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Abstract—The main purpose of this paper is to prove the intuition-
istic fuzzy contraction properties of the Hutchinson-Barnsley operator
on the intuitionistic fuzzy hyperspace with respect to the Hausdorff
intuitionistic fuzzy metrics. Also we discuss about the relationships
between the Hausdorff intuitionistic fuzzy metrics on the intuitionistic
fuzzy hyperspaces. Our theorems generalize and extend some recent
results related with Hutchinson-Barnsley operator in the metric spaces
to the intuitionistic fuzzy metric spaces.
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I. INTRODUCTION

Fuzzy set theory was introduced by Zadeh in 1965 [1].
Many authors have introduced and discussed several notions
of fuzzy metric space in different ways [2], [3], [4] and
also proved fixed point theorems with interesting consequent
results in the fuzzy metric spaces [5]. Recently the concept
of intuitionistic fuzzy metric space was given by Park [6] and
the subsequent fixed point results in the intuitionistic fuzzy
metric spaces are investigated by Alaca and et al. [7] and
Mohamad [8].

The Fractal Analysis was introduced by Mandelbrot in
1975 [9] and popularized by various mathematicians [10],
[11], [12]. Sets with non-integral Hausdorff dimension, which
exceeds its topological dimension, are called Fractals by
Mandelbrot [9]. Hutchinson [10] and Barnsley [11] initiated
and developed the Hutchinson-Barnsley theory (HB theory)
in order to define and construct the fractal as a compact
invariant subset of a complete metric space generated by
the Iterated Function System (IFS) of contractions. That
is, Hutchinson introduced an operator on hyperspace called
as Hutchinson-Barnsley operator (HB operator) to define
a fractal set as a unique fixed point by using the Banach
Contraction Theorem in the metric spaces. Recently in [13],
[14]; HB operator properties were analyzed in fuzzy metric
spaces. Here we introduce the concepts and properties of HB
operator in the intuitionistic fuzzy metric spaces.
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In this paper, we prove the intuitionistic fuzzy contraction
properties of the HB operator on the intuitionistic fuzzy
hyperspace with respect to the Hausdorff intuitionistic fuzzy
metrics. Also we discuss about the relationships between
the Hausdorff intuitionistic fuzzy metrics on the intuitionistic
fuzzy hyperspaces. Here our theorems generalize and extend
some recent results related with Hutchinson-Barnsley operator
in the metric spaces. This paper will help us to develop the
HB Theory in order to define a fractal set in the intuitionistic
fuzzy metric spaces as a unique fixed point of the Fuzzy HB
operator.

II. HB OPERATOR IN METRIC SPACE

In this section, we recall the Hutchinson-Barnsley theory
(HB theory) to define HB operator in the metric space.

Definition IL.1. ([11], [12]) Let (X, d) be a metric space and
Ho(X) be the collection of all non-empty compact subsets of
X.

Define, d(x,B) = infyepd(z,y) and d(A,B) :=
Supyeca d(z, B) for all x € X and A,B € J,(X). The
Hausdorff metric or Hausdorff distance (Hg) is a function
Hy: #,(X) x #,(X) — R defined by

Hy(A,B) = max{d(fL B),d(B, A)}.

Then Hg is a metric on the hyperspace of compact sets Ko(X)
and hence (#,(X), Ha) is called a Hausdorff metric space.

Theorem IL1. ([11], [12]) If (X,d) is a complete metric
space, then (J,(X), Hy) is also a complete metric space.

Definition IL2. ([10], [11]) Let (X,d) be a metric space
and f, X — X, n = 1,23,.,N, (N, €
IN) be N, - contraction mappings with the correspond-
ing contractivity ratios k,, n = 1,2,3,....,N,. The sys-
tem {X; fn, n=1,2,3,...,N,} is called an Iterated Func-
tion System (IFS) or Hyperbolic Iterated Function System
with the ratio k = maxﬁ;l ky. Then the Hutchinson-
Barnsley operator (HB operator) of the IFS is a function
F: (X)) — H,(X) defined by

No
F(B) = ] fa(B), for all B e o (X).

n=1

Theorem IL.2. ([10], [11]) Let (X,d) be a metric space. Let
{X; fn, n=1,2,3,.... N,; N, € N} be an IFS. Then, the
H B operator (F) is a contraction mapping on (#,(X), Hy).
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Theorem I1.3. (HB Theorem [10], [11]) Let (X, d) be a com-
plete metric space and {X; fn, n=1,2,3,...,Ny,; N, € N}
be an IFS. Then, there exists only one compact invariant set
Ao € Ho(X) of the HB operator (F) or, equivalently, F
has a unique fixed point namely A, € Ho(X).

