, E) is soft closed and (G, E)C(S, E)};

2) The soft interior [12] of (G, E) is the soft set (G, E) =
U{(S,E) : (S, E) is soft open and (S, E)C(G, E)}.

Definition 2.14: The soft set (F, E) € SS(V)g is called a
soft point in Ug if there exist z € U and e € E such that
F(e) = {z} and F(¢') = 0 for each ¢’ € E — {e}, and the
soft point (F, E) is denoted by e,.

Theorem 2.15: Let (U, T, E)) be a soft topological space. A
soft point e, €(A, E) if and only if each soft neighborhood of
e, intersects (4, E).

Proof: Necessity. Let a soft neighborhood (B, FE) of
e, disjoints from (A, E). Without loss of generality, we
may assume that (B, E) is soft open. Then (B, E)° is soft
closed and contains (A, E), and hence (A, E)C (B, E)°. Since
e2€(B, E)°, we have ¢,€(A, E). .

Sufficiency. Let e, (A, E). Then (A, E) is a soft open
neighborhood of e, and disjoints from (A, F), which is a
contradiction. [ ]

Readers may refer to [7], [9], [11], [12] for notations and
terminology not explicitly given here.

III. SOFT OPEN AND SOFT CLOSED MAPPINGS

Definition 3.1: [5] Let SS§(U) 4 and SS(V)p be families
of soft sets. Let v : U — V and p : A — B be mappings.
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Then a mapping fp, : SS(U)a — SS(V)p is defined as:

(1) Let (F, A) be a soft set in SS(U) 4. The image of (F, A)
under fp,, written as fp,(F, A) = (fpu(F),p(A4)), is a soft
set in SS(V) g such that

Uxepfl(y)ﬁAu(F('r))a pil(y) nA 7& ®>
Fou(F)(y) € { 0, otherwise .
for all y € B.

(2) Let (G,B) be a soft set in SS(V)p. Then the in-
verse image of (G, B) under f,, written as f,.!(G,B) =
(fpu (G),p'(B)), is a soft set in SS(U) 4 such that

_ u_1 G(p(z s X 37
fpul(G)(x) 6{ 0, (Gl gt(he)rvevise.

for all z € A.

Definition 3.2: Let (U, T, A) and (V, 7%, B) soft topological
spaces. Let u : U — V and p : A — B be mappings. Let
fou : SS(U)a — SS(V)p be a function.

(1) The function f,,, is soft continuous [12] if f;;ul (H,B) €
7 for each (H, B) € 7*.

(2) The function f,, is soft open if f,,(G,A) € 7 for
each (G, A) € 7.

(3) The function f,, is soft closed if f,,,(G, A) is soft closed
in (U, 7, A) for each soft closed set (G, A) in (V,7*, B).

(4) The function f,, is soft homeomorphism if if fp, is an
onto, one to one, soft continuous and soft open mapping.

Remark 3.3: (1) The soft continuous mappings may not soft
closed and soft open.

(2) The soft closed and soft open mappings may not soft
continuous.

Example 3.4: Let U = V be an initial universe set, and
A be the set of parameters. Suppose that (U, 7, A) is a non-
discrete soft topological space, and that (V,7*, A) is the
soft discrete topology. Then the identical mapping iy from
(U,,A) to (V,7*, A) is soft open and soft closed. However,
it is easy to see that ix is not soft continuous. Moreover,
the identical mapping ¢y from (V,7*, A) to (U, 7, A) is soft
continuous. However, it is easy to see that i x is not soft open
and soft closed.

Theorem 3.5: Let (U, 7, A) and (V,7*, B) be soft topolog-
ical spaces. Let w : U — V and p : A — B be onto
mappings. Let fp, : SS(U)a — SS(V) g be a function. Then
the following are equivalent:

1) fpu is soft open;

2) For each soft set (G,A) over U, we have
fpu((G, A)°)E(fpu(G, A))%
3) For each soft set (F,B) over V, we have

£ ((F, B)C £y (F, B;

4) For each soft point e,,€U 4 and each soft neighborhood
(U,E) at e, over U, fp, (U, E) is a soft neighborhood
at soft point f,(e;) over V.

