
 

 

  
Abstract—Based on the sources’ smoothed rank profile (SRP) and 

modified minimum description length (MMDL) principle, a method 
for estimation of the source coherency structure (SCS) and the number 
of wideband sources is proposed in this paper. Instead of focusing, we 
first use a spatial smoothing technique to pre-process the array 
covariance matrix of each frequency for de-correlating the sources and 
then use smoothed rank profile to determine the SCS and the number 
of wideband sources. We demonstrate the availability of the method 
by numerical simulations. 
 

Keywords—Wideband sources, source coherency structure (SCS), 
smoothed rank profile (SRP).  

I. INTRODUCTION 
N signal processing area, there is increasing interest to 
investigate some properties of signals radiated by sources 

and received by sensor arrays. Direction of arrival (DOA) 
estimation is particularly important. Many high-resolution 
approaches  [1,2,3] for DOA estimation have been developed. 
However, all high-resolution estimation algorithms in modern 
array processing either depend on or, in the case of higher 
dimensional search methods, benefit from explicit knowledge 
of the number of incident signals. The ability to detect and 
enumerate correctly all incident signals independent of their 
extent of correlation is crucial to the correct application of any 
so-called eigenstructure-based methods such as MUSIC, 
Min-Norm, ESPRIT, Cadzow’s signal eigenvector method, etc. 
This is because the number of “large” (signal) eigenvalues of 
the array covariance matrix must equal the number of signals in 
order for the algorithm to produce valid estimates of the desired 
signal parameters. Several methods for detection the number of 
narrow-band sources have been proposed. Schmidt [4] 
proposed a subjective threshold that gives a rough procedure 
when applied to a covariance matrix obtained from a finite 
number of sources. Wax-Kailath introduced the 
information-theoretic techniques [5] based on either Akaike’s 
information-theoretic criterion (AIC) or the minimum 
description length (MDL) criterion of  Risannen. However, 
none of the above methods can be applied in a fully correlated 
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signals environment, referred to as the coherent signals case. 
This case appears, for example, in specular multipath 
propagation and therefore it is of great practical importance. In 
the following years, a number of related methods have been 
proposed. These include the extension [6] of the MDL method 
so that it is now applicable to coherent signals and the 
smoothed rank profile method of Shan et al.,[7,8,9]. 

However, above detection methods are based on the 
narrow-band signal model, and they do not apply to the 
wideband sources. Kaveh et al [10] proposed the coherent 
signal subspace (CSS) processing for detection the number and 
estimation of the DOA of the wideband sources. Unfortunately, 
the CSS processing requires the preliminary estimates of source 
locations and focusing which require great computational 
complexity. When the source locations deviate from the 
preliminary estimates of locations, inaccurate detection of the 
number of signal sources may happen and asymptotic peak may 
increase. In this paper, we present a method which not only can 
detect the number of wideband sources but also can estimate 
the source coherency structure without the preliminary 
estimates of source locations or focusing. 

The paper is structured as follows: The wideband signal 
model and modified information-theory technique based on the 
minimum description length (MDL) criterion of Risannen 
(MMDL) [11] is reviewed in Section II, with the smoothed 
rank profile method introduced in Section III. In Section IV we 
propose the method for estimation of the source coherency 
structure and the number of wideband sources. The feasibility 
of the method is demonstrated by several simulation results in 
section V. Finally, the conclusion related to the method is 
drawn in Section VI. 

II. THE WIDEBAND SIGNAL MODEL AND MMDL [11] 

Here we consider a uniform linear array composed of M  
identical equally spaced omni-directional sensors with sensor 
spacing d  and P  ( P M< ) wideband sources impinging on 
the array from directions 1 2, , , Pθ θ θ . The source signals are 
characterized as zero mean, stationary stochastic processes 
over the observation interval 0T , band-limited to a common 

frequency band with bandwidth B  which may be on the same 
order of magnitude as the center frequency 0f . The source 

spectral density matrix ( )sP f , P P× , is unknown to the 
processor. The noise is assumed to be independent of the source 
signals with known noise spectral density matrix ( )nP f , but 
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unknown level 2 ( )n fσ . Hence, the spectral density matrix of 

the array output ( )x t  is given by  

2( ) ( , ) ( ) ( , ) ( ) ( )H
x s n nP f A f P f A f f P fθ θ σ= +      (1)       

where ( , )A f θ  is the M P×  direction matrix at frequency 
f  containing the unknown parameter vector θ  of DOA’s, 

and superscript H  denotes Hermitian transpose. 
The observation time 0T  is sectioned into K  snapshots of 

duration dT  each. For sufficiently large dT  at each snapshot, 

the frequency-decomposed components of ( )x t , ( )jX f , 

1, 2, ,j J=  via the discrete Fourier transform can be 
shown[12] to be approximately uncorrelated and their 
correlation matrices are given by  