Definition I1.3. ([11]) The fixed point A € H#,(X) of the
H B operator F' described in the Theorem I1.3 is called the
Attractor (Fractal) of the IFS. Sometimes Ao, € Ho(X) is
called as Fractal generated by the IFS and so called as IFS
Fractal.

ITI. INTUITIONISTIC FUZZY METRIC SPACE

In [1], Zadeh defined a fuzzy set on X as a function
f:X — [0, 1]. In order to define the Intuitionistic Fuzzy HB
operator, we have to state the required concepts of intuitionistic
fuzzy metric spaces as follows:

Definition 1. (/15]) A binary operation
x 1 [0,1] x [0,1] — [0,1] is a continuous t-norm, if
satisfying the following conditions:

(a) * is commutative and associative;

(b) * is continuous;

(¢) ax1=a forall a€l0,1];

(d) a*xb < cxdwhenever a < candb <d, and a,b,c,d €

[0,1].
Definition 2. ([15]) A binary operation
$ o [0,1] x [0,1] — [0,1] is a continuous t-conorm,

if & satisfying the following conditions:
(a) < is commutative and associative;
(b) < is continuous;
(©) a0 =a for all a € [0,1];
(d) adb < ed whenever a < ¢ and b < d, and a,b,c,d €
[0, 1].

Remarks:

(a) If * is a continuous ¢-norm, it follows from the Defini-
tion III.1 that for every a € [0,1],0%xa < 0% 1 =0 and
soO0xa=ax*x0=0.

(b) If & is a continuous t-conorm, it follows from the
Definition IIL.2 that for every a € [0,1],1 = 0$1 < a1l
and so a1l = 1a = 1.

Definition IIL.3. (/6], [16]) A 5-tuple (X, M, N, *, <) is said
to be an intuitionistic fuzzy metric space if X is an arbitrary
(non-empty) set, * is a continuous t-norm, <y is a continuous
t-conorm and M, N are fuzzy sets on X2 x (0,00) satisfying
the following conditions:

(@) M(z,y, )+N(év y,t) < 1

(b) M(z,y,t) >

(c) M(x,y, )—llfandonlylfx—y,

) M(z,y,t) = M(y,z,t);

(e) M(z,y,t)*M(y,z,s) < M(x,z,t+s);
) M(z,y,-): (0 o0) — (0, 1] is continuous;
(@) N(z,y,t) <

(h) N(z,y, )—Ozfandonlylfx—y,

() N(z,y,t) = N(y,z,1);

() N(z,y,t)ON(y, z,8) = N(z,2,t + s);
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(k) N(z,y,-):(0,00) — [0,1) is continuous;
forall x,y,z € X and t,s > 0.

Then (M, N,x,$) or simply (M,N) is called an intu-
itionistic fuzzy metric on X. The functions M (z,y,t) and
N(z,y,t) represents the degree of nearness and the degree
of non-nearness between x and y in X with respect to t,
respectively.

Definition IIL.4. (/6]) Let (X, d) be a metric space. Let My

and Ny be the functions defined on X* x (0,00) by
t d(z,y)
My(x,y,t) = ————— and Ny(z,y,t) = — >,
et ") t+d(z,y) a0 t+d(z,y)

Jor all v,y € X and t > 0. Then (X, Mg, Ng,*,<$) is
an intuitionistic fuzzy metric space, which is called standard
intuitionistic fuzzy metric space, and (Mg, Ng) is called as the
standard intuitionistic fuzzy metric induced by the metric d.

Definition IIL5. ([6]) Let (X, M, N, *,<{>) be an intuitionistic
fuzzy metric space. The open ball B(x,r,t) with center x € X
and radius r,0 < r < 1, with respect to t > 0, is defined as

B(z,r,t) = {yGX s M(z,y,t) >1—7r, N(x,y,t) <7“}.
Define

{AC X : foreachz € A,3t>0 and
r € (0,1) such that B(z,r,t) C A}.

T(M,N) =

Then T(p,n) is a topology on X induced by an intuitionistic
Suzzy metric (M, N).

The topologies induced by the metric and the corresponding
standard intuitionistic fuzzy metric are the same.

Proposition IIL.1. ([8]) The metric space (X,d) is complete
if and only if the standard intuitionistic fuzzy metric space
(X, My, Ng, *,$) is complete.

