
Rate of convergence for generalized
Baskakov-Durrmeyer Operators

Abstract—In the present paper, we consider the generalized form
of Baskakov Durrmeyer operators to study the rate of convergence,
in simultaneous approximation for functions having derivatives of
bounded variation.
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I. INTRODUCTION

IN the year 2005, Finta [2] considered a new type of
Baskakov-Durrmeyer operator by taking the weight func-

tions of Baskakov basis functions and established sufficient
conditions for obtaining strong converse inequality. After that
Govil and Gupta [3] studied some approximation properties
for these operators and estimated local results in terms of
modulus of continuity. Also, further properties like point-
wise convergence, asymptotic formula and inverse result in
simultaneous approximation have been established in [5]. Very
recently, Verma et al. [7] Stancu type generalization of the
operators Dn(f, x) and studied the direct error estimates
and Voronovskaja type asymptotic formula. To approximate
the Lebesgue integrable functions on the interval [0,∞), we
introduce Baskakov-Durrmeyer operators in generalized form
as:

Vn,r(f, x) =
(n+ r − 1)!(n− r)!

n!(n− 1)!

∞∑
k=0

pn+r,k(x)

×
∫ ∞

0

bn−r,k+r(t)f(t) dt

where

pn,k(x) =

(
n+ k − 1

k

)
xk

(1 + x)n+k
,

bn,k(x) =
1

B(k, n+ 1)

xk−1

(1 + x)n+k+1
.

We denote the class of absolutely continuous functions f on
(0,∞) is defined by DBq(0,∞), (where q is some positive
integer) and satisfying:

(i) |f(t)| ≤ C1t
q, C1 > 0,

(ii) the function f has the first derivative on interval (0,∞)
which coincide a.e. with a function which is of bounded
variation on every finite subinterval of (0,∞). It can be
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observed that for all f ∈ DBq(0,∞), we can have the
representation

f(x) = f(c) +

∫ x

c

ψ(t)dt, x ≥ c > 0.

In the recent years, the rate of convergence for the functions
having the derivatives of bounded variation is an interesting
area of research, several researchers have studied in this
direction we refer some of important paper in this area as [6, 8-
10]. Also, Bai et al. [1] worked in this direction and estimated
the rate of convergence for the several operators. Gupta [4]
estimated the rate of convergence for functions of bounded
variation on certain Baskakov-Durrmeyer type operators.

In the present paper we study the rate of convergence for the
operators Vn,r for functions having the derivatives of bounded
variation, we also mention a corollary which provide the result
in simultaneous approximation.

II. AUXILIARY RESULTS

In the sequel we shall need the following lemmas.

Lemma 1: If we define the central moments as

μn,r,m(x) =

∞∑
k=0

pn+r,k(x)

∫ ∞

0

bn−r,k+r(t) (t− x)
m
dt

Then, μn,r,0(x) = 1, μn,r,1(x) =
r(2x+1)
n−r and for n > m we

have the following recurrence relation:

(n− r −m)μn,r,m+1(x) = x(1 + x)[μ′
n,r,m(x)

+2mμn,r,m−1(x)] + (m+ r)(1 + 2x).

Proof: Taking derivative of above

μ′
nr,,m(x) = −m

∞∑
k=0

pn+r,k(x)

×
∫ ∞

0

bn−r,k+r(t)(t− x)m−1dt

+
∞∑
k=0

pn+r,k(x)

∫ ∞

0

bn−r,k+r(t)(t− x)mdt

= −mμn,r,m−1(x) +
∞∑
k=0

pn+r,k(x)

×
∫ ∞

0

bn−r,k+r(t)(t− x)mdt

x(1 + x)[μ′
n,r,m(x) +mμn,r,m−1(x)]

=
∞∑
k=0

x(1 + x)p′n+r,k(x)

∫ ∞

0

bn−r,k+r(t)(t− x)mdt
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using x(1 + x)p′n+r,k(x) = [k − (n+ r)x]pn+r,k(x), we get

x(1 + x)[μ′
n,r,m(x) +mμn,r,m−1(x)]

=
∞∑
k=0

[k − (n+ r)x]pn+r,k(x)