Proof: (1) = (2). Obvious, fpu((4, E)°)Cfpu(A, E),
and since fyu((A,E)°) is soft open by (1), we have
Fou (A, E))E(F (A, B)).

(2) = (4). Let (U, E) be a soft neighborhood at a
soft point e,. Then we have e,€(U, E)°. By (2), we have
Jpu(ez)E(fpu(U, E))°. Therefore, f,,(U, E) is a soft neigh-
borhood at point f,,(e;) over V.
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(4) = (3). Let e, € f,,' ((F, B)). Then fpy (e, )€(F, B). Let
(H, A) be an arbitrary soft neighborhood at soft point e,. By
4), fpu((H, A)) is a soft neighborhood of f,,(e;), and hence
fou((H, A))O(F, B) # 0 by Theorem 2.15. Then there exists
a soft point e, €(H, A) such that fp,(e,/)E(F, B), and thus
e €[, (F, B). Then (H, A)Nf, ! (F,B) # 0, and therefore,
engp]l(F,B). - -

(3) = (2). Since (G,A)°C(G, A)C Sy (fpu(G, A)) and
(G, A)° is soft open, we have (G, A)°C[f;. (fpu(G,A))]°.
Obvious, we have

o (Fou( G AN = [fod (fou(G, A))]E

and

[fou (fpu( G AN = [fpu ([fpu(G, A)]))°
since [ £, (fpu(G, A))]° = fo! ([fpu(G, A)]°). Then
Ul (G AN CL ! ([fou (G A

Therefore, it is easy to see that

Foul(G AV fypu([f ([ (G, A))])
= fou(fou ([fru(G, A))°)
Cfpu(G, A))°
= (fpu(G, A))°.

(2) = (1). Let (G,A) be a soft open set. Then
(G,A) = (G,A)°. By (2), we have f,,(G,A) =
Fou((G, A)°)C(fou (G, A))°, that is, f,.,(G, A) is soft open.
Therefore, f,, is a soft open mapping. |

Theorem 3.6: Let (U, 1, A) and (V,7*, B) soft topological
spaces. Let u : U — V and p : A — B be mappings. Let
fpu : SS(U)a — SS(V)p be a function. Then the following
are equivalent:

1) fpu is soft closed;

2) For each soft set

fou(G,A) S fpu((G, A)).

Proof: (1) = (2). Since fou(G,A)Cfu((G,A))
and  fpu((G,A)) is soft closed over V, we have
T (G A)C £ (G A)).

(2) = (1). Let (G, A) be a soft closed set over V. By (2),
we have

(G, A) over U,

Fou( G A fpu((G, A)).

Since (G,A) = (G,A), f((G,A)Cf(G,A), and thus
f(G, A) is a soft closed set over V. [ |
The proof of the following proposition is an easy exercise.
Proposition 3.7: Let (U,7,A) and (V,7*, B) soft topo-
logical spaces. Let w : U — V and p : A — B be
mappings. Let f,,, : SS(U)a — SS(V)p be a function. Then
£ (B, E)S(A, B) if and only if (B, E)Z(fpu((A, E)*))".
Theorem 3.8: Let (U, T, A) and (V,7*, B) soft topological
spaces. Let w : U — V and p : A — B be mappings.
Let fpy : SS(U)a — SS(V)p be a function. Then fp, is
soft closed if and only if, for each soft point e, in V5 and
each soft open set (F, E) with fp_ul(ey)i(F7 E) in Ug, there
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exists a soft open set (W, B) in Vg such that e, €(W, B) and
Fl (W, BYE(F, E).