Definition IIL.6. A intuitionistic fuzzy B-contraction (intu-
itionistic fuzzy Sehgal contraction) on an intuitionistic fuzzy
metric space (X, M, N,x,$) is a self-mapping f on X for
which

M(f(x), f(y), kt) = M(z,y,1)

and

N(f(z), f(y),kt) < N(x,y,t),

for all x,y € X and t > 0, where k is a fixed constant in
(0,1).

A. Hausdorff Intuitionistic Fuzzy Metric Space

In [16], Gregori et al. defined the Hausdorff intuitionistic
fuzzy metric on intuitionistic fuzzy hyperspace J#,(X) and
constructed the Hausdorff intuitionistic fuzzy metric space as
follows.

Definition IIL7. ([16]) Let (X, M, N,*,<{>) be an intuition-
istic fuzzy metric space and T(y1 Ny be the topology induced
by the intuitionistic fuzzy metric (M, N).

We shall denote by %,(X), the set of all non-empty compact
subsets of (X, 7(u,n))-
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Define,
M(z,B,t) = supM(z,y,t),
yeB
M(A,B,t) = inf M(z,B,1)
BIS
and
N(z,B,t) := inf N t
(l‘, ) ) ylgB (x7y’ )7
N(A,B,t) := supN(z,B,t)
T€EA

forall z € X and A, B € J,(X).
Then we define the Hausdorff intuitionistic fuzzy metric
(Hyr, Hy, %, ) as

Hyi(A, B, t) = min{M(A, B,t), M(B, A, t)}

and

Hy(A, B,t) = max{N(A,B,t), N(B, A,t)}.

Here (Hpy,Hy) is an
the hyperspace of compact sets,
(%(XL Hyr Hy %, 0)

Sfuzzy metric space.

intuitionistic  fuzzy metric on
Ho(X), and hence

is called a Hausdorff intuitionistic

In [17], Rodriguez-Lopez and Romaguera proved some re-
sults and examples for fuzzy metric spaces. Here we generalize
their results and examples for intuitionistic fuzzy metric space.

Proposition IIL2. Let (X,d) be a metric space. Then,
the Hausdorff intuitionistic fuzzy metric (Hp,, Hy,) of the
standard intuitionistic fuzzy metric (Mg, Ng) coincides with
the standard intuitionistic fuzzy metric (Mg,, Nu,) of the
Hausdorff metric (Hy) on J,(X), ie, Hp,(A, B, t) =
Mpy,(A,B,t) and Hyn,(A,B,t) = Np,(A,B,t) for all
A,B € J#,(X) and t > 0.

Proof: Fix t > 0 and let A, B € J,(X).
We recall that
t

sup Male,b,8) = e

beB
and

1
inf Ny(a,b,t) = ———5——
beB I+ shcsa@n
for all @ € A.

It follows that

]Wd(a,B,t) =

t+d(a, B)
and
Na(a,B,t) = —
1+ . B)
for all a € A. Then
;1612 Ma(a, B,t) = t+ supaetA d(a, B)
and
sup Ny(a, B,t) = ;t
acA 1+

supgea d(a,B)
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It follows that
t
t+d(A,B)
and
1 ~ d(A,B)
~ t+d(A,B)’

Md(Aa Bv t) =

Nd(A:th) =

L+ g

Similarly, we obtain

t
Ma(B A = 0B A

and
d(B,A)

NaB A1) = 5 g, Ay

Therefore
Hy,(A,B,t) = My,(A, B,t)

and
Hy,(A,B,t) = Np,(A, B,t).

The proof is complete. [ |

Using the Proposition III.2, we can easily compute dis-
tances with respect to the Hausdorff intuitionistic fuzzy met-
ric (Har,, Hy,) of a standard intuitionistic fuzzy metric
(Mg, Ng) by computing distances with respect to the Haus-
dorff metric (H,) implied by the metric d. Here we illustrate
this situation with two examples.

Example IIL1. Let (R, d) be the Euclidean metric space and
let A = [ay,as] and B = [by,bs] be two compact intervals of
R. Then d(A,B) = |&1 —b1| and d(B7A) = |CL2 —b2|
and hence Hy(A,B) = max{|a1 — b1}, |az — b2|}; so, by
Proposition 111.2, we have

t
t+max{\a1 — b1| s |a2 7b2|}

and
max{\al — b1| s ‘az — b2|}

t—l—max{\al — b1, lag — b2|}

Hy, (A, Bt) =

HNd(A7Bat) =

for all t > 0.

