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The Research and Application of M/M/1/N Queuing
Model with Variable Input Rates, Variable Service
Rates and Impatient Customers

Quanru Pan

Abstract—How to maintain the service speeds for the business
to make the biggest profit is a problem worthy of study, which is
discussed in this paper with the use of queuing theory. An M/M/1/N
queuing model with variable input rates, variable service rates and
impatient customers is established, and the following conclusions
are drawn: the stationary distribution of the model, the relationship
between the stationary distribution and the probability that there are n
customers left in the system when a customer leaves (not including
the customer who leaves himself), the busy period of the system,
the average operating cycle, the loss probability for the customers
not entering the system while they arriving at the system, the mean
of the customers who leaves the system being for impatient, the
loss probability for the customers not joining the queue due to the
limited capacity of the system and many other indicators. This paper
also indicates that the following conclusion is not correct: the more
customers the business serve, the more profit they will get. At last,
this paper points out the appropriate service speeds the business
should keep to make the biggest profit.

Keywords—variable input rates, impatient customer, variable ser-
vice rates, profit maximization.

I. INTRODUCTION

USTOMERS’ coming to the enterprise to seek for ser-

vice may constitute a queuing system. The arrival process
of the customers is the input process; the enterprise is the
service agency, and we rule on the principle that first-come,
first-served. Customers always hope that the queue length for
service is as short as possible when they arrive; otherwise, they
may refuse to enter the system and leave immediately, even
customers who are already in the system may also leave the
system due to impatience, which requires the system adjust
service speeds flexibly™™—[®]: raise the service speed to reduce
the loss of customers when the queue is long and reduce
the service speeds to reduce the cost of services. The service
speeds which should the system keep is discussed in this paper.

Il. MODEL HYPOTHESIS

(1) There is only one service window in the system, and its
capacity is N(IN > m > 0 ), first come first served.

(2) Exponential distribution with the parameter),, = 5 +n)\
is applied to time intervals that the customers arrive at system,

among which n is the queue length, n = 0,1,2---N-1. If
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we suppose o, = p%n obviously we can get ap = 1, vy >
Qnt1, nllgloo a, =0

(3) Exponential distribution with the parameter 1., is applied
to the service time T for each customer, among which u,, =

nu,l <n<m

mp,m<n<N

(4)The customers who are already in the system may
leave the system due to impatience, its intensity is ¢, ,
and 6, = n(n + 1)§ , among which n is the queue
length,n = 0,1,2---N, § > 0. Obviously we can get:
0o =0,0, < (5n+1, 111}_1 Op = +00

(5) The arrival process of customers and system service
process are independent respectively.

I1l. MATHEMATICAL MODEL
Stationary distribution of the system p, = P(N(t) = n)
exists due to limited state of the system. From the model
hypothesis we can get the Kolmogorov equations
For state 0: A\pg = (i +28)p1 = p1 =
For state 1: A\pg + (2 +6d)p2 =

+25p0
[(u+25) +3)p1=p2 =

(a1 )27(u+25)(u+35)p0
For state 2: 3p; + (3u + 120)ps =

= Pp3 =

[(2p + 60) + 3]p2

(31)? (u+25)(u+35)(u+45)p0

For state m-1: —2_p._ o> + [mu + m(m + 1)d]p, =
[(m — Dp + (m — mé + 2lpm

12 ™ m MmEL
(7r) (1 20)(nr30)- [;L+(m+1)5]P0 = mD? }32 s Po

For state m: 2p,_; + [mp + (m + 1)(m
2)0lpmi1 = [mp + m(m + 1)6 + m+1]pm:>pm+1

AmtL m+1
m!(m+1)!( 1:[2 u+i5)mu+(m+1)(m+2)6p0

For state m+l: —25p, + [mp + (m + 2)(m +
3)5]pm+2 = [m:UJ + (m + 1)(m + 2)6++%+1]pm:>
_ Al (mﬁl 1 ) 1 = _
RRCICEEVA S e mpt (mt 1) (m12)s PO~ Pm+2 =

= DPm =

I+

Pm+1

Am+2 m+1

1 1 1
m!(m+2)!( ‘1:[2 n+id ) mu+(m+1)(m+2)5 mp,+(m+2)(m+3)6p0

For state
Délpy =

AN 1 1
G )( ‘HQ ) 7‘1;[1 nm+(m+i)(m+z‘+1)5)p0

1=

N-1: Pipv—2 +
[mp + (N — 1)N6 +

[mp + N(N +
%]pN—1=> PN =
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N
In accordance with the regularity we can get > pr =1=
k=0
A" n+1 N AP m+1