 
1( ) [ ( , ) ( ) ( , )H

x j j s j j
d

R f A f P f A f
T

θ θ=   

 
2 ( ) ( )]n j n jf P fσ+       1, 2, ,j J=                 (2) 

Without loss of generality, dT  is assumed to be 1. If we make 
a further assumption that the noise field is spatially 
uncorrelated at each frequency, 
i.e., ( )n jP f I= , 1, 2, ,j J= , then equation (2) becomes 

2( ) ( , ) ( ) ( , ) ( )H
x j j s j j n jR f A f P f A f f Iθ θ σ= +  

1, 2, ,j J=                                   (3) 

Thus, given the data set ( )k jX f  

1, 2, ,k K= , 1, 2, ,j J= , our objective is to determine 
the number of sources. For simplicity of notation, in the sequel, 
all references to ( )x jR f  and  2 ( )n jfσ  will be indicated by 

jR  and 2
jσ , respectively. 

We define the correlation matrix of the cleaned data jP  as 
2

j j jP R Iσ= −                                       (4) 

By the cleaned data, we mean the output of a preprocessing 
step that decreases the effect of the noise. 

If 
ij

λ  and 
ij

u  ( 1, 2, ,i M= ) are eigenvalues and the 

corresponding normalized eigenvectors of jP , then 
ij

λ  are 

shown in descending order. If the sources are not perfectly 
correlated, then the eigenvalues of jP  are given by[13] 

1 2
( , , , )

M

H
j j j j j j jU PU diag λ λ λ= Γ =              (5) 

1 2 1
0

P P Mj j j j jλ λ λ λ λ
+

≥ ≥ ≥ > = =               (6) 

where 
1 2

[ , , , ]
Mj j j jU u u u= . 

Based on equation (6), we can detect the number of 
wideband sources by counting the multiplicity of non-zero 
eigenvalues. 

For practical reasons, the matrix jP  and its eigenvalues 

must be estimated from a finite set snapshots, i.e., 

2ˆ ˆ ˆj j jP R Iσ= −                                      (7) 

where 

1

1ˆ ( ) ( )
K

H
j k j k j

k
R X f X f

K =

= ∑ , 2

1

1 ˆˆ ( )
M

j i j
i P

R
M P

σ λ
= +

=
− ∑ , 

and ( )i Bλ  is the ith  eigenvalue of B . In general, as an 
alternative to equation (7) and to guarantee the 
non-negativeness of the estimated source correlation matrix, 
the noise power can be estimated from 2 ˆˆ ( )j M jRσ λ= , where 

ˆ( )M jRλ  is the smallest eigenvalue of ˆ
jR . 

Due to the noisy nature and finite data, equation (6) is not 
satisfied. As a result, we can not detect the number of wideband 
sources by counting the multiplicity of non-zero eigenvalues. 
Therefore, the eigenvalues become 

1 2 1

ˆ ˆ ˆ ˆ ˆ
P P Mj j j j jλ λ λ λ λ

+
≥ ≥ ≥ ≥ ≥ ≥               (8) 

Then we can calculate the average eigenvalues of every 
frequency correlation matrix ˆ

jP , i.e., 

1

1ˆ ˆ
i

J

i j
jJ

λ λ
=

= ∑   1,2, ,i M=                        (9) 

So we can substitute equation (9) into the information-theory 
techniques [5] to detect the number of wideband sources. 
However, the information-theory techniques [5] based on AIC 
tends to overestimate even at high signal-to-noise ratio (SNR) 
and MDL criterion tends to underestimate at low or moderate 
SNR. Risannen [11] proposed the MMDL that moderates the 
overestimation of the AIC and the underestimation of the MDL 
criterion. 

