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Abstract—Let D # 1 be a positive non-square integer. In this
paper are given the proofs for two conjectures related to Pell’s
equation x> —Dy* =+ 4, proposed by A. Tekcan.
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I. INTRODUCTION
ET D #1 be any positive non-square integer and N be any
fixed integer. The equation

x> =Dy’ =+N (D

is known as Pell’s equation. It is named mistakenly after John
Pell (1611-1685) who was a mathematician who in fact did
not contribute for solving it (see [2]).

For N =1, the Pell’s equation x*—Dy*=+1 is known as

classical Pell’s Equation and it has infinitely many solutions
(X,,y,) for n>1. There are different methods for finding the

first non-trivial solution (X,Y,) called the fundamental

solution from which all others are easily computed (see [3],
amd [8]).

There are many papers in which are considered different types
of Pell’s equation (see [4], [5], [6], [7]).

In these notes we will be focused on paper [1] in which A.
Tekcan considered the equations:

X’ —Dy’ =44 ?2)
and among other results he obtained the following:
Theorem 1.1. If (x,y,) is the fundamental solution of the
Pell’s equation x* — Dy* =4 then
XX, +D X, + X
X — 1" "n-1 yl yn—l ’ yn — yl n-1 ]yn—l (3)

" 2 2
for n>2.

Theorem 1.2. If (x,y,) is the fundamental solution of the
Pell’s equation x* — Dy* =—4 then:
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_ (X +Dy/)x,,, +2Dx VY.,
2 4
; , ) “)
_ 2X1 y] in—l + (Xl + Dy] )yZn—l
20+l 4

for n>1.
Also the following conjectures were proposed:
Conjecture 1.3. If (x,Y,) is the fundamental solution of the

Pell’s equation x’—Dy*>=4 then (X,y,) satisfy the

following recurrence relations
X =X -D(X_ +X_,)—X |
{ n ( 1 )( n-1 n—2) n-3 (5)
yn = (Xl - 1)(yn—l + yn—z) - yn—3

for n>4.

Conjecture 1.4. If (x,,Y,) is the fundamental solution of the

Pell’s equation X* —Dy’*=-4 then (X ) satisfy the

2n+1 y2n+1

following recurrence relations

{inﬂ = (Xl2 + 1)(X2nfl + XZn—} ) - XZn—S

2 ©)
Yonu = (Xl + 1)(y2n—| + yzn—s) —Youss

for n>3.

II. MAIN RESULTS. PROOF OF CONJECTURES

We will prove above mentioned conjectures using the method
of mathematical induction.
Proof of conjecture 1.3

First, we show that relations (5) are true for n =4, so we have
to show:

X, = (X = DX, +X,)— X,

{ : (7
Y, = (Xl _1)(y3 + y2)_ Y,

Using (3) we obtain the following:
x'+Dy’ X +x —4
X =1 L5 1 =x2=2
’ 2 2 S (8)
yZ = Xl yl
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Then by (3) and (8) we get:

o XXt Dyy, _ X (X} —2)+ Dyx,
? 2 2
= X](X12 _3)
2 ) )
_ leZ + lez _ yl(Xl _2)+ X] yl
Y; > >
= yl(xlz _l)
Next by (3) and (9) we find X, and VY, :
X = X|X3 + Dy|y3 — XIZ(XIZ _3)+ Dylz(xlz _1)
! 2 2
202 2 2
X DCD e
2
y, = y|X3 + X1y3 _ ylxl(xlz _3)+ X]yl(xlz _1)
¢ 2 2
= Xl y](xl2 - 2)
So we obtained:
X, =X —4x’+2
{ , . (10)
y4 = lel(xl _2)

Now, replacing (8) and (9) in (7) one obtains:
X, =X DX (X} =3)+ X —2)—X

=(X =D + % =3%x —2)—x, =x'—4x’ +2
and
Yo = =Dy, (¢ =D+xy) -y,

= yl((xl _1)()(12 -1+ Xl)_l) = lel(xlz _2)
which are the same formulas as in (10).
It means for n =4, the recurrence relations (5) hold.

Next, we assume that (5) holds for n and we show that it holds
for n+1.

Indeed, by (3) and by hypothesis we have:

_ X ((X1 _1)(Xn—l + Xn-z) - Xn-s) +
nl )

LDV =D+ Y) = Ys)
2

(% - 1)( X (X, +%,,) +2Dyl (Yo, + ynz)j XX +2Dyl Yas

(% - 1)( XX, +2Dy, Yor XX +2Dy1 Yor j X

= (X] - 1)(Xn + anl) — X5
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ynH — yl ((Xl — 1)(Xn—l + anz ) — Xn—B) +

2
D, Y0 = Y,)
2
(% —l)[ V(%o + %) ; X (Y + yn_z)] _YX ;xl Yas

VX XY, YK XY,
— X_l 17 "n-1 1n1+ 17 n-2 17 n-2 _
(X )( 5 5 j Yooa

= (X1 _l)(yn + yn—l) - yn—2’

completing the proof.

