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Abstract—The notions of prime(semiprime) fuzzy h-ideal(h-bi-
ideal, h-quasi-ideal) in I"-hemiring are introduced and some of their
characterizations are obtained by using ”belongingness(€)” and
?quast — coincidence(q)”. Cartesian product of prime(semiprime)
fuzzy h-ideals of I'-hemirings are also investigated.
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I. INTRODUCTION

HE concept of fuzzy set was introduced by Zadeh[17].

Jun and Lee[7] applied the concept of fuzzy sets to
the theory of I'—rings. The notion of I'—semiring was
introduced by Rao[l12] as a generalization of I'—ring as
well as of semiring. Ideals of semiring play a crucial role
in the structure theory but they do not in general coincide
with the usual ring ideals if S is a ring and for this reason,
their usage is somewhat limited when we try to obtain some
analogues of ring theorem for semirings. Indeed, many results
in rings apparently have no analogues in semirings by using
only ideals. In this aspect, Henriksen[5] defined a special
type of ideals in semirings, which are called k-ideals. A
still more restricted class of ideals in hemirings has been
given by lizuka[6]. However a definition of ideal in any
commutative semiring S can be given which coincides with
lizuka’s definition provided S is a hemiring, and it is called
h-ideal. LaTorre[9] investigated h-ideals and k-ideals in
hemirings in an effort to obtain analogues of familiar ring
theorems. Jun et al[8], Zhan et al[18], considered the fuzzy
setting of h-ideals in I'—hemiring. As a continuation of this
investigation Yin et al[16], Ma et al[10] introduced and studied
fuzzy h-bi-ideals, fuzzy h-quasi-ideals, in hemirings. In[2],
Bhakat and Das introduced a new type of fuzzy subgroup
using the combined notions of "belongingness(€)” and
"quasi — coinsidence(q)” . For more results on fuzzy
h-bi-ideals, fuzzy h-quasi-ideals in I'—hemiring we refer to

[15].
In this paper, we consider some properties of
prime(semiprime) fuzzy left h-ideals in I'—hemirings.

The concepts of prime(semiprime) (€,€ Vq)—fuzzy h-bi-
ideals(h-ideals, h-quasi-ideals) in I'-hemiring are described
and some of their characterizations are obtained.

II. PRELIMINARIES

We recall the following preliminaries for subsequent use.

Sujit Kumar Sardar, Department of Mathematics, Jadavpur University,
Kolkata, India, e-mail: sksardarjumath @ gmail.com.

Debabrata Mandal, Department of Mathematics, Jadavpur University,
Kolkata, India, e-mail:dmandaljumath @gmail.com

Manuscript received April 05, 2010; revised September 28, 2010.

International Scholarly and Scientific Research & Innovation 5(8) 2011

1311

Definition 2.1: [4] A hemiring [respectively semiring] is
a nonempty set S on which operations addition and multipli-
cation have been defined such that the following conditions
are satisfied:

(1) (S,+) is a commutative monoid with identity O.

(ii) (S,.) is a semigroup [respectively monoid with identity 1g].
(iii) Multiplication distributes over addition from either side.
(iv) 0s=0=s0 for all s€S.

(V) 1s #0

For more preliminaries of semirings(hemirings) we refer to
[4].

Definition 2.2: [14] Let S and I" be two additive commu-
tative semigroups with zero. Then S is called a I'—hemiring
if there exists a mapping
SxI'x S — 85 ((xay) — xay for a,b € S and o € I")
satisfying the following conditions:

(i) (a+ b)ac = aac + bac,

(ii) ac(b + ¢) = aad + aac,

(iii) a(a+ B)b = aadb + aBb,

(iv) aa(bBc) = (aad)Be.

(v) Osaa = 0g = aalg,

(ii)aOFb = OS = bOpa

for all a,b,c € S and for all o, 5 € T.

For simplification we write 0 instead of Og and Or.

Throughout this paper S denote the I'-hemiring.

Definition 2.3: [17] A fuzzy subset p of a non-empty set
is defined to be a function p : S — [0, 1].