1 2 3
1( ) log
2a cMMDL k L L L P P k K= + + + + +     (10) 

where 1
1

( )

1

ˆ
ln[ ]

1 ˆ( )

M

i
i k

M
M k

i
i k

L K

M k

λ

λ

= +

−

= +

= −

−

∏

∑
            (11) 

   2
2

, 1

ˆ ˆlog( )
k

i j
i j
i j

L λ λ
=

<

= −∑                             (12) 

   2
3

1

ˆlog( )
k

M k
i

i
L υλ σ −

=

= −∑   2

1

1 ˆ
M

i
i kM kυσ λ
= +

=
− ∑       (13) 

   
1 (2 1) ln
2ap k M k K= − −                      (14) 
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1
ln ( )

M

c
i M k

p i
= − +

= − Γ∑                            (15) 

The estimation of the number of wideband signal source k̂  
is  

{0,1, , 1}

ˆ arg min ( )
k M

k MMDL k
= −

=                      (16) 

The above method can only be used to detect the number of 
wideband sources that are not coherent. When wideband 
sources are coherent, the eigenvalues of correlation matrix  jP  

do not satisfy equation (6). Therefore, one can not use the 
above method to estimate the number of signal sources. In the 
following section, based on the SRP and MMDL, we propose a 
new method that can estimate the source coherency structure 
and the number of wideband sources. 

III. SMOOTHED RANK PROFILE [7,8,9] 
From [7,8,9], we can see that the smoothed rank profile 

(SRP)[7,8,9] can estimate the source coherency structure and the 
number of narrowband sources. 

Whenever the narrowband signals are not perfectly 
correlated, the eigenvalues of the correlation matrix R  of  the 
sensor outputs, or array covariance matrix satisfy 

2
1 2 1P P M vλ λ λ λ λ σ+≥ ≥ ≥ > = =              (17) 

where 2
v Iσ  is the covariance matrix of the additive noise, 

which is assumed to be uncorrelated from sensor to sensor. 
However, if the sources are coherent with respect to each 

other, the above properties (17) are not available in the 
eigenstructure of R . A solution of this problem is referred to 
as spatial smoothing, which is based on a preprocessing scheme 
that essentially de-correlates the signals by averaging the 
covariance matrices across several identical overlapping 
sub-arrays in order to restore the rank of a smaller sub-array 
covariance matrix to the number of the sources P . If there are 
several groups of coherent signals, the minimum number of 
sub-arrays required equals the size of the largest group of 
coherent signals. 

Shan et al. [7,8,9] have also suggested a procedure called 
smoothed rank profile (SRP) to deduce the source coherent 
structure. Let { , 1,2, , }ig i L=  denote the number of 

coherent groups of degree i  and let L  be the highest degree of 
source coherency present (i.e., maximum number of sources 
that are coherent with one another in any group). Note that 
{ , 1,2, , }ig i L=  is a characterization of SCS. The total 

number of coherent groups Q  is then  

1

L

i
i

Q g
=

= ∑                                        (18) 

The total number of the signal source D  is  

1

L

i
i

D ig
=

= ∑                                       (19) 

Let us define the ( ) ( )M k M k− × −  matrices ( )kR  as 
follows: 

( )
, ,

0

1
1

k
k T

M k i M k i
i

R I RI
k − −

=

=
+ ∑     0,1, , 1k M= −  (20)   

where , [0,0, ,0, ,0,0, ,0]M k j M kI I− −= , which has 

first j  and last k j−  columns equal to zero and an 

( ) ( )M k M k− × −  identity matrix M kI −  between them. 

From equation (20), one can see that ( )kR  is the 
( ) ( )M k M k− × −  smoothed covariance matrix, obtained 
by averaging ( 1)k +  sub-array covariance matrices, 
corresponding to a sub-array of length ( )M k− . 

The smoothed rank profile is then defined as the set of ranks 
( )( )iRγ , i.e., 

( )( ) { ( ), 0,1, , 1}iSRP R R i Mγ= = −              (21) 

where it can be shown that  

1( )

1 1

( )
min( , ( 1) )

L

j
ji

f i L

j j
j j i

g
R

M i jg i g
γ =

= = +

⎧
⎪
⎪= ⎨
⎪ − + +
⎪⎩

∑

∑ ∑

  0

1, 2, , 1

i

i M

=

= −

     (22) 

The SCS is determined as the set of negative second-order 
differences in the increasing and the stationary segments of 
SRP, i.e. ,  

( 2) ( 1) ( ){ ( ) 2 ( ) ( )}i i i
ig R R Rγ γ γ− −= − − +  

1, 2, ,i L=  where ( 1)( ) 0Rγ − =              (23) 
It has also been shown by Shan et al. [7,8,9] that in order to 

obtain the SCS, the minimum number of required sensors is 
equal to the total number of sources plus the highest degree of 
source coherency present. 