Example IIL2. Let (X, d) be the discrete metric space such
that |X| > 2. Let A and B be two non-empty finite subsets
of X, with A # B. Then d(A,B) =1 = d(B, A) and hence
Hy(A, B) = 1; so, by Proposition II1.2, we have

t
Hy (A Bt) = ——

—— and Hy,(A, B,t) = ——

L+t
for all t > 0.

Definition IIL8. Ler (X, M,N,x,<) be an intuitionistic
fuzzy metric space and T(y Ny be the topology induced by
(M, N). We observe that, (%(%(X))7%HM,%HN,*7<>

is also an intuitionistic fuzzy metric space, where J#,(Jo(X))
is the hyperspace of all non-empty compact subsets of
(Ho(X),Hyny Hy %, ) and (0, , 7, ) is the Hausdorff
intuitionistic fuzzy metric on Jo(Ho(X)) implied by the
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Hausdorff intuitionistic fuzzy metric (Hy, Hy) on J,(X).
That is, for all A € #,(X) and o, B € H,(Ho(X)),
Hity (o, B) = min{ Hu (o, B), H (5, ) }
and
S (o | B) = max{HN(;z%, B), HN(%’,@%)},

where
H]yj(%7<@) = inf HM(A,%),
Acod
H]w(A,gg) = sup HJM(A,B)
Be%#
and
Hy(o/,#B) := sup Hy(A, %),
Aco
Hy(A,B) = Bl)Iel?f@HN(A7B).
Proposition TIL3. Ler (X,d) be a metric space
and let  (#,(X),Hy) and <%(%(X)),%Hd)
be  the corresponding  Hausdorff — metric  spaces.
Then,  the  Hausdorff intuitionistic — fuzzy  metric

(At Hni,) of the standard fuzzy metric (Mu,, Nu,)
coincides with the standard intuitionistic fuzzy metric
(A, Notw,) of the Hausdorff metric (Hy,) on
%(%(X))’ ie., %ﬂyd(d"%’t) = '///%”Hd(%v‘@at)
and Ay, (4, B.t) = Ny (A, B,t) for all
A B e H,(Ho(X)) and t > 0.

Proof: Proposition II1.2 completes the proof. ]

IV. INTUITIONISTIC FUZZY HB OPERATOR

In this section, we define the Intuitionistic Fuzzy IFS and
Intuitionistic Fuzzy HB operator on the intuitionistic fuzzy
metric spaces.

Definition IV.1. Ler (X, M, N, %, {>) be an intuitionistic fuzzy
metric space and fp, : X — X, n=1,2,3,..., N, (N, € IN)
be N, - intuitionistic fuzzy B-contractions. Then the system
{X; fn, n=1,2,3,..., N, } is called an Intuitionistic Fuzzy
Iterated Function System (IF-IFS) of intuitionistic fuzzy
B-contractions in the intuitionistic fuzzy metric space

(X, M, N,x*, ).

Definition IV.2. Let (X, M, N, x, ) be an intuitionistic fuzzy
metric space. Let {X; fn, n=1,2,3,..., No; N, € N} be an
IF-IFS of intuitionistic fuzzy B-contractions. Then the Intu-
itionistic Fuzzy Hutchinson-Barnsley operator (IF-HB oper-
ator) of the IF-IFS is a function F : J,(X) — Jo(X)
defined by

No
F(B) = | fa(B), for all Be #,(X).
n=1
Definition IV.3.  Let (X, M,N,*,$) be a
complete intuitionistic ~ fuzzy — metric  space. Let
{X; fn, n=1,2,3,..., No;; N, e N} be an IF-IFS of

intuitionistic fuzzy B-contractions and F be the IF-HB
operator of the IF-IFS. We say that the set As € JHo(X) is
Intuitionistic Fuzzy Attractor (Intuitionistic Fuzzy Fractal) of
the given IF-IFS, if A is a unique fixed point of the IF-HB
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operator F. Such Ay, € JH,(X) is also called as Fractal
generated by the IF-IFS and so called as IF-IFS Fractal of
intuitionistic fuzzy B-contractions.

V. PROPERTIES OF IF-HB OPERATOR

Now we prove the interesting results about the intuitionistic
fuzzy B-contraction properties of operators with respect to the
Hausdorff intuitionistic fuzzy metric on 7, (X).

Theorem V.1. Let (X, d) be a metric space. Let f : X — X
be a contraction function on (X, d), with a contractivity ratio
k. Then,

o, (F(A), £(B),t) = Hu, (A, B,t)
and
Hy, (£(A), £(B).t) < Hy, (4, B,t)
for all A, B € #,(X) and t > 0.