Proof: Necessity. Let f,, be a soft closed mapping. For
each soft point e, in Vp and each soft open set (F, E) with
Fke,)C(FE) in Ug, we put (W, B) = (fpu((F, E)*))".
Then (W, B) is soft open. By Proposition 3.7, we have
e,€(W, B) and f,(W, B)C(F, E).

Sufficiency. Let (G, E) be a soft closed set in Ug. Take ar-
bitrary soft point e, € (f,u(G, E))°. Then f;.}(e,)C(G, E)°.
By the assumption, there exists a soft open set (W, B) such
that e, €(W, B) and f,,}(W, B)C(G, E)°, and hence (W, B)
is a soft neighborhood of e,. By Proposition 3.7, we have
(W, B)Nfpu(G, E) = 0, and thus f,,, (G, E) is soft closed.

IV. SOFT CONNECTED SPACES

Definition 4.1: Let (U, 7, F) be a soft topological space,
and (Fi1,E),(F2, E) be two soft sets over U. The soft
sets (F1,FE) and (F3,E) are said to soft separated if
(Fl, E)ﬁ(Fg, E) = @ and (Fl,E)ﬁ(FQ, E) = Q)

Remark 4.2: Two disjoint soft open sets over U may not
be a soft separated.

Example 4.3: Let U = {h1, ha, hs}, E = {e1,e2} and

T = {Q)yUEa(F17E)7(F27E)7(F3aE)7(F47E)’(F57E)7(F67E)}

are soft sets over U, defined as follows:
Fi(e1) = {ha}, Fi(e2) = {h};

Fy(e1) = {hs}, Fa(e2) = {ha};
F3(e1) = {ha, h3}, F3(ez) = {h1, ha};
F4(61) = {hl,hg}, F4(62) = U;
F5(€1) = {h1,h2}, F5(€2) = {h1,h3};

Fg(er) = 0, Fg(e2) = {ha}.

Then 7 defines a soft topology on U and hence (U, T, E)
is a soft topological space over U. It is easy to see that
(F1, E)N(Fy, E) = (). However, (F1,E) = (Fs, E), and
hence (Fy, E)N(Fy, E) # 0.

Definition 4.4: Let (U, T, F) be a soft topological space.
If there exist two non-empty soft separated sets (F3, E) and
(Fy, E) such that (Fy, E)U(Fy, E) = Ug, then (Fy, E) and
(Fy, E) are said to be a soft division for soft topological space
(U, 7, E). (U,T,E) is said to be soft disconnected if (U, T, E)
has a soft division. Otherwise, (U, T, E) is said to be soft
connected.

It is easy to see that each soft indiscrete space is soft
connected, and that each soft discrete non-trivial space is not
soft connected.

Theorem 4.5: Let (U,7,E) be a soft topological space.
Then the following conditions are equivalent:

1) (U, 7, E) has a soft division;

2) There exist two disjoint soft closed sets (Fi, E) and

(Fy, E) such that

(FlaE)O(F27E) = UEa

3) There exist two disjoint soft open sets (Fi,FE) and
(Fy, E) such that

(FlaE)O(F2>E) = UEa
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4) (U, T, FE) has a proper soft open and soft closed set in
U.

Proof: (1)=-(2). Let (U, 7, E) have a soft division (F}, E)
and (Fy, F). Then

(F1, E)N(F, E) =0

and

(F1, E) = (F1, E)Q((Fy, E)O(Fy, E))

= ((Fy, E)N(Fy, E))U((Fy, E)N(F, E))
= (FlvE)

Therefore, (F1, E) is a soft closed set in Ug. Similar, we can
see that (Fy, E) is also a soft closed set in Ug.

(2)=(3). Let (U,7,F) has a soft division (Fy,FE) and
(Fy, E) such that (Fy, E) and (Fy, E) are soft closed. Then
(F1,E) and (Fy, E)' are soft open sets in Ug. Then it is easy
to see that (F1, E)N(Fy, E) = 0 and (Fy, E)'U(Fy, E)' =
Ug.