Definition 2.4: A fuzzy set p in S is called prime if
w(zyy) = p(x) or p(xyy) = p(y) for all x,y € S and v € I

Example 2.5: Let S= T, be the set of non-negative inte-
gers. Then S forms a I'-hemiring. Define a fuzzy subset (

1 if s is even
of S by ((s) = { 0.1 otherwise
h-ideal of S.

Definition 2.6: [14] Let 1 be a non empty fuzzy subset of
a I'—hemiring S (i.e. u(x) # 0 for some xz € S). Then p is
called a fuzzy left ideal [ fuzzy right ideal] of S if
() p(z +y) = min[u(z), p(y)] and
() p(zyy) > w(y) [respectively p(zvyy) > w(zx)] for all
r,y €S, yel.

A fuzzy ideal of a I'—hemiring S is a non empty fuzzy
subset of S which is a fuzzy left ideal as well as a fuzzy right
ideal of S.

Note that if p is a fuzzy left ideal of a I'—hemiring S, then
1(0) > p(x) for all xe S.

. Then ( is a prime fuzzy

Example 2.7: Let S be the additive commutative semigroup
of all non positive integers and I' be the additive commutative
semigroup of all non positive even integers. Then S is a
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I'—hemiring if ayb denotes the usual multiplication of integers

a,vy,b where a,b € S and v € I'. Let u be a fuzzy subset of
1 if =0

S, defined as follows p(z) =< 0.7 if x is even

0.1 if x is odd
The fuzzy subset p of S is a fuzzy ideal of S.

Definition 2.8: [14]A left ideal A of a I'-hemiring S is
called a left h-ideal if for any x, z € Sanda,be A, x +a +
z=b+z=x€A.

A right h-ideal is defined analogously.

Definition 2.9: [14] A fuzzy left ideal p of a I'-hemiring
S is called a fuzzy left h-ideal if for all a, b, X,z € S, x + a
+z=b+z= p(z)>min {u(a), u(b)}.

A fuzzy right h-ideal is defined similarly.

By a fuzzy h-ideal p, we mean that p is both fuzzy left and
right h-ideal.

Example 2.10: In Example 2.7, 1 is a fuzzy h-ideal also.

Definition 2.11: [13] Let f be a function from a set X to
a set Y; u be a fuzzy subset of X and o be a fuzzy subset of
Y.

Then image of i under f, denoted by f(u), is a fuzzy subset

of Y defined by
{ supp(z) if f7H(y) # ¢
f(y) = § =e/W)
0 otherwise
The pre-image of o under f, symbolized by !
subset of X defined by
fHo)(@) = o(f(x)) Yz € X.

Definition 2.12: [13] Let f be a function from a set X to
aset Y and p be a fuzzy subset of X. Then p is said to be
f-invariant if f(x)=f(y) implies u(x) = u(y) where x,y € X.

Theorem 2.13: [14] A fuzzy set p of S is a fuzzy left h-
ideal of S if and only if yu, (the level subset of ), t € [0,1]
is a left h-ideal of S whenever it is non-empty.

Corollary 2.14: [14] Let A be a non-empty subset of a
I'—hemiring S. Then A is a left h-ideal of S if and only if
X A(the characteristic function of A) is a fuzzy left h-ideal of
S.

(0), is a fuzzy

Theorem 2.15: [14] Let A be a non-empty subset of a
I'—hemiring S. Let p be a fuzzy set in S defined by
s if e A
plx) = t otherwise
Then p is a fuzzy left h-ideal of S if and only if A is a left
h-ideal of S.
Definition 2.16: [11] Let pu and 6 be two fuzzy sets of a
I'—hemiring S. Define h-product of p and 6 by
pl'p0(z) = sup[min{pu(ai), p(az),0(b1), 0(b2)}]
z+4a1vb1+z=a20ba+z
= 0,if x cannot be expressed as above

for x,z,a1,a2,b1,b2 € S and v,6 € T.

where s>t; s,te [0,1].

III. PRIME FUZZY LEFT H-IDEAL

Definition 3.1: [11] A fuzzy left(right) h-ideal { of a
I'—hemiring S is said to be prime if ¢ is a non-constant
function and for any two fuzzy left(right) h-ideals p and v
of S, uI'pv C ¢ implies © € ¢ or v C (.

