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Abstract—  In this paper we use quintic non-polynomial
spline functions to develop numerical methods for approxi-
mation to the solution of a system of fourth-order boundary-
value problems associated with obstacle, unilateral and contact
problems. The convergence analysis of the methods has been
discussed and shown that the given approximations are better
than collocation and finite difference methods. Numerical
examples are presented to illustrate the applications of these
methods, and to compare the computed results with other
known methods.

Keywords—Quintic non-polynomial spline, Boundary for-
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I. INTRODUCTION

In this paper, we apply non-polynomial spline
functions to develop numerical methods for ob-
taining smooth approximations to the solution of a
system of fourth-order boundary-value problem of
the form:

f(z), a<z<c,
u = glx)u(z) + f(@)+r, c<a<d, (1)
f(z), d<z<b,

subjected to the boundary and continuity condi-
tions

u(a) = u(b) = a1, u'(a)= u/’/’(b) = Qg,

(d) =61, w'(c)=u"(d) =B, P

where f(z) and g(z) are continuous functions on
[a,b] and [c,d], respectively. The parameters r, a;
and (;, (i = 1,2) are real constants. Such type of
system arise in the study of obstacle, unilateral,
moving and free boundary-value problems and has
important applications in other branches of pure
and applied science [1-5,10,12-14]. In general it
is not possible to obtain the analytical solution
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of (1) for arbitrary choices of f(x),g(z). A spe-
cial form of problem (1) have been considered
by the numbers of authors [1-4,13,14] they used
finite difference, collocation and spline methods. In
the present paper, we apply non-polynomial spline
functions [16,17,20] that have a polynomial and
trigonometric part to develop numerical methods for
obtaining smooth approximation to the solutions of
such system. These methods are based on a non-
polynomial spline space. The spline functions we
propose in this paper have the form

asin(kz) + beos(kx) + ca® + da® + ex + f.

We develop the class of various methods. Our
method perform better than the other collocation,
finite difference and spline methods of same order.
This approach has the advantage over finite differ-
ence methods that it provides continuous approxi-
mations to not only for u(x) but also for u® (z),i =
1,2,3, at every point of the range of integration.
Also, the c*-differentiability of the trigonometric
part of non-polynomial spline compensates for the
loss smoothness inherited by polynomial spline. The
spline function we propose in this paper has the
form

Span{1,z, 22, %, sin([k|z), cos(|klz)},

where k is the frequency of trigonometric part of
the spline function,when & — 0 our spline reduce
to the form:

2

Span{l,z,z,%, 2° 2* 2°}, (when k=0).

The above fact is evident when correlation between
polynomial and non-polynomial splines basis is
investigated in the following manner,

Ty = span{1,z, % 2* sin(kz), cos(kx)}

24 kx)?
= span{1, z, 2? 2°, F{(cos(kzx) -1+ ( g) ),
12 kx)3
7{_59(8111(%@«) ~(ka) + %)}.
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From the above equation it follows that limy,_.o 75 =
{1,z,2% 23, 2* 2°}, so that the Usmani’s method
[18], based on quintic splines is a special case (k =
0) of our approach.

II. CLASS OF METHODS

For simplicity we first develop the quintic non-
polynomial spline for solving the fourth-order
boundary value problem

d4
i = 9@+ (@)

u(c) = u(d) = f, u'(c) = u"(d) = fs.

For this purpose, we divide the interval [c,d] into
n equal subintervals using the grid points. Let u(z)
be the exact solution of the boundary-value problem
(3) and u; be an approximation to u(x;), in order
to develop the numerical method for approximating
solution of differential equations (3), we introduce
the set {z;} so that z; = ¢ + jh,h = %,j =
0,1...,n, the non-polynomial quintic spline p;(x)
in subinterval x; < x < x;,;, has the form

for  x€ e d],

pi(z) = ajsink(x — ;) + bjcosk(z — ;)
+ej(o —2;)° + dj(z — ;)

+€j(1‘—$]‘) +lj, j:(),l,...,n,(4)

where a;, b;,c;j,d;,e; and [; are constants and £
is free parameter. If £ — 0 then p;(x) reduces to
quintic spline in [c,d]. By using continuity condi-
tions at the common nodes (z;,u;), and to derive
expression for the coefficients of (4) in terms of
Ujy Ujq1, M5, Mj41, Sj and Sj+1 we have:

pj(x;) = wj, pi(Tj41) = ujy,
p§2) (z;) = mj7p§-2) (Tj41) = My,
) =85 i) = S )