Proof: Fix t > 0 and let A, B € J#,(X). Since f is
contraction on (X, d) with the contractivity ratio & € (0,1)
and by Theorem II.2 for the case N = 1, we have

Ha(f(A), f(B)) < kHa(A, B).

Since ¢t > 0 and k € (0, 1),
kt - kt _ t
kt + Hy(f(A), f(B)) = kt +kHy(A,B) — t+ Ha(A, B)
and
Ha(f(A), /(B)) kHa(A,B) _ Hy(A,B)
kt + Hy(f(A), f(B)) = kt + kHa(A,B) ~ t+ Hy(A, B)’

By using the above inequalities and the Proposition IIL.2, we
have

Ha, (f(A), f(B), kt)

My, (f(A), f(B), kt)
kt

kt + Hq(f(A), f(B))
t

t+Hd(A,B)
= Mpy,(A,B,t) = Hpy, (A, B,t).
Similarly,
Hy,(f(A), f(B),kt) = Npy,(f(A), f(B),kt)
_ RHW(f(A).£(B))
kt+ Ha(f(A), f(B))
- Hy(A, B)
~ t+ Hy(A, B)

= Npy,(A,B,t) = Hn,(A, B,t).

|

The above Theorem V.1 shows that f is a intuitionistic fuzzy

B-contraction on J#,(X) with respect to the Hausdorff intu-

itionistic fuzzy metric (Hyy,, Hy,) implied by the standard

fuzzy metric (Mg, Ng), if f is contraction on a metric space

(X, d). The following theorem is somewhat generalization of
the Theorem V.1.
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Theorem V.2. Let (X, M, N,x*,<{>) be an intuitionistic fuzzy
(JKO(X), Hy Hy, *, <>) be the corre-
sponding Hausdorff intuitionistic fuzzy metric space. Suppose

f + X — X is an intuitionistic fuzzy B-Contraction on
(X, M, N,*,$). Then for k € (0,1),

M(f(A)vf(B)7kt) > HM(Aant)

metric space. Let

and
HN(f(A)7f(B)7kt) S HN(AvB»t)
forall A,B € J#,(X) and t > 0.

Proof: Fix t > 0. Let A, B € J,(X).
For given k € (0, 1), we get

M(f(x),f(y).kt) = M(z,y.t), Vo,yeX
M(f(x), f(y). kt) = M(z,y,t), VzeA&yeB
SUPM( (@), f(y),kt) = StelpM(x Y, t), VreA
M(f(ar:)7 (B),kt) > M(z,B,t), VreA
mf ]\4(]"(95)7 (B),kt) > IirelgM(x,B,t)
A)7f(B)7k:t) > M(A, B,t).
Similarly, M (f(B), f kt) > ]V[(B At).
Hence HM(f( )f(B kt) (A,B,t).
Now,
N(f(x), f(y),kt) < N(z,yt), Ve,yeX
N(f(x), f(y),kt) < N(z,y,t), YVre A& yeB
Inf N(f(2), F(y), kt) < Inf N(z,y.t), VeeA
N(f(x), f(B),kt) < N(x,B,t), VxeA
sup N(f(z), f(B),kt) < sup N(zx,B,t)
€A TEA
N(f(A), f(B),kt) < N(A,B,1).

Similarly, N(f(B), f(A),kt) < N(B, A,t).
Hence Hy (f(A), 7(B), kt) < Hy (A, B,t).
This completes the proof.

The above Theorem V.2 shows that f is a intuitionistic
fuzzy B-contraction function on J#,(X) with respect to the
Hausdorff intuitionistic fuzzy metric (Hys, Hy), if f is intu-
itionistic fuzzy B-contraction on an intuitionistic fuzzy metric
space (X, M, N, *,$).

Lemma V.1. Let (X, M, N,x,$) be an intuitionistic fuzzy
metric space. If B,C C X such that B C C, then
M(z,B,t) < M(x,C,t) and N(x,B,t) > N(x,C,t) for
all x € X and t > 0.

Proof: Fix t > 0. Let x € X and B,C C X such that
BcC.

Then,
M(z,B,t) = sup M (z,b,t) < sup M (z,b,t) = M(z,C,t)
beB beC
and
N(x,B,t) = inf N > inf N (4 =N .
(z,B,t) = inf N(z,b,t) > inf N(z,b,¢) = N(z,C,?)