Theorem 3.2: A fuzzy set x, of a I'—hemiring S is a
prime fuzzy left(right) h-ideal of if and only if P( S) is a
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prime left(right) h-ideal of S i.e., for any two left(right) h-ideal
A and B of S, AI'BC P implies either AC P or BC P.
Theorem 3.3: [11] A fuzzy subset ¢ of a I'—hemiring S
is a prime fuzzy left(right) h-ideal of S if and only if
(1) ¢° ={z € S:¢(z) = ¢(0)} is a prime left(right) h-ideal
of S.
(i) Im ¢ = {¢(z) : © € S} contains exactly two elements.
(iii) ¢(0) =1
Example 3.4: Let Ny(=S) be the set of all non-negative
integers and E(=I") be the set of all non-negative even integers.
Then Ny is a I'—hemiring.
Consider the following fuzzy subsets of N :
0.5 ifnis even

C(n) = 0.2 otherwise
0.7 if nis even

pln) = 0 otherwise

v(n) = 0.3 if n=3k, for some k € Ny
0 otherwise

Then (, ;1 and v are fuzzy left h-ideals of Ny such that uI'p,v C
¢. But pu(2) = 0.7 > 0.5 = ¢(2), and ¥(3) = 0.3 > 0.2 =
¢(3). Thus ( is not a prime fuzzy left h-ideal of Ny.
Theorem 3.5: If {u; : i € Z} is any collection of non-
constant prime(semiprime) fuzzy h-ideals of S such that p; C
2 C ... C py,... then the following statements are true-
(a) Up,; is a prime(semiprime) fuzzy h-ideal of S.
(b) Ny, is a prime(semiprime) fuzzy h-ideal of S.
Proof: Tt follows from Theorem 3.3 that
O 1e Im p;.
(ii) The ideal I,,, = {z € S|p;(z) = 1} is prime.
(iii) There exists «; € [0,1) such that p;(x) = «; for all
x€ S —1,, forallicZ,.
Now, I,, C...C I, C .. (since p; C pp C
hence UI,, and NI, are prime h-ideals of S.
(a) Let p and 6 be any two fuzzy h-ideals of S such that
ul'p@ C Up,;. Assume that Up,; is not prime. Then for
some x,y €S we have u(z) > Up;(z) and 0(y) > Upi(y)
Therefore Up;(x) # 1 and Up;(y) # 1 so that x,y¢ UI,,, and
hence Up;(x) = Up;(y) = sup{a;} = Up;(zvyy). But then
(LI'h0)(zvy) = min{p(z),0(y)} > min{Up;(2), Upi(y)} =
Up; (zyy). This contradiction establishes the result.
(b) Straightforward.
For semiprime fuzzy h-ideals the proofs follows very similar.
|
Theorem 3.6: Suppose S and S’ be two I"-hemiring and
f be a morphism from S onto Saf w and u' be any
prime(semiprime) fuzzy h-ideal of S and .S / respectively. Then
()f(p) is a prime(semiprime) fuzzy h-ideal of s, provided p
is f-invariant.
(i))f~ () is a prime(semiprime) fuzzy h-ideal of S.
Proof: (i) Let o and 6 be any two fuzzy h-ideals of s’

.. € pp...) and

such that o' T80 C f(u). Then f~Y(a'Th0") C f~1(f(1))
= fYo)ThfY0') C p. Therefore f~'(c') C u or
f’1(9/) - u, since 4 is prime. Hence either

o = f(f710) C f(u) or 0" = fF(f71(6") € f(n).

So, f(u) is prime fuzzy h-ideal of 5.

(i) Let o and 6 be any two fuzzy h-ideals of S such
that o760 C f~'(4). Then f(oTwf) C f(f (1)) =
f(o)Thf(@) C 4. Since p is prime either f(o) C 4
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or f(#) C p'. Therefore either f~'(f(0)) € f~'(u) or
F7HFO),C M) Hence o C [~ () or 6 C f7! (i),
So, f~Y(u ) is prime fuzzy h-ideal of S.