×
∫ ∞

0

bn−r,k+r(t)(t− x)mdt

=
∞∑
k=0

kpn+r,k(x)

∫ ∞

0

bn−r,k+r(t)(t− x)mdt

−(n+ r)xμn,m(x)

= I − (n+ r)xμn,r,m(x). (1)

We can write I as

I =
∞∑
k=0

pn+r,k(x)

∫ ∞

0

[(k + r − 1)− (n− r + 2)t)]

×bn−r,k+r(t)(t− x)mdt

+(n− r + 2)

∞∑
k=0

pn+r,k(x)

∫ ∞

0

bn−r,k+r(t)t (t− x)mdt

−(r − 1)

∞∑
k=0

pn+r,k(x)

∫ ∞

0

bn−r,k+r(t) (t− x)mdt

= I1 + I2 − (r − 1)μn,r,m(x), (say). (2)

First we estimate I2 as follows

I2 = (n− r + 2)
∞∑
k=0

pn+r,k(x)

∫ ∞

0

bn−r,k+r(t)

× [
(t− x)m+1 + x(t− x)m

]
dt

= (n− r + 2)
[
μn,r,m+1(x) + xμn,r,m(x)

]
. (3)

Next, to estimate I1, by using the equality [(k+ r−1)− (n−
r + 2)t)]bn−r,k+r(t) = t(1 + t)b′n−r,k+r(t), we have

I1 =

[ ∞∑
k=0

pn+r,k(x)

∫ ∞

0

b′n−r,k+r(t) t (t− x)mdt

]

+

[ ∞∑
k=0

pn+r,k(x)

∫ ∞

0

b′n−r,k+r(t) t
2 (t− x)mdt

]

= J1 + J2, (say). (4)

We can write J1 as

J1 =
∞∑
k=0

pn+r,k(x)

∫ ∞

0

b′n−r,k+r(t)

× [(t− x)m+1 + x(t− x)m]dt.

Now, applying integration by parts, we have

J1 = −(m+ 1)
∞∑
k=0

pn+r,k(x)

∫ ∞

0

bn−r,k+r(t) (t− x)mdt

− mx

∞∑
k=0

pn+r,k(x)

∫ ∞

0

bn−r,k+r(t) (t− x)m−1dt

= −(m+ 1)μn,r,m(x)−mxμn,r,m−1(x). (5)

Proceeding in a similar manner, we obtain the estimate J2 as

J2 = −(m+ 2)μn,r,m+1(x)

− 2x(m+ 1)μn,r,m(x)−mx2μn,r,m−1(x). (6)

Combining (1)-(6), we get the desired result.

Remark 1: Let x ∈ (0,∞) and C > 2, then for n
sufficiently large, Lemma 1, yields that

μn,r,2(x, c) ≤ Cx(1 + x)

(n− r − 1)

Lemma 2: Let x ∈ (0,∞) and C > 2, then for n
sufficiently large, we have

λn,r(x, y) =
∞∑
k=0

pn+r,k(x)

∫ y

0

bn−r,k+r(t)dt

≤ Cx(1 + x)

(n− r − 1)(x− y)2
, 0 ≤ y < x,

1− λn,r(x, z) =

∞∑
k=0

pn+r,k(x)

∫ ∞

z

bn−r,k+r(t)dt

≤ Cx(1 + x)

(n− r − 1)(z − x)2
, x < z <∞.

Proof: The proof of the lemma follows easily by Remark
1. For instance, for the first inequality for n sufficiently large
and 0 ≤ y < x, we have

λn,r(x, y) =

∞∑
k=0

pn+r,k(x)

∫ y

0

bn−r,k+r(t)dt

≤
∞∑
k=0

pn+r,k(x)

∫ y

0

bn−r,k+r(t)
(t− x)2

(y − x)2
dt

=
μn,r,2(x)

(y − x)2
≤ Cx(1 + x)

(n− r − 1)(y − x)2
.

The proof of the second inequality follows along the similar
lines.