International Scholarly and Scientific Research & Innovation 6(8) 2012

Lemma V2. Let (X, M, N,x,{) be an intuitionistic fuzzy
metric space. If B,C C X such that B C C, then
M(A,B,t) < M(A,C,t) and N(A, B,t) > N(A,C,t) for
all AC X and t > 0.

Proof: Fix t > 0. Let A, B,C' C X such that B C C.
By the Lemma V.1, we have

S S55 X
= =

% %

IN NN

S
N
%
IA

inf M(a, B,t)
acA

M(a, B,t),Ya € A
M(a,C,t),Ya € A
inf M(a,C,t)
acA

M(A,C\t).

Similarly by the Lemma V.1,

2 222 =
= =

T o®

(AVARAVAR VAR

=
=
&=
\Y

sup N (a, B, t)
acA

N(a,B,t),Va € A
N(a,C,t),Ya € A
sup N(a, C,t)
acA

N(A,C, ).
|

Lemma V.3. Let (X, M, N,x, <) be an intuitionistic fuzzy
metric space. If A, B,C C X, then

M(A UB,C, t) - min{M(A, C,1), M(B,C, t)}
and
N(A UB,C, t) - max{N(A, C,1),N(B,C, t)}

for all t > 0.

Proof: Fix t > 0. Let A,B,C C X.
Then,

M(AUB,C,t)

= inf M(z,C,t)
r€AUB

= min{grelgM(a, C, t),big]g M(b,C, t)}
- min{M(A,c,t),M(B,c,t)}
and
N(Au B,C, t)

= sup N(z,C.,t)
r€AUB

= max{supN(a C,t), supN(b C, t)}
acA

- max{ (A,C,t),N B,C,t)}.
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Lemma V4. Ler (X, M, N,*,<) be an intuitionistic fuzzy

('%/()(X)7HM7HN7*7<>>

responding Hausdorff intuitionistic fuzzy metric space. If

A,B,C,D € #,(X), then

Hy (A UB,CUD, t) > min{HM(A, C.t), Hy (B, D, t)}
and

Hy (A UB,CUD, t) < max{HN(A, C.t), Hy (B, D,t)}

forall t > 0.

Proof: Fix t > 0. Let A, B,C, D € J#,(X).
By using the Lemmas V.2 and V.3, we get

metric space. Let be the cor-

M(AuB,CuD,t)

- min{M(ﬁL CUD,t), M(B,CU D,t)}

v

min{M(A, C,1), M(B, D, t)}

> min{HM(A,c,t),HM(B,D,t)}.
Similarly,

M(CuD,AuB,t) > min{HM(A,C, t),HM(B,D,t)}.

Hence,
Hy (A UB,CUD, t) > min{HM(A, C.t), Hy (B, D, t)}.

Again by using the Lemmas V.2 and V.3, we get

N(AUB,CUD,t)

- max{N(Ac UD,t),N(B,CU th)}

IN

maX{N(A, C,1), N(B, D, t)}

IN

max{HN(A, C.t), Hy(B, D, t)}.

Similarly,
N(C UD,AU B, t) < max{HN(A, C.t), Hy (B, D,t)}.

Hence,
Hy (A UB,CUD, t) < max{HN(A, C,1), Hy (B, D, t)}.

This completes the proof. [ ]
The following theorem is a generalized version of the
Theorem V.2.

Theorem V.3. Ler (X, M, N,x*,<>) be an intuitionistic fuzzy
(Ji{,(X), Hyr, Hy, *, O) be the corre-
sponding Hausdorff intuitionistic fuzzy metric space. Suppose

metric space. Let

fnt X — Xn = 1,2,.,N;N, € N, is an
intuitionistic ~ fuzzy ~B-Contraction on (X, M, N, x*,$).
Then  the intuitionistic  fuzzy  HB  operator s
also  an intuitionistic ~ fuzzy  B-Contraction on

(%(X), Hy, Hy, #, <>).

Proof: Fix t > 0. Let A,B € J#,(X). By using the
Lemma V.4 and the Theorem V.2 for a given &k € (0, 1), we get
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Ha (F(A), F(B), kt)

n n=1
N,
> min Has (fa(A), fa(B), kt)

Vv
=
S
—~
S
=
=

Similarly,

Hy (F(A), F(B), k:t)

Hy (U fu), U fn(Bth)

it Hy (£(A). £a(B), kt)

< HN<A,B,t).