(3)=(4). Let (U, T, E) have a soft division (Fy,E) and
(Fy, E) such that (Fy, E) and (F3, E) are soft open in Ug.
Then (F1, E) and (F», E) are also soft closed in Ug.

(4)=(1). Let (U, 7, F) has a proper soft open and soft closed
set (F,FE) in Ug. Put (H,E) = (F,E)’. Then (H, E) and
(F, E) are non-empty soft closed set in U, (H, E)N\(F, E) =
() and (H, E)U(F, E) = Ug. Therefore, (H, E) and (F, E) is
a soft division of Ug. [ |

Theorem 4.6: Let (U, 7,E) be a soft topological space.
Then the following conditions are equivalent:

1) (U,7, E) is soft connected;

2) There exist two disjoint soft closed sets (Fy, E) and

(F3, E) such that

(Fl, E)O(FQ,E) = UE;

3) There exist two disjoint soft open sets (Fj, E) and
(F3, E) such that

(Fl, E)O(FQ,E) = UE;

4) (U, T, F) at most has two soft closed and soft open sets

in Ug, that is, ) and Ug.

Note: By Theorem 4.6, the soft topological space in Exam-
ple 4.15 is a soft disconnected space since the soft set (Fy, E)
is soft open and soft closed in Ug.

Lemma 4.7: Let (U, T, E) be a soft topological space over
U and V be a non-empty subset of Ug. If (F1, E) and (Fy, E)
are soft sets in Vg, then (Fy,E) and (F,, E) are a soft
separation of Vg if and only if (Fy,E) and (F,, E) are a
soft separation of Ug.

Proof: We have

that (V, 7y, E) is soft connected. If (Fy, F) and (Fs, E) are
a soft separation of Ug such that Vg C(Fy, E)U(Fy, E), then
VeC(F1, E) or VgC(F,, E).

Proof: Since Vg C (Fy, E)U(Fy, E), we have Vi =
(VeN(Fy, E))J(VEN(Fy, E)). By Lemma 4.7, VeN\(Fy, E)
and VgN(Fy, E) are a soft separation of V. Since (V, v, E)
is soft connected, we have VgN(Fy, E) = 0 or VgN(Fy, E) =
0. Therefore, Vg C(Fy, E) or VgC(Fs, E). [ |

Lemma 4.9: Let {(Uy,mv,,E) : a € J} be a family
non-empty soft connected subspaces of soft topological space
(U, 7, E). If NaejUq # 0, then (UaesUn, Tune v, F) is a
soft connected subspace of (U, T, E).

Proof: Let V. = UaesU,. Choose a soft point
e,€Vg. Let (C,E) and (D,E) be a soft division of
(UaesUn, Tune,v., E). Then e,€(C,E) or e,€(D,E).
Without loss of generality, we may assume that e, €(C, E).
For each a € J, since (U,,7y,,E) is soft con-
nected, it follows from Lemma 4.8 that (U,)pC(C,E)
or (Uy)pC(D, E). Therefore, we have VyC(C,E) since
e,€(C, E), and then (D, E) = (), which is a contradiction.
Thus (UaesUa, Tu,c 0., E) is a soft connected subspace of
(U, 7, E). [ |

Theorem 4.10: Let {(Uy,7v,,E) : « € J} be a fam-
ily non-empty soft connected subspaces of soft topological
space (U,7,E). If U, NUg # O for arbitrary o, 3 € J,
then (UaesUa; Tu,c, 0., E) is a soft connected subspace of
(U, 7, E).