Lemma 3: Let f be s times differentiable on [0,∞) such
that f (r−1)(t) = O(tq) as t→ ∞ where q is a positive integer.
Then for any r, s ∈ N0 and n > max{q, r+ s+ 1}, we have

DsVn,r(f, x) = Vn,r+s(D
sf, x), D =

d

dx
.

Proof: We prove the result by applying the principle of
mathematical induction and using the following identity

Dpn,k(x) = n[pn+1,k−1(x)− pn+1,k(x)] and (7)

Dbn,k(t) = (n+ 1)[bn+1,k−1(t)− bn+1,k(t)]. (8)

The above identity is true even for the case k = 0, as we
observe that pn+1,negative = 0. Using (7), (8) and integrating
by parts, we have
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DVn,r(f, x) =
(n+ r − 1)!(n− r)!

n!(n− 1)!

×
∞∑
k=0

Dpn+r,k(x)

∫ ∞

0

bn−r,k+r(t)f(t) dt

=
(n+ r)!(n− r)!

n!(n− 1)!

∞∑
k=0

[pn+(r+1),k−1(x)

−pn+(r+1),k(x)]

∫ ∞

0

bn−r,k+r(t)f(t) dt

=
(n+ r)!(n− r)!

n!(n− 1)!

∞∑
k=0

pn+(r+1),k(x)

×
∫ ∞

0

[bn−r,k+r+1(t)− bn−r,k+r(t)]f(t) dt

= − (n+ r)!(n− r − 1)!

n!(n− 1)!

∞∑
k=0

pn+(r+1),k(x)

×
∫ ∞

0

Dbn−r−1,k+r+1(t)f(t) dt.

Integrating by parts the last integral, we have

DVn,r(f, x) =
(n+ r)!(n− r − 1)!

n!(n− 1)!

∞∑
k=0

pn+(r+1),k(x)

×
∫ ∞

0

bn−r−1,k+r+1(t)Df(t) dt

= Vn,r+1(Df, x),

which shows that the result holds for s = 1. Let us suppose
that the result holds for s = m i.e.

DmVn,r(f, x) = Vn,r+m(Dmf, x)

=
(n+ r +m− 1)!(n− r −m)!

n!(n− 1)!

×
∞∑
k=0

pn+r+m,k(x)

∫ ∞

0

bn−r−m,k+r+m(t, c)Dmf(t) dt

Now,

Dm+1Vn,r(f, x) =
(n+ r +m− 1)!(n− r −m)!

n!(n− 1)!

×
∞∑
k=0

Dpn+r+m,k(x)

∫ ∞

0

bn−r−m,k+r+m(t)Dmf(t) dt

=
(n+ r +m)!(n− r −m)!

n!(n− 1)!

∞∑
k=0

[pn+r+m+1,k−1(x)

×− pn+r+m+1,k(x)]

∫ ∞

0

bn−r−m,k+r+m(t)Dmf(t) dt

=
(n+ r +m)!(n− r −m)!

n!(n− 1)!

∞∑
k=0

pn+r+m+1,k(x)

×
∫ ∞

0

[bn−r−m,k+r+m+1(t)

−bn−r−m,k+r+m(t)]Dmf(t) dt

= − (n+ r +m)!(n− r −m− 1)!

n!(n− 1)!

∞∑
k=0

pn+r+m+1,k(x)

×
∫ ∞

0

Dbn−r−m−1,k+r+m+1(t)D
mf(t) dt

Again integrating by parts the last integral, we have

Dm+1Vn,r(f, x) =
(n+ r +m)!(n− r −m− 1)!

n!(n− 1)!

×
∞∑
k=0

pn+r+m+1,k(x)

×
∫ ∞

0

bn−r−m−1,k+r+m+1(t)D
m+1f(t) dt

Therefore,

Dm+1Vn,r(f, x) = Vn,r+m+1(D
m+1f, x).

Thus, the result is true for s = m+1, hence by mathematical
induction, proof of the lemma is completed.

III. RATE OF CONVERGENCE

In this section we prove our main results.