Using the (5) we get the following expressions:

4 4
bj = hgfj,lj :Uj— h‘gfj,

o Sj+1 — Sj cos 6 o ]{/’Qm]‘ + Sj
i kising 7 2k
_ W(Sj1 = 5j) + Ok(mja — my)
“= 66? ’
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Ui+l — U
h
h?[(6 — 202)S; — (6 + 62)Sj.1]
* 604
_hlmy + 2my)
6 Y

Gj:

(6)

and # = kh. Using the continuity of the first and
third derivatives at (r;,u;), we get the following
relation for j =1,2,...,n— 1:

6<Uj+1 — 2'LL]' + uj—l)

mjy1 + 4mj + mj;_1 =

2
(3) +6(Sj+1 — 251 cos 6 -+ S]) . S(Sj + Sj_l)
hk3sin 6 k2
(6 +6%)S;41 — (12 — 62)S;
B k262
(6 —20%)S;_4
g (7)

and
k2
) 8)

mjit1 — 2m]‘ + mi—1 =
+h(Sj+1 — QS] cos 0 + Sj_1>
ksin 0

Using equations (7) and (8), we get the follow-
ing scheme:

Ujyo — 4Uj+1 + GUj — 4Uj71 + Uj—2
= h'[a(Sj42 + Sj-2)

+6(Sj+1 + Sj—1) + 751, )

where j =2,3,...,n—2 and

03 — 6(0 — sin f)
604 sin 0

o =

~120(1 + cos 0) — 20%(cos 0 — 2) — 24sin 6

s 604sin ’

_ 36sin6 —120(1 + 2 cos ) — 20°(4 cosf — 1)
T 66" sin 6

If 0 — 0 then (o, 3,7) — (535, ==, 28,

i 120 120 120
Using u; - = giu; + fj + 7, fj = f($j)>uj =
u(zj),g9; = g¢g(x;), at nodal points x; and by

Taylor expansion, the local truncation errors ¢, j =
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2,3, ...n — 2, associated with our scheme is:

ti=(1-2a+p3) - 7)h4u§4)

(16

80 12
17 1

(o — == (64a + B))hu!

30240 360
))h12u§-12) (Cj)

1 8,,(8)
a+ Eﬁ))h u;

31 da 283

Hs1aa00 ~ G151 20160
+O(h'?).

For different choices of parameters «, 5 and v we
get the class of methods such as:
(i) Second-Order Method
1 26 e
For a = 55,8 = 155 and v = 1 — 2a — 213 gives:
2,3,...,n—2.
(10)

1
§tu; = h4u§4) _Eh6M6+O(h7),j =

(ii)Second-Order Method
Fora= 3% 3= " and vy =1—2a — 23 gives:

4319° "~ T 400
92519
tu; = Bl — 277 pSa - O(RT), (11
4 U gaagas" Mo O D)
i o= 2,3,..n—2

(iii) Fourth-Order Method
Foroz:(),ﬁ:%—éla and v = 1 — 2a — 213 gives:

Sty = h4[u§-i)1 + 4u§»4) + ugﬁ)l] - o
+O(RY), 7=2,3,..,n —2.

(iv) Sixth-Order Method
For a = 5,3 = o — 16 and v = 1 — 200 — 23
gives:

h4
54“1’ = %[_(Uﬁz + “5'4—)2) + 124(“5’?1 + U§'4—)1)
@) L 10

+O(h'h), 7=2,3,..,n -2,

where

Ms = maxe<,<q | u() |,

Mg = maXe<a<q | u® (z) |,

Mg = maX.<,<q | 9 (z) |.