Proof: Fix an ag € J. For arbitrary 8 € J, put Ag =
UaoUUp. By Lemma 4.9, each (Ag, 74, E) is soft connected.
Then {(Ap,Ta,, E) : B € J} is a family non-empty soft
connected subspaces of soft topological space (U, 7, E), and
NgesAp = Uy, # 0. Obvious, we have Uye jUy = Uge s Ag.
It follows from Lemma 4.9 that (UncsUn, Tu,c,v.,F) is a
soft connected subspace of (U, T, E). [ |

Theorem 4.11: Let (U, 7, E) be a soft topological space
over X and (V,7y,FE) be a soft connected subspace of
(U,7,E). If VgCApC(Y,E)), then (A,74,E) is a soft
connected subspace of (U, 7, E). In particular, (Y, E)) is a
soft connected subspace of (U, T, E).

Proof: Let (C,E) and (D,E) be a soft division
of (A,74,E). By Lemma 4.8, we have ApC(C,E) or
ApC(D, E). Without loss of generality, we may assume that
ApC(C, E). By Lemma 4.7, we have (C, E)N(D,E) = 0,
and hence ApN(D, E) = (), which is a contradiction. [ |

Theorem 4.12: The image of soft connected spaces under
a soft continuous map are soft connected.

Proof: Let (U, 7, A) and (V, G, B) be two soft topological
spaces, where (U, T, A) is soft connected, and let f be a soft
pu-continuous mapping from U to V. Obvious, the restricted
mapping is soft continuous, and without loss of generality, we

(Fl,E)Vﬁ(Fg,E) = ((F, E)A\Vg)A(Fy, E) = (Fy, E)N\(Fy, EWay assume that u(U) = u(V)) and p(A) = B. Suppose that

Similar, we have

(7>, B)' A(Fy, E) = (F>, B)A(FY, E),

Therefore, the lemma holds. |
Lemma 4.8: Suppose that (U, 7, E) is a soft topological
space over Ug, and that V' is a non-empty subset of U such
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(V,G, B) is soft disconnected. By Theorem 4.6, there exists
a proper soft open and soft closed set (F, E) in V. Since f
is soft continuous, f~1((F, E)) is a proper soft open and soft
closed set in U by [12, Theorem 6.3], which is a contradiction.
|

Proposition 4.13: [11] Let (U, 7, FE) be a soft topological
space. Then the collection 7, = {F(a) : (F,E) € 7} for
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each o € E, defines a topology on U.

Remark 4.14: There exists a soft connected soft topological
space (U, 7, E) such that (U, 7, ) is a disconnected topological
space for some o € E.

Example 4.15: Let U = {hy, ho,h3}, E = {e1,ea}
and 7 = {0,Ug, (F1, E), (Fs, E), (Fs, E), (Fy, E), (Fs, E),

(Fs, E), (F7, E)} are soft sets over U defined as follows:
F1(61) ={h1,ha}, Fi(e2) =
Fy(er) = {h1, hs}, Fa(e2) = U
Fy(er) = {1}, Fs(e2) = U;
Fy(e1) = {ha, hs}, F4(€2) = U;
Fs(er) = {ha}, F5(e2) =
(61) {hg} F5 62) U
Fr(e1) =0, Fs(eq) = U. (U, 7, FE) Then 7 defines a soft

topology on U and hence (U, 7, F) is a soft topological space
over U. Obvious, (U, 7, E) is soft connected. However, (U, 1)
is discrete space, and hence (U, ;) is disconnected.
Definition 4.16: [1] Let (U,7,E) be a soft topological
space. A subcollection vy of 7 is said to be a base for 7 if
every member of 7 can be expressed as a union of members

of ~.

Definition 4.17: Let {(U* 7o, Ea) }aer be a
family a soft topological spaces. Let wus take as
a basis for a soft topology on the product space

(Iac: U Ilacr Tas Ilaer Ea)  the  collection of all
soft sets {([[oc; Fas [Iaecs Pa) ¢ There is a finit set J C
I such that (Fy, E,) = U for each a € I'\ J}.

Theorem 4.18: A finite product of soft connected spaces is
soft connected.