Theorem 1: Let f ∈ DBq(0,∞), q > 0 and x ∈ (0,∞).
The for C > 2 and n sufficiently large, we have

∣∣∣∣ (n+ r − 1)!(n− r)!

n!(n− 1)!
Vn,r(f ;x)− f(x)

∣∣∣∣
≤ C(1 + cx)

n

[
√
n]∑

k=1

x+x/k∨
x−x/k

((f ′)x) +
x√
n

x+x/
√
n∨

x−x/
√
n

((f ′)x)

+
C(1 + cx)

n
(|f(2x)− f(x)− xf ′(x+)|+ |f(x)|) +O(n−q)

+
C(1 + x)

n− r − 1
|f ′(x+)|+ |f ′(x+)− f ′(x−)|

2

√
Cx(1 + x)

n

+
|f ′(x+) + f ′(x−)|

2

r(1 + 2x)

n− r
,

where
∨b

a f(x) denotes the total variation of fx on [a, b], the
auxiliary function fx is defined by

fx(t) =

⎧⎨
⎩

f(t)− f(x−), 0 ≤ t < x,
0, t = x,
f(t)− f(x+), x < t <∞.

Proof: Using the mean value theorem, we have∣∣∣∣ (n+ r − 1)!(n− r)!

n!(n− 1)!
Vn,r(f ;x)− f(x)

∣∣∣∣
≤

∞∑
k=0

pn+r,k(x)

∫ ∞

0

bn−r,k+r(t)|f(t)− f(x)| dt

≤
∫ ∞

0

∣∣∣∣∣
∫ t

x

∞∑
k=0

pn+r,k(x)bn−r,k+r(t)f
′(u)du

∣∣∣∣∣ dt

World Academy of Science, Engineering and Technology
International Journal of Mathematical and Computational Sciences

 Vol:6, No:11, 2012 

1619International Scholarly and Scientific Research & Innovation 6(11) 2012 ISNI:0000000091950263

O
pe

n 
Sc

ie
nc

e 
In

de
x,

 M
at

he
m

at
ic

al
 a

nd
 C

om
pu

ta
tio

na
l S

ci
en

ce
s 

V
ol

:6
, N

o:
11

, 2
01

2 
pu

bl
ic

at
io

ns
.w

as
et

.o
rg

/1
51

95
.p

df



Also, using the identity

f ′(u) =
f ′(x+) + f ′(x−)

2
+ (f ′)x(u)

+
f ′(x+)− f ′(x−)

2
sgn(u− x)

+

[
f ′(x)− f ′(x+) + f ′(x−)

2

]
χx(u),

where

χx(u) =

{
1, u = x,
0, u �= x.

Obviously, we have

∞∑
k=0

pn+r,k(x)

∫ ∞

0

(∫ t

x

[
f ′(x)

−f
′(x+) + f ′(x−)

2

]
χx(u)du

)
pn−r,k+r(t)dt = 0.

Thus, using the above identities, we can write

∣∣∣∣ (n+ r − 1)!(n− r)!

n!(n− 1)!
Vn,r(f ;x)− f(x)

∣∣∣∣
≤
∣∣∣∣
∫ ∞

0

(∫ t

x

∞∑
k=0

pn+r,k(x)bn−r,k+r(t)

×
(
f ′(x+) + f ′(x−)

2
+ (f ′)x(u)

)
du

)∣∣∣∣ dt
+

∣∣∣∣
∫ ∞

0

(∫ t

x

∞∑
k=0

pn+r,k(x)pn−r,k+r(t)

× [f ′(x+)− f ′(x−)]
2

sgn(u− x)du

)
dt

∣∣∣∣. (9)

Also, it can be verified that

∣∣∣∣
∫ ∞

0

(∫ t

x

[f ′(x+)− f ′(x−)]
2

sgn(u− x)du

)

×
∞∑
k=0

pn+r,k(x)pn−r,k+r(t)dt

∣∣∣∣
≤ |f ′(x+)− f ′(x−)|

2
[μn,r,2(x)]

1/2 (10)

and

∫ ∞

0

(∫ t

x

[f ′(x+) + f ′(x−)]
2

du

)
∞∑
k=0

pn+r,k(x)pn−r,k+r(t)dt

≤ |f ′(x+) + f ′(x−)|
2

μn,r,1(x). (11)

Combining (9)-(11), we get

∣∣∣∣ (n+ r − 1)!(n− r)!