1
{1+Z 2Hu+25 Z m'n'(Hu—t-zé)

n—m

(I warmrmmrerns I}
We obtain the following theorem based on the above deriva-
tion:
Claim 1. Stationary distribution of the system exists, and
Pn =
(L)Q/\"(nli_[1 L Vpg,1 <n<m
n! 11l s /P02 =T =

AT LT 1
it il;g u+i5)( il;[1 mu+(m+i)(m+i+1)6)p07
among which

m+1

)\n n+1 N A" 1
{Hzl +2(5+ Zl (H P
n n=m-4

n—m 1 1
( il;ll mpu~+(m+1i)(m+i+1)0 )]}
To get theorem 2, we give the following lemma:

N(t)
Let X(t) = > X, is the total amount of

remuneration before the momlenltt if E[X] < oo E[T] < o0
then(1) lim POy = M =1(2) lim B(X®) = %
CIaJm 270 b, = P (there are n customers left in the
system when a customer leaves, not including the customer
nu+n(n+1)0,1<n<m
mu+nn+1)d,m<n<N

Lemma .

who leaves himself),v,, = {

:thenpn_[ 71bO"')‘ Zvnpn} 1bn,n—0,1,2 -N.

Proof: Let A, = the mterval that from N(t) = n+ 1 to
N(t) = n twice, B, = the number of the customers served
during the time A,, , Cy = the number of times that there is
no customer left in the system when a customer leaves during
the time A,, , then that the N(¢) from n + 1 to n each time
can be regarded as an update event,A,, can be regarded as
a update interval. The time that N (¢t) among A,, stay in the
state n is a random variable, and it obeys the exponential
distribution with the parameter \,,. By the lemma, if we regard
the time that N(¢) stay in the state » as remuneration, then

Pn = Ea Only one customer leaves the system among

B, , and we can get that N(¢) stay in the state n; if we
regard B,, as update interval length, then by the lemma we
know that b, = 5, bo = g[gfj WhenN(t) = 0 , the
next customer will arrive after an interval with an average
length of /\51 , and A, can be viewed that it is formed by
Cp such length and B, intervals (the length of the interval

is equal to the service time for each customer), so E[A,] =

- E[Co) jv— E[T|E[Bn]=E[An] = =& + E[T] - Because
E[T] = 3 vnpn, We can get E[4,] = &2 + Z UnPn,
= L
furtherwe can get:p, = g% = [32bo + A Z UnPn]~bn,
n 77,:0

n=01,2--N.
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m<n<Nfor the flrst tlme wn =

Inference 1. For M/M/1queuing system with parameters
{ A=A ,then p,, = b, , n=0,1,2---N.

i = p

Proof: If v,, = u , then E[T] = ﬁ f A, = A\n =0, then
po = [bo + %]*1170 . We have known that for M/M/1 queuing

i

system with the parameters { Ai - 2 , then pg = 1—2 .So

we can get by =1 — % , put above results into p,, = [ig bo +

N
An > vppn] b, we can getp, =b, ,n=0,1,2---N
n=1
Claim 3. Let W,, = the time during which the state
of the system transfers to n till the state transfers to 0
EW,)n = 1,2---N, then
N

Z pn + Z ( Ak) >~ p;, among which X, =

m=1 i=m-+1
1y _ _ npt+nn+1)0,1<n<m
1+n 'pl_#+25’v”_ mp+nn+1)d,m<n<N '’

2 1<n<m
nl T [kptk(k+1)6]
k=1

pn = - A

n! kﬁl[ku+k(k+1)6] ) 1 [mntk(41)] ’
Proof: Let 3, = the time dutiﬁgwhich the state of the system
transfers to n till the next customer arrives. ~, = the time
during the state of the system transfers to = till the next
customer leaves. From the moment that the state transfers
to n , the states will change at the probability of 1, either
n—mn+1lorn—n—1,alsowe depend on the math-
ematical expectation formula and the nature of exponential
distribution, we can get: w,, = E(Wn): E[min(8,,v,)] +
vn} = ivn + 2 wnt1 + 1 gy Wn_1, namely w1 —
Wy = A + “"( — Wn_ 1)(*) Because wy = 0, from
the above ‘equation recursion we can get Wntl — Wy

1 1
T XNnpn L; Pn + X 1 Let Z,

2n A1 A2 Ay

m<n<N '

= Wn41 — Wnpy Un =

T Zy, then depending on(*)we can get:
Zy = ==+ 32701, Zp = w1 = unif\“z;_'&z = —x+
s Dy = — L
= Uy < Up_1, é uy, IS @ monotone decreasing function,
also Z,, > 0, A\, > 0,v, > 0thus u, = \y,Zppn > 0, =
u,, has the lower bound, = lim wu, exists. Also ug — u,, =