Proof: We prove the theorem first for the product of two
soft connected spaces (U, 71, A) and (V, 73, B). Choose a fix
point a x b € U x V. Obvious, (U x b, 71 X To|uxb, A X B) is
soft connected. For each uw € U, (uXV, 71 X Ta|yxv, AX B) is
also soft connected, and put T, = (U xb)U(ux V). Then each
(Tw, 71 X T2|1,, A X B) is soft connected Lemma 4.9. Since
axbeT, for each u € U, it follows from Theorem 4.10 that
(UuevTu, T1 X T2|UycuTus A X B) is soft connected.

The proof for any finite product of soft connected
spaces follows by induction, using the fact that
(I, Ul, [T, . 11, Ai) is soft homeomorphic with
((H;L_1 Ui) X Un, (H 11 Ti) X Tn, (H;L:_11 A;) x Ap). u

Theorem 4.19: The product of a family of soft connected
spaces is soft connected.

Proof: Let {(Uy, 7o, Eo) @ a € J} be a family of
soft connected spaces, and put U = [], . ; Ua. Take a fixed
point @ = (a,) of U. Take arbitrary finite subset K of
J, let Ug denote the subset of U consisting of all points
u = (uq) such that z, = a, for a ¢ K. By Theorem 4.18,
it is easy to see that (Uk,[[,c; Talux:[lacy Fa) is soft
connected. Let V' = U{Uk : K is finite subset of J}. It is
easy to see that V} .- By Theorem 4.11,

HQEJ Ea - UHaeJ E

(U, 11pes TasIaes Ea) is soft connected. [ |

Definition 4.20: Given a soft topological space (U, T, F),
define an equivalence relation on Ug by setting e, ~ e, if
there exists a soft connected subspace of (U, 7, F) containing
both soft points e, and e,. The equivalence classes are called
the soft components (or the “soft connected components”) of
Ug.
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Reflexivity and symmetry of the relation are obvious. Tran-
sitivity follows by noting that if Ag is a soft connected
subspace containing soft points e, and e,, and if Bg is a
soft connected subspace containing soft points e, and e, then
ApUBp is a subspace containing soft points e, and e, that
is soft connected because Ar and B have the soft point e,
in common.

Theorem 4.21: The soft components of soft topological
space (U, 7, E) are soft connected disjoint soft subspace of Ug
whose union is Ug, such that each non-empty soft connected
subspace of Ug intersects only one of them.

Proof: Being equivalence classes, the soft components
of Ug are disjoint and their union is Ug. Let Agp be an
arbitrary soft connected subspace. Then Ap intersects only
one of them. For if Ag intersects the soft components Cg
and Dg of Ug, say in soft points e, and e,, respectively, then
e,y ~ ey by definition; this cannot happen unless Cr = Dg.
Next we shall show the soft component C'g is soft connected.
Choose a soft point e, of C'g. For each soft point e, of Cg,
we know that e, ~ e,, hence there exists a soft connected
subspace L} containing e, and e,. Obvious, each LeIGCE.
Therefore, CE = Ue, ec» L% . Since the soft subspace L7 are
soft connected and have the soft point e, in common, CE is
soft connected by Theorem 4.10. [ ]

V. SOFT PARACOMPACT SPACES

Definition 5.1: Let (U, 7, E) be a soft topological space,
and A be a collection of soft sets of Ug. Then

(1) The collection A is said to be locally finite in Ug if
each soft point of U has a soft neighborhood that intersects
only finitely many elements of A;

(2) A collection B of soft sets of Ug is said to be a
refinement of A if for each element B € B, there exists an
element A € A containing B. If the elements of B are soft
open sets, we call B a soft open refinement of A; if they are
soft closed, we call B a soft closed refinement.

Proposition 5.2: Let A be a locally finite collection of soft
subsets of Ug. Then

1) Any subcollection of A is locally finite;

2) The collection B = {(F,FE) : (F,E) € A} is locally

finite;

3) Uirmyea(F, E) = Uippyea(F, E).