n!(n− 1)!
Vn,r(f ;x)− f(x)

∣∣∣∣
≤

∣∣∣∣
∫ ∞

x

(∫ t

x

(f ′)x(u)du
) ∞∑

k=0

pn+r,k(x)pn−r,k+r(t)dt

+

∫ x

0

(∫ t

x

(f ′)x(u)du
) ∞∑

k=0

pn+r,k(x)pn−r,k+r(t)dt

∣∣∣∣
+

|f ′(x+)− f ′(x−)|
2

[μn,r,2(x)]
1/2 +

|f ′(x+) + f ′(x−)|
2

μn,r,1(x)

= |An,r(f, x) +Bn,r(f, x)|+ |f ′(x+)− f ′(x−)|
2

[μn,r,2(x)]
1/2

+
|f ′(x+) + f ′(x−)|

2
μn,r,1(x). (12)

Applying Remark 1 and Lemma 1 in (12), we have∣∣∣∣ (n+ r − 1)!(n− r)!

n!(n− 1)!
Vn,r(f ;x)− f(x)

∣∣∣∣
≤ |An,r(f, x)|+ |Bn,r(f, x)|+ |f ′(x+)− f ′(x−)|

2

×
√
Cx(1 + x)

n− r − 1
+

|f ′(x+) + f ′(x−)|
2

r(1 + 2x)

n− r
. (13)

In order to complete the proof of the theorem it suffices to
estimate the terms An,r(f, x) and Bn,r(f, x).

|An,r(f, x)|

=

∣∣∣∣
∫ ∞

x

(∫ t

x

(f ′)x(u)du
) ∞∑

k=0

pn+r,k(x)pn−r,k+r(t)dt

∣∣∣∣
=

∣∣∣∣
∫ ∞

2x

(∫ t

x

(f ′)x(u)du
) ∞∑

k=0

pn+r,k(x)pn−r,k+r(t)dt

+

∫ 2x

x

(∫ t

x

(f ′)x(u)du
) ∞∑

k=0

pn+r,k(x)pn−r,k+r(t, c)dt

∣∣∣∣
≤

∣∣∣∣
∞∑
k=0

pn+r,k(x)

∫ ∞

2x

(f(t)− f(x)) pn−r,k+r(t)dt

∣∣∣∣
+ |f ′(x+)|

∣∣∣∣
∞∑
k=0

pn+r,k(x)

∫ 2x

x

pn−r,k+r(t)(t− x)dt

∣∣∣∣
+

∣∣∣∣
∫ 2x

x

(f ′)x(u)du
∣∣∣∣∣∣1− λn,r(x, 2x)

∣∣
+

∣∣∣∣
∫ 2x

x

(f ′)x(u)du
∣∣∣∣∣∣1− λn,r(x, t)

∣∣
≤

∞∑
k=0

pn+r,k(x)

∫ ∞

2x

pn−r,k+r(t)C1t
2qdt

+
|f(x)|
x2

∞∑
k=0

pn+r,k(x)

∫ ∞

0

pn−r,k+r(t)(t− x)2dt

+ |f ′(x+)|
∞∑
k=0

pn+r,k(x)

∫ ∞

2x

pn−r,k+r(t)|t− x|dt

+
C(1 + x)

(n− r − 1)x
(|f(2x)− f(x)− xf ′(x+)|

+
C(1 + x)

(n− r − 1)

[
√
n]∑

k=1

x+ x
k∨

x− x
k

((f ′)x) +
x√
n

x+ x√
n∨

x− x√
n

((f ′)x) (14)
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For estimating the integral

∞∑
k=0

pn+r,k(x)

∫ ∞

2x

pn−r,k+r−1(t)C1t
2qdt

above, we proceed as follows:
Since t ≥ 2x implies that t ≤ 2(t − x) and it follows from
Lemma 1, that

∞∑
k=0

pn+r,k(x)

∫ ∞

2x

pn−r,k+r(t)C1t
2qdt

≤ C12
2q

∞∑
k=0

pn+r,k(x)