Similarly, we can prove the result for semiprime fuzzy h-ideal
of S. ]

Let S; and S; be two I'-hemirings. Now if we de-
fine a mapping (S; X S2) x I' x (S1 x S2) —
S1 X Sy by (x1,11)a(ze,y2) = (r1022,y10092) for all
(z1,91), (x2,92) € S1 X Sy and for all « € T, then the
cartesian product S7 x S becomes a I'-hemiring.

Definition 3.7: [3] Let u and o be two fuzzy subsets of
a set X. The the cartesian product of y and o is defined by
(1 x o)(z,y) = min{u(z), o (y)}Ve,y € X.

Lemma 3.8: Let 1, and o be two fuzzy subsets of a set X
and ¢ € [0,1]. Then (u X o) = e X o%.

Proof: (X,y)€ ps X oy & x € pg and y € oy < p(x) >t
and o(y) > ¢ & min{u(x),0(y)} > t < (ux 0)(x,y) >
t< (z,y) € (u X o). Hence (pu X )y = g X 0. |

Proposition 3.9: [14] Let ;1 and o be two fuzzy left h-
ideals(fuzzy right h-ideals, fuzzy h-ideals) of a I'-hemiring
S. Then p X o is a fuzzy left h-ideal(resp. fuzzy right h-ideal,
fuzzy h-ideal) of the I'-hemiring S x S.

Proposition 3.10: Let pu and o be two prime fuzzy h-ideal
of a I'-hemiring S. Then u X ¢ is a prime fuzzy h-ideal of the
I'-hemiring S x S.

Proof: By Proposition 3.9 p x o is a fuzzy h-ideal of
S x S. Let (a,b),(c,d) € SxS. Then (u x o){(a,b)y(c,d)}
= (u x o)(avye,byd) = min{pu(ayc), o (byd)}
= min[max{u(a), u(c)}, max{o(b), o (d)}]

(since p and o are prime fuzzy h-ideals of S)
= max[min{y(a), o (b)}, min{u(c), o(d)}]

— max{ (4 x 0)(a,b), (1 x 0)(c,d)}.
Hence (X o) is a prime fuzzy h-ideal of S x S. [ |

Example 3.11: Let S be the set of non-positive integers and
I" be the set of non-positive even integers. Then S forms a I'-
hemiring where aab (a,b € S and a € T') denotes the usual
multiplication of a, o, and b. Now define two fuzzy subsets p

1 if x is even
and o of S by u(x) = { 0.1 otherwise

_ 1 if x is even
olz) = 0.2 otherwise
prime h-ideal of S. Now (pxo)(z,y) = 1 for all (x,y)e SxS.
Therefore (11 X o) is a prime fuzzy h-ideal of the T'-hemiring
S x S.

Proposition 3.12: Let ;1 and o be two prime fuzzy h-ideals
of a I'-hemiring S. Then the level subset (ux o), ¢t € Im(p X
o) is a prime h-ideal of the I'-hemiring S x S.

Proof: By Proposition 3.10 p x ¢ is a prime fuzzy h-
ideal of S x S and so (i x o); is an h-ideal of S x S. To
show (ux o) is prime, suppose for (z,y), (m,n) € Sx S and
v €T, (z,y)y(m,n) € (ux0):. Then (uxo){(x,y)y(m,n)}
>t = (i x o) (@ym, yyn) = t = mindpu(aym), o(yn)}
>t = p(zym) >tor o(yyn) >t = xym € us or
yyn € oy = x € py or m € py and y € oy or n € oy(since
ut and oy are prime h-ideals of S. Hence (x,y) € us X o4 or
(m,n) € s X o¢. Since by Lemma 3.8 (1 X 0)¢ = iy X o, we
deduce that (z,y) € X0y or (m,n) € p xor. Consequently,
(1 % 0)¢ is a prime h-ideal of S x S. |

, then p and o are two fuzzy
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Proposition 3.13: If the level subset (u X o), t € Im(p ¥
o) of u x o is a prime h-ideal of S x S then (u x o) is a
prime fuzzy h-ideal of the I'-hemiring S x S.

Proof: Straightforward. ]

IV. PRIME (€, € Vq)-FUZZY H-IDEALS

A fuzzy set F )of S of the form
t(£0) if y==z
FW =91 0"if y2a
support x and value t and is denoted by z;.