Each of the above recurrence relations gives n — 2
linear equations in 7 unknowns, we need two more
equations at each end of the rang of integration.
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(13)

III. DEVELOPMENT OF THE BOUNDARY
FORMULAS

For discretization of boundary conditions we
define:

3 3
(i) S b+ ChPuy + b dpul) + 1, =0,

k=0 k=0
3 3
(i) Y bjun—i + dhu, + ht > dﬁgug_)k
k=0 k=0
+t, =0, (14)

where b, ¢ and d are arbitrary parameters to

be determined. In order to obtain the second-order

method we find that:

(by, b, b5, 05, ¢') = (—2,5,—4,1,1),

(d67 dllv d,27 dg) = (%7 —-1,0, O)'
We obtain the second order boundary formulas as

follows:

1
(5 — h4gl)u1 — 4U2 —+ Uz = (2 — Eh4g0)ﬁ1

1
—h*Bs — h4(ﬁ(fo +7) = (fi+7))
59 16 ) 7
ol B (1) + O(hT),
Up—3 — 4un—2 + (5 - h4gn—1)un—1

1
= (2 - ﬁh4gn)ﬂl - h2ﬁ2 - h4(_(fn—1 + T)
1 59
+—{m+ﬂ)+§ﬁwmwag+omﬁmw)
For four-order method we
(b67 bll? b,27 bg’ C,) = (_27 57 _47 17 1)7
(dfy, di, db, dy) = 555(28,245,56,1),
and

find that:

245 56
5———h' —4— —nt
(5= 350/ 9w +( 360" 9%
h? 28
‘|‘(]. — %93)&3 = (2 + %hflgo)ﬁl — hzﬁg
4

+3}(L30(28(f0 +7)+245(f1 + 1)+ 56(f2 + 1)
241

+(fs+1)— mh&“(g)@l) +O0(h),
56

1
1= — b D s+ (—4— kg u,.
(1= 350/ 9n-s)tn—s + 360" In—2)tn-2
245 28
5— 200 Vup oy = (24 —— i,
5 = 3ot gn1)un1 = 2+ 35 0n)
4

126, + ;60(28(]?” Fr) 4 245(f0 s+ 7)

+56(gn—1 +7) + (gn-3 + 7))
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241
60480

For discretization of boundary conditions
sixth-order method we define:

——h*u®((,) + O(h). (16)

for

Z byup = ¢ h2uy + b Z dku,(f) + 11,
k=0 k=0

ZZ b, u = CH< h2u”
EUn—k n
k 0

+ht Z ds_ k“ff) 54k T (17)

In order to obtain the truncation errors of ¢; and ¢,
we find that:
(b67 b/17 b/27 bg’ Cl’ C/*) = <_27 57 _47 17 17 _1)7
(dé,d’l,d’z, dy, d}, dy)

——— (4233, 43274, 5662, 3432, —1391, 230),

60480
and

(5 —dyh*g)us + (—4 — dyh*go)us

+(1 = dyh*gs)us — (dyh*ga)us — (dsh*gs)us
= (2 — dyh*go) 1 — h* B2 + b (dy(fo + 1)
+dy(fi + )+d/(f2+7")+d'(fs+7")
+dy(fa+ 1) +d5(f5 + 1))

167
_50400h10u(10 (C ) + O(hll)

(5= dih gno1)un—1 + (—4 — dyh* gp_2)tn_o
+(1 = dsh* gn_s)un—3 — (d4h* gn_a)un_a
—(d5h* gns)tun-5 = (2 = dyh’ga) Br + h* s
0 (do(fo + 1) + di (far + 1) + dy(faz +7)
+di(fa-s + 7“) +dy(foat+r)+di(fus+T1))

167

IV. CONVERGENCE ANALYSIS

Here we prove the convergence of the methods.
Let us write the error equation of the methods as
follows:

AE =T, (19)

where £ = (e;), is the (n-1)-dimensional column
vector with e;, the error of discretization defined by
e; = u(z;) — u;. In other words e; is the amount
by which computed solution u; deviates from the
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actual solution u(z;) at x = x; and A is nine-band

matrix which can be described as

A= M+BG, G = h'diag(g;), j=1,2,...,n—1,
(20)

here M = P?, where P = (pij), is a tridigonal and
monotone matrix defined by:

2, i=j=1,2..,N—-1,
Pij = -1, |i—j|=1, (21)
0, otherwise,
and
di dy dy di ds
B v B «
a B v [ «
a B v B «
B . . . . ’
a B v B «
a B~ B
ds dy dg dy dy
(22)
E:A’lT:[M%—BG]*1
|E|l < ||[I + M 'BGI M. 23)
By using [[(I + A)7'| < (1 — [lA)~
Usmani et. al. [19] we obtain
_ 5(d — c)* +4(d — ¢)?h?
M < 24
M < )
M)
Bl < ) 2
s =nmemer @