∫ ∞

0

pn−r,k+r(t)C1(t− x)2qdt

= C12
2qμn,r,2q(x) = O(n−q), as n→ ∞. (15)

|f(x)|
x2

∞∑
k=0

pn+r,k(x)

∫ ∞

0

pn−r,k+r(t)(t− x)2dt

= |f(x)| C(1 + x)

(n− r − 1)x
. (16)

By using the Schwarz inequality and Remark 1, we get the
estimate as follows:

|f ′(x+)|
∞∑
k=0

pn+r,k(x)

∫ ∞

2x

pn−r,k+r(t)|t− x|dt ≤ |f ′(x+)|

×
( ∞∑

k=0

pn+r,k(x)

∫ ∞

0

pn−r,k+r(t)(t− x)2dt

)1/2

= |f ′(x+)|
√
Cx(1 + x)

n− r − 1
. (17)

Collecting the estimates from (14)-(17), we obtain

|An,r(f, x)|

= O(n−q) + |f ′(x+)|
√
Cx(1 + x)

n− r − 1

+
C(1 + x)

(n− r − 1)x
(|f(2x)− f(x)− xf ′(x+)|+ |f(x)|)

+
C(1 + x)

n− r − 1

[
√
n]∑

k=1

x+ x
k∨

x− x
k

((f ′)x) +
x√
n

x+ x√
n∨

x− x√
n

((f ′)x). (18)

On other hand, to estimate Bn,r(f, x), applying the Lemma 2
with y = x− x√

n
and integration by parts, we have

|Bn,r(f, x)| =

∣∣∣∣
∫ x

0

∫ t

x

(f ′)x(u)dt(λn,r(x, t))
∣∣∣∣

=

∫ x

0

(f ′)x(t)λn,r(x, t)dt

≤
(∫ y

0

+

∫ x

y

)
|(f ′)x(t)||λn,r(x, t)|dt

≤ Cx(1 + x)

n− r − 1

∫ y

0

x∨
t

((f ′)x)
1

(x− t)2
dt+

∫ x

y

x∨
t

((f ′)x)dt

≤ Cx(1 + x)

n− r − 1

∫ y

0

x∨
t

((f ′)x)
1

(x− t)2
dt+

x√
n

x∨
x− x√

n

((f ′)x)

=
Cx(1 + x)

n− r − 1

∫ √
n

1

x∨
x− x√

u

((f ′)x)du+
x√
n

x∨
x− x√

n

((f ′)x)

≤ C(1 + x)

n− r − 1

[
√
n]∑

k=1

x∨
x− x

k

((f ′)x) +
x√
n

x∨
x− x√

n

((f ′)x), (19)

where u = x
x−t .

Combining (12), (18) and (19) we get the desired result.

As a consequence of Lemma 3, we can easily prove the
following corollary for the derivatives of the operators Vn,r.

Corollary 1: Let f (s) ∈ DBq(0,∞), q > 0 and
x ∈ (0,∞). The for C > 2 and n sufficiently large,
we have∣∣∣∣ (n+ r − 1)!(n− r)!

n!(n− 1)!
DsVn,r(f ;x)− f (s)(x)

∣∣∣∣
≤ C(1 + x)

n

[
√
n]∑

k=1

x+x/k∨
x−x/k

((Ds+1f)x) +
x√
n

x+x/
√
n∨

x−x/
√
n

((Ds+1f)x)

+
C(1 + x)

n− r − 1
[|Dsf(2x)−Dsf(x)− xDs+1f(x+)|

+ |Dsf(x)|] +O(n−q) +
C(1 + x)

n− r − 1
|Ds+1f(x+)|

+
|Ds+1f(x+)−Ds+1f(x−)|

2

√
Cx(1 + x)

n− r − 1

+
|Ds+1f(x+) +Ds+1f(x−)|

2
· r(1 + 2x)

n− r
,

where
∨b

a f(x) denotes the total variation of fx on [a, b], the
auxiliary function fx is defined by

Ds+1fx(t) =

⎧⎨
⎩

Ds+1f(t)−Ds+1f(x−), 0 ≤ t < x,
0, t = x,
Ds+1f(t)−Ds+1f(x+), x < t <∞.
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