Proof: Statement (1) is trivial.

(2) Note that any soft open set (G, E) that intersects the
soft set (F, F) necessarily intersects (F, F). Thus if (G, E)
is a soft neighborhood of soft point e, that intersects only
finitely many elements (F, E) of A, then (F, E) can intersect
at most the same number of soft sets of the collection B.

(3) Let U pyea(F, E) = (Y,E). Obvious,
Urpyea(F, E) = (Y,E). We prove the reverse inclusion,
under the assumption of local finiteness. Let e, € (Y, E);
let (G, E) be a soft neighborhood of e, that intersects only

finitely many elements of A, say (F, E),---,(F), E). Then
e, belongs to one of the soft sets (Fy, E),- -, (Fk, F). For
otherwise, the soft set (G, E)N(U{(F1,E), -, (Fx, E)})°

would be a soft neighborhood of e, that intersects no element
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of A, and therefore it does not intersect (Y, E), which is a
contradiction with e, € (Y, E). [ |

Definition 5.3: A soft topological space (U, T, E) is soft
paracompact if each soft open covering A of Ug has a locally
finite soft open refinement B that covers Ug.

Definition 5.4: [12] A soft topological space (U,7,E) is
soft compact if each soft open covering A of Uy has a finite
subcover.

Definition 5.5: A soft topological space (U, T, E) is soft
Lindelof if each soft open covering A of Ug has a countable
subcover.

Proposition 5.6: Each soft compact space is soft Lindelof
and each soft Lindelof space is soft paracompact.

Proposition 5.7: Let (U, 7, E) be a soft paracompact space.
If E = {e}, then (U, , E) is soft paracompact if and only if
the collection n = {F(e) : (F,E) € 7} is a paracompact
topology on U.

It is well known that a Lindelof space may not compact and
a paracompact space may not Lindelof. Therefore, it follows
from Proposition 5.7 that a soft Lindelof space may not soft
compact and a soft paracompact space may not soft Lindelof.

Theorem 5.8: Each soft paracompact soft 75 space is soft
normal.

Proof: Let (U, T, E') be a soft paracompact soft 75 space.
First one proves soft regularity. Let e, be a soft point of
Ug and let (A, E) be a soft closed set of Ug disjoint from
e,. The soft T, condition enable us to take, for each soft
point e, in (A4, E), an soft open set (B, E) about e,, whose
soft closure is disjoint from e,. Let A = {(B%,E) : ¢, €
(A,E)}U{(A, E)°}. Then A is a soft open covering of Ug.
Since (U, 7, E) is soft paracompact, there exists a locally finite
soft open refinement B that covers Ug. Form the subcollection
C of B consisting of each element of B that intersects (A, E).
Then C covers (A, E). Moreover, if C € C, then the soft
closure of C' is disjoint from e,. Since C intersects (A, E),
it lies in some soft open set (B¢, F), whose soft closure is
disjoint from e,. Let (V,E) = UgecC. Obvious, (V, E) is
soft open in Ug containing (A, E). Since C is locally finite,
(V,E) = UgecC by Proposition 5.2. Then (V, E) is disjoint
from e,. Thus soft regularity is proved.

To prove soft normality, one only repeats the same ar-
gument, replacing e, by a soft closed set throughout and
replacing the soft 75 condition by soft regularity. |

Theorem 5.9: Each soft closed subspace of a soft paracom-
pact is soft paracompact.