IN

This completes the proof. [ |

From the above Theorem V.3, we conclude that the
operator F' is a intuitionistic fuzzy B-contraction on J#,(X)
with respect to the Hausdorff intuitionistic fuzzy metric
(Hyr, Hy), if f,, is intuitionistic fuzzy B-contraction on an
intuitionistic fuzzy metric space (X, M, N,x*,{) for each
ne{1,2,3,. N,

VI. HAUSDORFF INTUITIONISTIC FUZZY METRICS ON
Ho(X) AND o (Ho(X))

Now, we investigate the relationships between the
hyperspaces 7,(X) and #,(#,(X)) and the Hausdorff
intuitionistic fuzzy metrics Hy; and ¢, .

Theorem VL1. Ler (X,M,N,x ) be an intuitionistic
Let ('%/O(X)?HM7HN7*7<>>

(%(%(X)), Hiryy, Ky > *s <>) be the corresponding
Hausdorff  Intuitionistic ~ fuzzy Let
A B e Hy(Ho(X)) be such that

{laeA:Ac o}, {be B:Bc B} c #X).

fuzzy metric  space. and

hyperspaces.

Then
HM<{aeA:Aed},{beB:Be%}J)

2 %HM(JZ{,%7t)

and
HN<{aeA:Ae%},{beB:Be%},t)

< gy (o, B, t)
SJor all t > 0.

1SN1:0000000091950263
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Proof:

Fix t > 0.
Firstly, we note that
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M(B,{aeA:Aed},t)

= bléléM(b,{aEA:AE,Q{},t)

= inf sup  M(b,a,t)
bEB {geA:Ace}

= inf sup sup M (b,a,t)
bEB Aces acA

> sup inf sup M(b,a,t
Aca bEB qcA (b,a.7)

= sup M(B,A,t).
Aest

It follows that

M({beB:Be%},{aeA:Aeg{},t)

v

Similarly,

M({aeA:Aed},{beB:Be%’},t)

Hence,
HM({aeA:Ae,Qf},{beB:Be@},t)

A%

v

min { M

{bejgl%fegg}M(b,{aeA:Ae;zf},t)

BlIglfj[)lélfM(b {a€eA: Ae g}, t)

Bnelfg’?M(B {aeA: Aec g}, t)

f M(B,A,t
3 3up, M B A

> inf M(A, B,t
ALy S4B,

({aeA:Aed},{beB:Be%},t),

M({beB:Be%},{aeA:Aed},t)}

i {

inf sup M (A, B,t), mf sup M (B, A,t)
A€d Bes P Acol

inf sup Hp (A, B,t), inf sup Hy (B, At
Acd Ben ( )BG B Aco ( )

1rnin{H1\/[(£7,937 t),Hj\,f(%,;Zi,t)}

%HJW (ﬂ,ﬂ,t).
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}

Secondly, we note that

N(R{aeA:Aed},t)

- supN(b,{aeA:Ae,Qf},t)
beB

— f N(b, a.t
Sup At Nbat)

= f inf N(b,a,t
oob AL ek Vet

< inf sup 1nf N(b,a,t)
Acdl pepacA

= inf N(B,At).
Acd

It follows that

N({beB:Be%},{aeA:Aed}J)

= sup N(b,{aeA:Aed},t)
{beB:Bc A}

= sup supN(b,{aE A:Ae ,Q%},t)
Be#BbEB

= sup N(B7{a€A:AE,Q%},t)
Be®

inf N(B,A,t).
320, oL, N B A

IN

Similarly,

N({aeA:Aeﬂ},{beB:Be%’},t)

< sup inf N(A,B,t).
Aco BESR

Hence,

HN({aeA:Aeﬂ},{beB:Be%},t)

max{N({aGA:AG;zf},{bEB:BG%},t),
N({beB:Be;@},{aeA:Aeyi},t)}

max{ sup 1nf N(A, B,t), sup mf N(B,A t)}
Aco/ BES

max] sup inf Hy(A, B,t), sup inf Hy(B,A,t
{AGIE{ Be%# N( )Bep@Aed N( )}

max{HN(d,%, t),HN(%',d,t)}

Hiy (A, B T).

The proof is complete. |
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The above Theorem VI.1 declares that H,; is a ‘stronger’
degree of nearness Hausdorff intuitionistic fuzzy metric than
F,, and J,, is a ‘stronger’ degree of non-nearness Haus-
dorff intuitionistic fuzzy metric than H .