77,4’00

Z pi=w) = ug = hm Uy + Z pi- It is easy for us to

n—

,UOZ

get lim A\, = 0, hm Pn = 0 The state of system is
n—oo
limited, so the system is posmve recurrent.v n, 0 < w, < oo
o0
= lim w, = lim \yZppn = 0. w1 = 0+ > pp =
n—oo - n—oo N n= 1
Z pn + %ﬁ Pn = Z pn+0 = Z PnPn = A
+1 n=
among WhICh n is the queue length, n = 0,1,2---N —
1, namel = ﬁAOSnSN_l# = 0
y y /’LTI/ - O,TL > N + 1 pn - 3
=) N .
n> N-1= > p, = 0). Put wy = 3 p, into
n=N+1 n=1
n
Wil — Wy = — p 2 p wi, We can get
337 ISNI:0000000091950263
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1 N n N
v
Wnil — Wn = x5 Z pPi = H *’; Z pPi=Wn =
i=n—+1 k=1 1=n-+1

n—1 N
IT %= 3= pi + w1, from this equation recursion we can get
k=1

:n

wn*ZPnJFZ( vk) Z pl,1<n<N

Inference 2. Busy perlod 5 |s the time from the mo-
ment the first customer arrives at the system to the mo-
ment the last customer leaves the system. The average

busy period of the system E(¢) = 1{ i [(QW [T ) +
N n m+1 n=l
> e

n=m-+1 =2
Proof: E(¢) = wl, aIso dependlng on the proof of the

theorem 3: w; = Z pn = E(§) = Z pi = Z % =
=

N doAida A S
P e i I AV (e
N —m

]+n ZL =5 p,+u3 H mp,+(m+z)(m+z+l)5]}

Inference 3. Idle perlod I is the time when there is no
customer in the system. The operating cycle is the time
when the state of the system from 0 until the next time
they transferred to the state 0. The average operating cycle

m n n+1
of the system E(I + &)= ;{1 + X [z I i) +
n=1 1=2

n—m

,u+7,6 H ’rrL,u—r—('rn—r—z)(rn—r—z—r—l)é]}

m—+1
[ Am
mlin! .

N An m—+1 1 n—m 1

Z [W 1 nFid il;ll m;r+(m,+i)(m,+i+1)(5]}

Proof: (3, = the time during the state of the system
transfers to n till the next customer arrives. When the
state of system transfers to the state 0, it will transfer

to state 1 in By time, and the state 1 will return 0 in

Wy time. Thus I = Gy, E(I + &) E(fBo + Wy) =
m n—+
1 1 1 _ 1 _ 1 A" 1
prinabw (Fo - 1) = %opo = Al n;[(nwz 1;[2 sl +
DY | SES ) (RS
mln! . ntid mp+(m+i) (m+i+1)6
n=m-+1 =2 i=1

IV. THE OTHER RELEVANT INDICATORS OF SYSTEM

(1) When a customer reaches the system and finds that
there are n customers in the system, if he enters the sys-
tem at the probability of «, = 1%1 , and he leaves
the system at the probability of 1 — «a,, , then the loss
probability of the system because of the customers not

N
entering the system P, = E p(X =n)x (1 —ay,)=
N m Ant1 n+1
Zopn Zoanpn— 1- {pO + Po Z [(n+1)|nr H AH-MS}
n= n
N Ant n—m
Po Z+1 [m H u+z5 H m,u+(m+z)(m+l+1)5]}

2) Some customers. may Ieave system before being served
due to impatience. The mean of those customers who leaves
N
Z 5npn+1 -

n=0
N m—1 n+2 N

n41
Z n(n+1)6pni1 = po E [(n+61>)\r(n ! H Mim] Po Z
n=0 =2 n=m

6)\n+1
[mr(n 1

the system because of impatience L; =

n— m+1

m-+
IS

mp,+(m+i)(m+i+l)5]
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(3) When a customer arrives at the system and finds that
there are N customers in the system, he can not enter the
system. The loss probability of the system because of limited

N—m
1
CapaCIty PN— m'N' H ,u+r6 Hl mp+(m+i)(m+i+1)6p0
= Eal )

(4) The average |nput rate of system A =
N An+l n+1 1
(EO)‘npn)(l - PN) = pO{)‘ + Z [n'(nJrl)' H2 m]+

n—

N )\n«r»l n—m
Z [ml(n+1)l( ) M+15)(

n=m-+1 i=1
N m—+1 1 N—m

A 1
pOm!N![Zl:IQ prerdll il:ll mu+(m+i)(m+i+1)5]}

=

mrrgerens HL —

(5) The average service intensity of the system is p = =2 ,

X is the average input rate of those customers who enter the
system and receive the service, 7 is the average service rate. If
5= % , then 7 is the average service time of the system. The
average number of the customers who arrive and receive the
service during the time t is At . The free time of the system
is pot . The busy time of the system is ¢ — pot . The number
of customers who receive service during the time t is % .
The number of customers entering the system and receive the
service, and the number of customers who are serviced in unit
time are the same under the balance condition , so At = * 50’5

=l

.Iftﬂoo,thenxizlfpo,soﬁzlfpo.