Proof: Let (U,7,E) be a soft paracompact space, and
Y C U such that Yg is soft closed in Ug. Let A be a soft
covering of Y by soft open in Yg. For every (A, E) € A, take
a soft open set (A, E) of Ug such that (A’, E)NYg = (A, E).
Cover Ug by the soft open (A’, E), along with the soft open
set Y. Suppose that 3 is a locally finite soft open refinement
of this soft covering that covers Ug. Then the collection

C={(B,E)"Yg: (B,E) € B}

is the required locally finite soft open refinement of A. ]
Remark 5.10: By Proposition 5.7, it is easy to see the
following two facts:
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(1) A soft paracompact subspace of a soft Hausdorff space
(U, 7, E) need do not be soft closed in Ug;

(2) A soft subspace of a soft paracompact need not be soft
paracompact.

Lemma 5.11: Let (U, T, E) be a soft topological space. If
each soft open covering of (U, 7, E) has a locally finite soft
closed refinement, then every soft open covering of (U, 7, F)
has a locally finite soft open refinement.

Proof: Let A be a soft open covering of (U, 7, E'), and let
B = {(F,,E): s € S} be alocally finite soft closed refine-
ment of A. For each soft point e, € Ug, choose a soft open
neighborhood (V. ,E) of e, such that (V. ,E) intersects
finitely many elements of B. Let C = {(V¢,,E) : e; € Eg},
and let D be a locally finite soft closed refinement of C. For
each s € S, put

(W, E) = (U{(D,E): (D,E) € D,(D, E)YN(Fs, E) = 0})°.

Obvious, each (W, E) is soft open and contains (Fs, F).
Moreover, for each s € S and each (D, E) € D, we have

(W,, E)D(D, E) # () if and only if (F,, E)N\(D, E) # 0.

For each s € &, choose a (A, F) € A such that
(F,, E)C(As, E), and let (G, E) = (As, E)A(Ws, E). Then
{(Gs, E) : s € S} is a soft open covering and refines A. It
is easy to see that each element of D intersects only finitely
many (G, E). Therefore, {(Gs, E) : s € S8} is locally finite.
|
Lemma 5.12: Each o-locally finite soft open covering has

a locally finite refinement.

Proof: Let U = U,enU,, be a o-locally finite soft open
covering for some soft topological space, where each U, is
locally finite. Put V; = Uy, V,, = {(F, E)N(Uk<nldf) :
(F,E)eU,}, where Ui = U{(F,E) : (F,E)€Uy}. Then it
is easy to see that V = U,eNV), is a locally finite soft open
covering and refines U. |

Lemma 5.13: Let (U, T, E)) be soft regular. if each soft open
covering of (U, 7, F) has a locally finite refinement, then it has
a locally finite soft closed refinement.

Proof: Let U = {(F,,E) : o € A} be an arbitrary
soft open covering. Then, for each soft point e, € Ug,
there exists some (F,,E) € U such that e,€(F,, FE). By
soft regularity, there is an soft neighborhood (V,,, E) such
that e,&(V,,, E)C(V,,, B)C(Fo, E). Put V = {(V,,,E) :
ez € Ug}. Then V is a soft open covering and refines U.
By the assumption, there is a locally finite soft covering
W = {(Wg,E) : § € B} such that W refines V. Then
{(Wg,E) : p € B} is a locally finite soft closed covering
and refines U. [ ]

By Lemmas 5.11, 5.12 and 5.13, we have the following
theorem.
Theorem 5.14: Let (U, 1, E) be soft regular. Then the fol-
lowing conditions on Ug are equivalent:
1) (U, T, E) is soft paracompact;
2) Every soft open covering has a o-locally finite soft open
refinement;
3) Every soft open covering has a locally finite refinement;
4) Every soft open covering has a locally finite soft closed
refinement.
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VI. CONCLUSION

In the present work, we have continued to study the prop-
erties of soft topological spaces. We mainly introduce soft
open mappings, soft closed mappings, soft connected spaces
and soft paracompact spaces. Moreover, we have also estab-
lished several interesting results and presented its fundamental
properties with the help of some examples. We hope that
the findings in this paper will help researcher enhance and
promote the further study on soft topology to carry out a
general framework for their applications in practical life.
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