A fuzzy point x; is said to belong to (resp. be quasi-coincident
with) a fuzzy set F written as x; €F(resp. z; qF) if F(x)>t
(resp. F(x)+t>1). If z; €F or (resp. and) z;qF, then we write
x; € Vq( resp. € Ag)F. If F(x)<t (resp. F(x)+t<1), then we
call z;€F (resp. x.qF).

The symbol € Vg means € Vg does not hold. Using the
notion of “belongingness(€)” and “quasi-coincidence(q)” of
fuzzy points with fuzzy subsets, the concept of («, 3)-fuzzy
subgroup where « and 8 are any two of {€,q, € Vq, € Ag}
with o # € Agq, was introduced in[2]. More results on
{€,q, € Vq, € Ag}-fuzzy subsemigroup can be found in[1].

Definition 4.1: A fuzzy set F of S is said to be an
(€, € Vq)-fuzzy h-ideal of S if for all tr € (0,1], x,y,z € S,
«v € I' the following condition hold:

() z¢ €F, y, € F implies (z + ¥)min(t,r) € VGF

(ii)x; €F, y, € F implies (27Y)min(t,r) € VGF

(iii)a; €F, b, € F implies T pin(,) € VgF for all ab,x,z € S
with x+a+z=b+z.

Definition 4.2: A fuzzy set F of S is said to be an
(€, € Vq)-fuzzy h-bi-ideal of S if for all t,r € (0,1], x,y,z €
S, a, B,y €T the following condition hold:

() z; €F, y, € F implies (£ + ¥)min(t,r) € VGF

(ii)z; €F, y, € F implies (27Y)min(t,r) € VgF

(iii)a; €F, b, € F implies x i) € VqF for all a,bx,z € S
with x+a+z=b+z

(iv)z; €F, 2, €F implies (2ayf2)min(t,r) € V4F.

Definition 4.3: A fuzzy set F of S is said to be an
(€, € vq)-fuzzy h-interior-ideal of S if for all t,r € (0,1], x,y,z
€S, a, B, €T the following condition hold:

(i) z; €F, y, € F implies (£ + Y)min(,r) € VGF

(i)z: €F, yr € F 1mp11es (x’yy)min(t,r) € VgF

(iii)a; €F, b, € F implies @iy, € VqF for all a,b,x,z € S
with x+a+z=b+z

(iv)zs €F, implies (yaxBz): € VgF.

Definition 4.4: A fuzzy set F of S is said to be an (€, €
Vq)-fuzzy h-quasi-ideal of S if for all tr € (0,1], x,y,z € S,
v € I' the following condition hold:

() x¢ €F, y, € F implies (2 + ) min(t,r) € VqF

(i)a; €F, b, € F implies zin () € VqF for all ab,x,z € S
with x+a+z=b+z.

(iil) z; € (Fopxs) N (xsonF') implies z; € VgF

Definition 4.5: An (€,€ Vq)-fuzzy h-ideal (resp. h-bi-
ideal, h-quasi-ideal) F of S is called prime if (xyy); € F
implies x; € Vg For y, € Vg F, for all x,y € S, v € I and
te (0,1].

Here we prove all the results for fuzzy h-bi-ideals; similar
conclusion can be easily made for fuzzy h-ideals and fuzzy
h-quasi-ideals.

is said to be a fuzzy point with
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Remark 4.6: Theorem 3.9 of [15] shows that the conditions
of definition 4.2 are equivalent to
(i) For all x,y€S, F(z +y) > min{F(z), F(y),0.5}
(ii) For all x,y€S, v € I' F(zyy) > min{F(z), F(y),0.5}
(iii) For all a,b,x,z€S, x+a+z=b+z implies
F(z) > min{F(x), F(y),0.5}
(iv) For all x,y,z€e S, o, 8 € T,

F(zxayBz) > min{F(z), F(z),0.5}

Theorem 4.7: An (€,€ Vq)—fuzzy h-bi-ideal F of S
is prime if and only if for all x,y € S and v € T,
max{F(z), F(y)} > min{F(zvy),0.5}.