Proof of conjecture 1.4

First, we show that relations (6) are true for n=3, so we
show that:

{X7 :(X12+1)(X5+X3)_X1 (11)
Yo =06+ DY, +Y) -y,
Using (4) we obtain the following:

o = 06+ D)X +2Dxy; _ (X +3Dy;)
3 T 4 = 4 .

Since (X,,Y,) is the fundamental solution of x* - Dy’ =—4
then x’+3Dy’ =4(Dy’-1) and since
obtain X, = X (X} +3). Then by (4) we have

Dy’ =x’+4 we

2xy,x +(x +Dy))y,  y,(3x +Dy))
y, = 2 = 2

_NBX X +4)

=y (X +1).
2 y, (X +1)
So we have:
X, =X (X +3
{3 06+ 12)
ylzy](xl +1)

Then, using (4) and (12) we obtain:

o = XX+ DYDX (7 +3) + 2Dx Y/ (X +1)

’ 4
2%+ DX (X +3)+ 2%, (X + (X +1)
4
=106 + 206 +3)+ 0 + 406 +1)
=X (X' +5x’ +5)
and
444 1SNI1:0000000091950263
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_ 2% Y% + (X +Dy))y,
4

Ys

XY X (K H3)+2(X +2)y (X +1)
4

= %(xf(xl2 +3)+ (X +2)( + D))=y, (X +3x +1).

So we have.

X, =X (X' +5% +5)
. (13)
Y = Y,0¢ 3% +1)

Finally using (13) we obtain formulas for X, and VY,

7

depending on the fundamental solution (X, Y,).

= XX+ Dy)x, +2DXY,Y,
’ 4
20X +2)X (X 45X +5)+2x Dy (X +3x’ +1)
4

() +H2X (X 5K+ 5) + X (X +4)(X +3X + 1)
2

:%((Xf +2)(X + 5% +5) + (X + (X +3X +1))

=X (X +7x +14X’ +7)
and

_ 22Xy X + (X + DyDy,
4

Y,

XY X (O 5K+ 5) +2(% +2)y, (X +3X +1)
4

:%(xf(xl“ 15X +5)+ (¢ +2)(X' 3% +1)
=y, (X +5X +6X +1).
So

{x7 =X (X" +7X +14x> +7) 14

Y, =Y, 5% +6x2 +1)
Now replacing (12) and (13) in (11) we obtain:
X, = (X + DX, +X,)—X
= (X + DX (X +5X+5) + X (X +3))— X,
=X (¢ +D(X +6x°+8)—1) =X (X +7x’ +14x’ +7)
and
Y, =0 +D0Y + Y)Y,

= (DY O3+ D+ Y, 06 +1) -y,
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=y (X +D(xX+4x +2)-1) =y, (X’ +5x' +6X° +1)
which proves that for n=3 the recurrence relations (6) are
true.
Now we assume that (X
that also (X,,.,, Y

bots Yanuy ) Satisfies (6) and we prove
) satisfies (6).

2n+3

Indeed by (4) and hypothesis we obtain.

_ (DY DXy + X, ) =X, )

2n43 +
4
+ 2DX1 y1 (()(12 + 1)(yzn—1 + yzn—z) — yzn—s)
4
o1y O DI ) 20Xy Y )
4
_O¢ +DY)X, s +2DX Y Y,
4
X+ I)L (X + DY),y +2DX Y, Yoy,
4
L DY, +2DX Y, Y,y ] X
4 -3
= (Xlz + 1)(X2n+1 + in—l) ~Xons
and
Voos = le Y, ((X1 + 1)(X2n—l + X2n-3) _ XZn—S) +
4
L O+ DY A Doy Yo ) = Vo)
4
— (X12 +1) 2X]y1(X2n—] + in—3) + (Xl + Dy1 )(yzn—l + y2n—3) _
4 4
_ 2X1 Y X505 (X12 + Dylz)y2n75
4
— (XIZ + 1)[2)(1 yIXZn—l + (Xl + Dyl )y2n—l
4
+ 2X1 Y X0 + (X] + Dy1 )yzn—z j Y.,
4
= (Xlz + 1)(y2n+l + yznfl) ~ Yoo
completing the proof.
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