Provided that || M~'BG|| < 1.
Also we can obtain

724
1Bl < 25 G < Wiy, M,

= maXCSde\g(f)|~
(26)
For second order we obtain
59h5
1T <
360

using (24)-(26) we obtain
118whb M;
B[ < )
276480h* — T24w||G|

for fourth order we get

171l < 241h8
~ 60480

Mﬁ, M6 maXCSCSd’u(G) (C)|7

| =0(r%, @7

max,.<c<qu®(¢)],

M87M8 =

1SN1:0000000091950263
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using (24)-(26 we obtain
17352wh® My
E|l < =O(h*
121 < 1672151040h* — 4378752w||G|| (R,
(28)

and for sixth order we get

167h'0
T|| < ——— My, M1y = max, 0 ).
17 < =0400 10, M1o = max <c<alut (Q)]
By using (24)-(26,we get
12024Wh10M10
El < = O(h®
IE] < 1393459200h* — 3648960w||G || (%),
(29)

where w = 5(d — ¢)* + 4(d — ¢)*h? |G| =
max|g(x)|,c¢ < x < d provided
69120h*

181w

It follows ||E| — 0 as h — 0. Therefore the
convergence of the methods have been established.

1G] <

V. NUMERICAL RESULTS

We consider the system of differential equations
[1-4,13-15]

1
OB IS “l<e< g yse<y
2—4U, <z< s

-1 1
2 2
(30)
with the boundary conditions:

(~1) = u(5) =u(3) = u(1) =0
u =u(—) =u(35) =u(l) =0,

-1 1
1) = ' (—) = (=
W(=1) = u'() = ()
=u"(1) =0, (31)

and the conditions of continuity of u and u”
atr = 5! and 1.

The analytical solution for this boundary value
problem is

F1<17), —1 S x S _77
u(z) =14 Iy(z), F<a<s, (32)
[y(z), 5<x<1,
where
Ii(z) = g0t + 32 + §2 + S0 + 5,

[y(z) = 0.5—&[@2 sin  sinh x+3 cos x cosh ],
Ty(x) = gat — g2 + 327 — 22 + 155,

@1 = cos(1) + cosh(1), ys = sin(})sinh(1),
@3 = cos(3) cosh(3).

We solved this example over the whole interval

International Scholarly and Scientific Research & Innovation 3(4) 2009

[-1,1] by using the Quintic non-polynomial spline
methods with step lengths h = 2™ m = 3,4,5.
The maximum absolute errors in solution for our
various methods are listed in tables 1 and also
the maximum absolute errors in the solution at
middle points of interval are tabulated in table
2. To compare our computed results obtained by
second and fourth order methods with the results
obtained by other known methods in [1-4,13,14],
the maximum absolute errors in the solution of
example 1 are listed in tables 3,4 and 5.

Spline approach has the advantage over finite
difference method that it provides continuous
approximations to u'"(z),i = 1,2, 3, at every point
of the range of integration beside approximation
to u(z). Following [20] to obtain the necessary
formula for computing values of first, second and
third derivatives of solution of example 1, by using
equation (7), (8) and solving the resulting identity
for m;, 7 =1,...,n we have

o (uj+172uj~+uj',1) h2(5j+1723j COS@+S]‘,1)

mj = h? + 3sinf

_ RA(S;—=Si-1)  B*[(6467)S;11—(12—0%)S;+(6—20%) S, 1]
202 664

(28;=5j-1=Sj+1) _ h*(S;j4+1—2S; cos6+5;_1)
662 662 sin )

with mg = m,y1 = [, being known from
the boundary conditions. Having computed
uj, mj, Sj,J 0,...,m + 1, it is possible to

evaluate the coefficient of the spline function (4)

as given by (6). Since y; = p’;(v;),j = 0,...,n and
Y1 = Dh(Tns1), it follows that
I ajk—f—ej, 7=0,...,n,
Yi=\ U, + 3coh? + 2duh + en, j=n+ 1,
(33)

where ¥, = a,k cos@ — b,ksin6. Similarly, from

mo__ m . mo_
y;' =pj'(r;),j=0,...,nand y," ; = p}(zns1), we

can obtain
"o

Ui = { —apk?cos @ + b,k3sinf + 6¢,, j =n+ 1.