Proof: Let F be a prime (€,€ Vq)-fuzzy h-bi-
ideal of S. If there exist x,y € S, v € I such that
max{F(x), F(y)} < min{F(zvyy),0.5}=t, then 0 < t < 0.5
and (zyy): € F but 2,€ F and y:€ F. Since F(x)+t< 1, z:q
F. Similarly y,q F. Hence we have z,€ vq F and y,€ Vg F
which is a contradiction. Thus for all x,y € S and v € T,
max{F(x), F(y)} > min{F (zvy),0.5}.

Conversely, suppose the condition holds.
Let (xyy) € FE Then F(xyy) > t and so
max{F(x), F(y)} > min{F(zyy),0.5} > min{¢, 0.5}
Now if t<0.5, then F(x)> t or F(y)> t which implies z; € F
ory; € F. Thus z; € Vg For y, € Vg F.
If t>0.5, then max{F'(z), F(y)} > 0.5. So F(x)> 0.5 or
F(y)> 0.5 which implies F(x)+t>1 or F(y)+t> 0.5 that is x.q
F or y.q F. Thus z; € Vg F or y; € Vq F. Hence F is prime.
|
Theorem 4.8: An (€,€ Vq)—fuzzy h-bi-ideal F of S is
prime if and only if F;(# ¢) (the level subset of F) is a prime
h-bi ideal of S for all t € (0,0.5].

Proof: Let F be a prime (€, € Vq)—fuzzy h-bi-ideal of
S and 0 < ¢ < 0.5. Suppose x,y,z € S and o, 3,y € I'. If x,y
€ F; then F(x)> t and F(y)> t. This implies
F(x +y) > min{F(z), F(y),0.5} = min{t,¢,0.5} =t
F(zryy) > min{F(x), F(y),0.5} = min{¢,¢,0.5} = ¢
F(zazfy) > min{F(z), F(y),0.5} = min{¢,¢,0.5} =t
which implies x + y, xyy, zazfy € F;.

Now, let x,z€ S and a,b € F}; be such that x+a+z=b+z. Then
F(xz) > min{F(a), F(b),0.5} = min{¢,¢,0.5} =¢.

So x € F;. Therefore F} is an h-bi-ideal of S.

Let vy € F;. Now from Theorem 4.7, we have
max{F(z), F(y)} > min{F(zvy),0.5} > min{¢,0.5} =t
and so F(z) > ¢ or F(y) > t which implies z € F; Or
y € Fy. Thus F} is a prime h-bi-ideal of S.

Conversely, assume that F is a fuzzy subset of S such that
Fi(# ¢) is a prime h-bi-ideal of S. Then for every z,y € S
and v € I', we can write F'(z) > min{F(x), F'(y),0.5} = t¢
and F(y) > min{F(x), F(y),0.5} = to. Hence z,y € F},
and so x +y € Fy,.

Thus F(z +y) > min{F(z), F(y),0.5} = to.

Since z,y € Fi, € S and v € T zyy € F,. Hence
F(xyy) > min{F(x), F(y),0.5} = to.

Now let a,b € F}, such that x+a+z=b+z, for x,z& S. Then
x € F;, which implies F(z) > min{F(a), F(b),0.5}.

Also for x,z€ Fy,, z€ S and «, 8 € I, xazfy € Fy, that is
F(zazfy) > min{F(z), F(y),0.5}.

Thus F is an (€, € Vg)—fuzzy h-bi-ideal of S.

Now for prime ideal, suppose (z7yy); € F. Then zvyy € Fi.

International Scholarly and Scientific Research & Innovation 5(8) 2011

1314

Since F; is prime, x € Fy ory € F} thatisxy € Fory, € F.

Thus z; € Vg F or y; € Vq.

Therefore F must be an prime(€, € vg)—fuzzy h-bi-ideal of

S. [ |
Remark 4.9: The conclusion of the above result can be

made for 0.5 < ¢t < 1.

Let F be a fuzzy set of S and te (0,1]. Suppose
Q(F;t)={z e S| xqF}and [F]y ={z € S|z € VgF}.
Then it is clear that [F], = F, U Q(F;t).

Theorem 4.10: A fuzzy set F of S is an (€, € Vq)—fuzzy
h-bi-ideal of S if and only if [F]:(+# ¢) is an h-bi ideal of S
for all t € (0,1].