VII. CONCLUSION

In this paper, we proved the intuitionistic fuzzy contrac-
tion properties of the Hutchinson-Barnsley operator on the
intuitionistic fuzzy hyperspace with respect to the Hausdorff
intuitionistic fuzzy metrics. Also we discussed about the rela-
tionships between the Hausdorff intuitionistic fuzzy metrics on
the intuitionistic fuzzy hyperspaces. This paper will lead our
direction to develop the Hutchinson-Barnsley Theory in the
sense of intuitionistic fuzzy B-contractions in order to define
a fractal set in the intuitionistic fuzzy metric spaces as a unique
fixed point of the Intuitionistic Fuzzy HB operator.

ACKNOWLEDGMENT

The research work has been supported by University Grants
Commission (UGC - MRP & SAP), New Delhi, India.

REFERENCES

[1]1 L.A. Zadeh, Fuzzy Sets, Information and Control, 8 (1965) 338-353.
[2] I. Kramosil and J. Michalek, Fuzzy metrics and statistical metric Spaces,
Kybernetika, 11(5) (1975) 336-344.
[3] A. George and P. Veeramani, On some results in fuzzy metric spaces,
Fuzzy Sets and Systems, 64 (1994) 395-399.
[4] A. George and P. Veeramani, On some results of analysis for fuzzy
metric spaces, Fuzzy Sets and Systems, 90 (1997) 365-368.
[S] V. Gregori and A. Sapena, On fixed-point theorems in fuzzy metric
spaces, Fuzzy Sets and Systems, 125 (2002) 245-252.
[6] J.H. Park, Intuitionistic fuzzy metric spaces, Chaos, Solitons and Frac-
tals, 22 (2004) 1039-1046.
[7]1 C. Alaca, D. Turkoglu and C. Yildiz, Fixed points in intuitionistic fuzzy
metric spaces, Chaos, Solitons and Fractals, 29 (2006) 1073-1078.
[8] A. Mohamad, Fixed-point theorems in intuitionistic fuzzy metric spaces,
Chaos, Solitons and Fractals, 34 (2007) 1689-1695.
[9]1 B.B. Mandelbrot, The Fractal Geometry of Nature, W.H. Freeman and
Company, New York, 1983.
[10] J.E. Hutchinson, Fractals and self similarity, Indiana University Mathe-
matics Journal, 30 (1981) 713-747.
[11] M. Barnsley, Fractals Everywhere, 2nd ed., Academic Press, USA, 1993.
[12] M. Barnsley, Super Fractals, Cambridge University Press, New York,
2006.
[13] D. Easwaramoorthy and R. Uthayakumar, Analysis on Fractals in Fuzzy
Metric Spaces, Fractals, 19(3) (2011) 379-386.
[14] R. Uthayakumar and D. Easwaramoorthy, Hutchinson-Barnsley Operator
in Fuzzy Metric Spaces, International Journal of Engineering and Natural
Sciences, 5(4) (2011) 203-207.

[15] B. Schweizer and A. Sklar, Statistical metric spaces, Pacific Journal of

Mathematics, 10 (1960) 313-334.
[16] V. Gregori, S. Romaguera and P. Veeramani, A note on intuitionistic
fuzzy metric spaces, Chaos, Solitons and Fractals, 28 (2006) 902-905.
[17] J. Rodriguez-Lopez and S. Romaguera, The Hausdorff fuzzy metric on
compact sets, Fuzzy Sets and Systems, 147 (2004) 273-283.

International Scholarly and Scientific Research & Innovation 6(8) 2012

1168

R. Uthayakumar was born in Dindigul, India; in
1967. He received the Ph.D. Degree in Mathematics
from The Gandhigram Rural Institute - Deemed
University, Gandhigram, India; in 2000. He is
currently an Associate Professor in Mathematics in
The Gandhigram Rural Institute - Deemed Univer-
sity, Gandhigram, India. His major research interests
include Mathematical Modeling, Fractal Analysis,
Fuzzy Spaces, Operations Research, Inventory Man-
agement and Control, Supply Chain Systems and
Biomedical Signal Processing. He is an author and
coauthor of more than 65 international refereed scientific journal articles and
40 papers published in proceedings of conferences.

D. Easwaramoorthy was born in Rasipuram,
Namakkal, Tamil Nadu, India; in 1986. He
received the M.Sc. Degree in Mathematics from the
Bharathidasan University, Tiruchirappalli, India; in
2008. Currently, he is a Research Scholar in the
Department of Mathematics, The Gandhigram Rural
Institute - Deemed University, Gandhigram, India.
His research interests include Fractal Analysis in
Fuzzy Spaces and Biomedical Signal Analysis.

1SNI:0000000091950263