(34)

The values of u¥(z),i = 1,2, 3 have been com-

puted by our second order method (i). To compare

with the method in [1] the maximum absolute errors
are listed in tables 6.

—a;jk®+6¢;, j=0,..,n,
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Example 2: We consider the system of differential
equation solved by Al-Said and Noor [1].

10 -1<z< 3, <<,
o 4u,

Foch
(35)
with the boundary conditions:
—1 1
u(=1) =u() = u(3) = u(1) =0,
-1 1
u//(_l) — _u//(?) — ul/(g)
=—u"(1) =, (36)

where ¢ — (. The analytical solution for this
boundary value problem is

Ay (), for —1<azx<=L

u(z) =< As(x), for 5 << %, (37)
As(z) =, for 3§ <z<1,
where
M(z) = (27— 302~ B0 — e
Ao(z) = 0.25—%[@2 sin z sinh z+3 cos x cosh 7],
As(z) = (Fa’ + 322 — B + J)e,
@1 = cos(1) + cosh(1), ¢, = sin(3) sinh(3),
¢3 = cos(3) cosh(3)

We solved this example over the whole interval
[-1,1] by using our second order methods (i),(ii),
with step lengths h = 2™™ m = 3,4,5. The
maximum absolute error in solution are listed in
table 7 and 8, our results compared with the results
obtained in [1,2,11]. The results shows superiority
of our second orders methods.

TABLE 1
MAXIMUM ABSOLUTE ERRORS IN SOLUTION OF EXAMPLE 1

m__ O(r*)(i) O(h?)(ii) o(h*) O(h%)

3 819x107% 9.04x1077 1.69%x107%  7.65x107 !

4 273x107% 226x1077 4.08x1071° 3.31x107%°

5  744x1077  7.19x107% 1.30x107'' 6.41x107%°
TABLE I

MAXIMUM ABSOLUTE ERRORS IN SOLUTION OF EXAMPLE 1 IN
MIDDLE POINTS

m O O(h?)(i) O(h%) O(h%)

3 125x107%  226x1077  4.40x107° 595x10713
4 1.56x1077  7.19x107%  1.30x107'' 549x10715
5 195x107% 1.84x107%  4.06x107'3 -
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TABLE III
MAXIMUM ABSOLUTE ERRORS IN SOLUTION OF EXAMPLE 1

m  Our fourth-order Fourth-order[4] Finite difference[14]

3 1.7x1078 24%x1078 1.3x1076

4 4.1x10710 1.5x107° 8.7x1078

5 1.3x107 1 9.5x107 11 6.8x107°
TABLE IV

MAXIMUM ABSOLUTE ERRORS IN SOLUTION OF EXAMPLE 1

h Second-order(i)  Second-order(ii)  Second-order[1]

1/12 4.5%107°¢ 1.2x10°7 1.2%x107°
124 1.2x107¢ 2.3%x1077 2.8x107°
1/48 3.3x1077 3.2x1078 6.9x1077

VI. CONCLUSION

We have developed a new non-polynomial quin-
tic spline for solving a system of fourth-order
boundary-value problems. This approach has the
advantages over finite difference methods that it
provides continuous approximations to not only for
u(z) but also for u®(x),i = 1,2,3, at every point
of the range of integration. Our numerical results are
better than those produced by collocation and finite
difference methods for solution of equation(1).
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TABLE VII
MAXIMUM ABSOLUTE ERRORS FOR EXAMPLE 2 WHEN € = 1076

m  Second-order(i)  Second-order(ii)  Second-order In [1]

3 4.66x107° 4.45%x10~" 1.3x10°°

4 1.39x1076 1.32x1077 3.2x1078

5 3.74x1077 425%1078 8.1x107"
TABLE VIII

MAXIMUM ABSOLUTE ERRORS FOR EXAMPLE 2 WHEN € = 1076

m  Second-order In [11]  Second-order In [2]
3 3.0x1077 14x1077
4 7.0x107° 3.6x107°
5 1.4x107° 8.9%x107°
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