N
(6)The average queue length of the system L, = > np,
n 0

m A” n+tl 1 N A”
=Po Z [(nfl)ln! H u+i6] + Po Z [m'(n 1! H u+z5
n=1 1=2 n=m-+1
n—m

1
e mp,+(m+i)(m+i+l)6]

V. AN EXAMPLE

For an M/M/1/3 queue system, exponential distribution with
the parameter X is applied to time intervals that the customers
enter the system, and A = 3.6 ; the average service cost for
each customer is E, and E=1; the average income for serving a
customer is G, and G =2; u is the service rate; the probability
that customers entering the system is P, (11”1’3& in o=
0,1,2,3 N=3, then the income of the system is >\(1 —pN)G
, net income F=X(1 —py)G — En . Compare the net income
F and loss probability P, when y=6and =3 .

Analysis: 4 = 6 = p = 0.6,P3 = %

0.0993,F=2 x 3.6[1 — 1=0006%1 1 62046, y=3 = p=

1-0.6%
1.21,P =USL2DL20) 39 F=p x 3.6[1 — U212
~1 x 3= 1.86.

1—1.21%

From above analysis we can see that when p = 3, 32%
of the customers do not enter the system and the net income
F=1.86, while ;x = 6, less than10% of the customers do not
enter the system, but F= 0.46, from which we can get: the
most profitable strategy is not necessarily the strategy to serve
the largest number of customers. Then what the service speeds
should the business keep to make the biggest profit?

V1. OPTIMIZATION OF THE MODEL
1. Selection of (u, m) among i, (p, m)
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The net income of the system F = G\ — ]VC; n— —N [4] Chang TAN; M/M/1 Queuing System of Changeable Input Rates ~The
among which G is the average income fOI’ servmg a probabiltic is k=1/k; Journal of Guizhou University(Natural Science);
' a h i f h 2008, 25(5):445-448
customer, My is the average service cost for each customer, [5] Guanghui Xu ; Stochastic Service System; Science Press; 1984,9
N is the total number of seats for customers, and G [6] S.M.Ross”Application  Probability ~ Models ~ with  Optimization
. Application”Holden-Day. San Francisco,USA 1970
is loss cost of each seat, A is the average input rate
of those customers who enter the system and receive
. N
the service, and A = > (Aupn — 0npn+1)(l — Pn)=
n=0
Ant1 n+1 1 Antls n+-2 1
Po{A+ Z ity 1L wts — Gty L sl T
AP, " 1 Amtisp, Ml 1
m!(m-+1)! ilj2 p+is  (m=1)!m! il;IQ p+i1d mpu+(m+1)(m+2)8
N _
Ant1 m+1 1 n—m 1
]+ ; [ml(n+1)l( e #+i5)(iH1 mp+(m+i)(m+i+1)5)

)\’H’lép m+1 1 n—m-+1 1 1
rn'(n 1)! ( i ;L+i5)( m/t—t—(m—t—i)(m—t—i—t—l)é)}}( il;IZ /1.+1',5)
n—m-+1 N m+1
1 A 1
,.1_12 mp+(m—+i)(m+i+1)6 )}}{1 - Po T [ 'H2 ;L+i6]
1= i=
N—m 1 . .
[ 'Hl WHmH)(mHH)&]}, & is the average service
i=
d @ S - P
rates, and o = WZI HnPn = pOanz:l =Dl il;IZ m"’
A 77L+1 n—m
1 1
Popt Z {n’(m 1! ._2 ntid 1_—'[ mp+(m+i)(m+i+1)6}
n=m- = =1

We want to get maxy . Considering both m and p are
limited, we can put the possible values of (u,m) into F =
G — —ﬁ — 2N and compare these values, if (ug,mo)
makes the blggest then (10, mo) is what we want.

2. Optimization of N among M/M/1/N

. F(N-1)<F(N)

To get maxp , N should satisfy { F(N +1) < F(N)
GA(N —1) — iﬁ(N -1) - (N-1)5%
< GAN) - 47 Fi(N) — N+

M ROGEE Mu<N+> (N+1)S
< GAN) — Ga(N) - N &
A(gv—l)—ww—n <N—1>ﬁ

o] - o - v

AN +1) = BN +1) = (N + 1) 5
<AMN) = 35A(N) =Ny
SMAN +1) = (N + 1)] = [MiA(N) = B(N)]< 32

< [MUA(N) = i(N)] = [MyA(N — 1) = (N = 1)] , with
different value ranges, we can get N.
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