Proof: Let F be an (€, € Vgq)—fuzzy h-bi-ideal of S and
let x,y € [F]; for t€(0,1]. Then z; € V¢F and y; € V¢F that
is F(x)>t or F(x)+t>1 and F(y)>t or F(y)+t>1. Since F is an
(€, € Vq)—fuzzy h-bi-ideal of S, we have
F(z +y) > min{F(z), F(y),0.5}.

Casel : F(x)> t and F(y)>t

(i) If t<0.5, then F(x+y)>t. Therefore (z + y); €F.

(i) If £0.5, then F(z +y) > min{F(x), F(y),0.5}
> min{t, 0.5} = 0.5. Therefore (z + y).qF.

Case2 : F(x)> t and F(y)+t>1

(i) If t<0.5, then F(x+y)> min{F(z), F(y), 0.5}

> min{t,1 — ¢,0.5} =t. Therefore (x + y); €F.
(ii) If £>0.5, then F(z + y) > min{F(z), F(x),0.5}

> min{t, F(y),0.5} = min{F(y),0.5} > min{1 —¢,0.5}

= 1 —t which implies F(x+y)+t>1. Therefore (z + y):qF.
Case3 : F(x)+t>1 and F(y)>t
The proof is similar as case 2.

Case4 : F(x)+t>1 and F(y)+t>1
(i) If t<0.5, then F(x+y)> min{F(z), F(y),0.5}

> min{l —¢,1—¢,0.5} = 0.5 >t. Therefore (x + y); €F.
(i) If £>0.5, then F(z +y) > min{F(x), F(y),0.5}
> min{l —¢,1 —¢,0.5} = 1 — ¢ which implies F(x+y)+t>1.
Therefore (z + y):qF.

Thus in any case, we have (x4 y); € V¢F and so x+y€ [F;.
Similarly we can prove that zvyy, zazfBy € [F];, for x,y,z€ S
and o, 8,y €T

Now, let x,z€ S and a,be [F]; be such that x+a+z=b+z. Using
the above way we can prove x& [F],. Therefore [F], is an
h-ideal of S.

Conversely, let F be a fuzzy set of S and t€(0,1] be such
that [F]; is an h-bi-ideal of S. If F(z + y) < t <
min{F(x), F(y),0.5} for some t£(0,0.5], then F(x)>t and
F(y)>t that is x,ye¢ F; C [F]; which implies x+y€ [F];
which is equivalent to say, x; € F and y, € F im-
ply (z + y)min(t,t) € VqF. Hence we have F(x+y)>t or
F(x+y)+t>1, a contradiction. This proves that for all x,y € S,
F(x+y)> min{F(z), F(y),0.5}. Similarly we can prove the
other conditions. Therefore F is an (€, € Vq)-fuzzy bi-ideal
of S. |

Theorem 4.11: A fuzzy set F of S is prime (€,€ Vq)-
fuzzy h-bi-ideal of S if and only if [F]:(# ¢) is a prime
h-bi-ideal of S for all te(0,1].

Proof: Let F be a prime(€, € Vq)-fuzzy h-bi-ideal of
S, then by Theorem 4.10 [F]; is an h-bi-ideal of S for all
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te(0,1]. To prove [F); is prime,let zyy € [F]; for all x,y € S
and v € T. Since [F]; = F; UQ(F;t), we have zyy € F}; or
ryy € Q(F;t)
Case 1: vy € F}
Then F(zvyy) > t.
(1) If t< 0.5, then max{F(x), F'(y)} > min{F (zvy), 0.5}

> ¢ which implies « € F; C [F|; ory € F; C [F);
(i) If t>0.5,then max{F(z), F(y)} > min{F (z~vy),0.5}

> 0.5 that is max{F(z), F(y)} + ¢ > 1, which implies
x € Q(Fit) C [F]y ory € Q(F5t) C [F
Case 2: zvy € Q(F';t)
Then F(zyy) +t >1 and F(ayy) < t.
() If F(zvyy) <0.5, then max{F(z), F(y)} + ¢