Finally one can calculate ( )( )iRγ  by MMDL criterion, i.e., 
( )( ) min ( )iR MMDL kγ =  0,1,2, , 1k M i= − −  

IV. ESTIMATION OF THE SOURCE COHERENCY STRUCTURE 
AND THE NUMBER OF WIDEBAND SOURCES  

The method for estimation of the source coherency structure 
and the number of wideband sources based on SRP and MMDL 
is summarized as follows: 

1. Calculate 
1

1ˆ ( ) ( )
K

H
j k j k j

k
R X f X f

K =

= ∑  and 

2ˆ ˆ ˆj j jP R Iσ= − , where 2 ˆˆ ( )j M jRσ λ= . 

2. For  each  j , 1, 2, ,j J= calculate the smoothed 

covariance matrices ( )ˆ{ , 0,1, , 1}k
jP k M= −  and their 

corresponding eigenvalues ( )ˆ
m

k
jλ , 1,2, ,m M k= −  
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3. For a special k , calculate the average of ( )ˆ
m

k
jλ , i.e., 

( ) ( )

1

1ˆ ˆ
m

J
k k

m j
jJ

λ λ
=

= ∑  

4. Obtain the SRP by the MMDL. 
5. Then SCS is ( 2) ( 1) ( ){ ( ) 2 ( ) ( )}i i i

ig R R Rγ γ γ− −= − − +  

and the the total number of the signal source D  is 

1

L

i
i

D ig
=

= ∑ . 

It can be seen that the proposed method does not require the 
preliminary estimates of source locations or focusing, thereby it 
requires much lower computational cost than CSS algorithm.  

V. SIMULATION RESULTS 
To illustrate the performance of the method proposed in the 

previous section, we shall perform several simulation 
experiments. 

In all cases, the following hold: 
  1. The array is assumed to be uniform and linear composed of 

eight sensors, having identical, omni-directional with unit gain. 
2. The signals are assumed to be wideband linear frequency 

modulated signals. 
3. The additive noise ( )in t  is assumed to be white Gaussian 

with common variance 2σ  and uncorrelated with the signal. 
4. The SNR is 10dB  
In the first experiment, we simulated three uncorrelated 

signals impinging on the array from 10 20 40¡ ¢¡ , namely, 
the sources are divided into three groups with 1 3g = . The 
result is shown in Fig. 1. As shown in Fig. 1, the number of 
uncorrelated wideband sources can be correctly estimated 
without smoothing and the SCS and the number of wideband 
sources in this case can be correctly determined by the 
proposed method. 

In the second experiment, we simulated three wideband 
signals among which two signals are coherent and another one 
is not correlated with them, namely, the sources are comprised 
of groups with 1 21 1g g= =£ ¬ . The result of the method is 
shown in Fig. 2. In this case, the method can not correctly 
detect the number of signals without smoothing. From Fig. 2, it 
can be also obtained that 1 21 1g g= =£ ¬  and the rank profile 

of matrix sequence ( )ˆ{ , 0,1, , 1}kP k M= −  is stationary 

for two points (when 2k = , the matrix ( )ˆ kP  become 
stationary or full rank). 

In the final experiment, we simulated three coherent 
wideband signals, i.e., the sources are divided into one group 
with 3 1g = . As shown in Fig. 3, we can get that 3 1g =  i.e., 
we can use the proposed method to estimate the source 
coherency structure, and the rank profile of matrix sequence 

( )ˆ{ , 0,1, , 1}kP k M= −  is stationary for three points. 

The above examples have shown that the method proposed in 
the previous section can correctly determine the SCS and the 
number of wideband signal sources without any pre-knowledge 
or assumption of the SCS of wideband sources. 
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Fig. 1 From the above SRP, it can be calculated that 1 3g =  and 

1 3D =  
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Fig. 2 From the above SRP, it can be calculated that 1 21, 1g g= =  
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Fig. 3 From the above SRP, it can be calculated that 3 1g =  

VI. CONCLUSION 
In summary, we have introduced a new method for 

estimation of the SCS and the number of wideband signals 
using an uniform and linear array of sensors. Our method is 
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based on smoothed rank profile and MMDL criteria. Without 
any pre-knowledge or assumption of the SCS, the proposed 
method can determine the SCS and the number of wideband 
sources. Unlike the CSS algorithm, this method does not 
require the preliminary estimates of source locations or 
focusing, and can reduce computation dramatically. 
Simulations on several examples show that the proposed 
method work well in the presence of uncorrelated or coherent 
wideband sources for high SNR. However, like the smoothed 
rank profile, this method can only be used in the uniform linear 
arrays. 
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