> min{F(zvy),0.5} +t = F(zvyy)+t > 1 which implies
F(z)4+t>1or F(y)+t>1thatis z € Q(F;t) C [F]; or
y € Q(F;t) C [Fle.
(ii) If F(axyy) > 05, then 0.5 < F(zyy) < ¢ Thus
max{F(z), F(y)} +t > min{F(zvy),0.5} +t =0.5+¢ > 1
which implies F(z) +¢ > 1 or F(y) +t > 1 that is
v € Q(F;t) C [F)y or y € Q(F;t) C [Fls.
Therefore, [F]; is a prime h-bi-ideal of S.
Conversely, [F]; is a prime h-bi-ideal of S for all t€(0,1]. Then
by Theorem 4.10, F is an (€, € vq)—fuzzy h-bi-ideal of S.
Let (zyy); € F, then zyy € Fy C [F);. Since [F]; is prime
x € [F); or y € [F. This implies z; € Vg For y; € Vg F.
Therefore F is a (€, € Vq)—prime fuzzy h-bi-ideal of S. W

V. SEMIPRIME(E, € Vq)-FUZZY H-IDEAL
Definition 5.1: An (€,€ Vq)-fuzzy h-ideal (resp. h-bi-
ideal, h-quasi-ideal) F is called semiprime if (zvyx); € F
implies x€ VgF for all x€ S, v € I and te(0,1].
Definition 5.2: A fuzzy set F of S is called semiprime if
F(x)=F(xvx) for all x€S and v € T.
Theorem 5.3: An (€,€ Vq)—fuzzy h-ideal (resp. h-bi-
ideal, h-quasi-ideal)F of S is semiprime if and only if
F(z) > min{F(avyz),0.5} for all xéX and v € I.
Proof: Similar as Theorem 4.7. [ ]
Theorem 5.4: An (€,€ Vq)—fuzzy h-ideal (resp. h-bi-
ideal, h-quasi-ideal)F of S is semiprime if and only if F;(# ¢)
is a semiprime h-ideal (resp. h-bi-ideal, h-quasi-ideal) of S.
Proof: Similar as Theorem 4.8. ]
Theorem 5.5: A fuzzy set F of S is an (€,¢€
Vq)—semiprime fuzzy h-bi-ideal(resp. h-ideal, h-quasi-ideal)
of S if and only if [F];(# ¢) is a semiprime h-bi-ideal(resp.
h-ideal, h-quasi-ideal) of S for t&(0,1].
Proof: Similar as Theorem 4.11. ]
Proposition 5.6: Let ;1 and o be two semiprime fuzzy h-
ideals of a I'-hemiring S. Then p X o is a semiprime fuzzy
h-ideal of the I'-hemiring S x S.
Proof: By Proposition 3.9, p x o is a fuzzy h-ideal of
S x S. Let (a,b) € S x S. Then (u x o){(a,b)y(a,b)} =
(1 x o)(ava, byb) = min{u(ava),o(byb)}
= min{u(avya),o(byb)} = min {u(a),o(b)} (since p and o
are semiprime fuzzy h-ideal of S) = (u x o)(a,b). Hence
(1 x o) is a semiprime fuzzy h-ideal of S x S. [ |
Proposition 5.7: Let 1 and o be two semiprime fuzzy h-
ideals of a I’-hemiring S. Then the level subset (u x o), t €
Im(p x o) is a semiprime h-ideal of the I'-hemiring S x S.

International Scholarly and Scientific Research & Innovation 5(8) 2011

1315

Proof: By Proposition 3.9, i x o is a fuzzy h-ideal of S x
S. Let for (z,y) € SxSandy €T, (z,y)v(z,y) € (ux0o);.
Then (p x o){(z,y)y(z,y)} =t = (ux o) (@yz,yyy) >t
= min{u(zyz), o(yyy)} = t = pleyzr) > t and o(yvy) =
t = xyr € uy and yyy € oy = x € py and y € oy(since py
and oy are semiprime ideals of S. Thus (z,y) € ut X oy =
(11 X 0)¢(cf. Lemma 3.8). Hence (i X 0); is a semiprime ideal
of §x S. ]
Proposition 5.8: If the level subset (ux o), t € Im(uxo)
of ;1 x o is a semiprime h-ideal of S x S then (u X o) is a
semiprime fuzzy h-ideal of the I'-hemiring S x S.
Proof: Straightforward. |
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