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Abstract—The performance of high-resolution schemes is
investigated for unsteady, inviscid and compressible multiphase
flows. An Eulerian diffuse interface approach has been chosen for the
simulation of multicomponent flow problems. The reduced five-
equation and seven equation models are used with HLL and HLLC
approximation. The authors demonstrated the advantages and
disadvantages of both seven equations and five equations models
studying their performance with HLL and HLLC algorithms on
simple test case. The seven equation model is based on two pressure,
two velocity concept of Baer—Nunziato [10], while five equation
model is based on the mixture velocity and pressure. The numerical
evaluations of two variants of Riemann solvers have been conducted
for the classical one-dimensional air-water shock tube and compared
with analytical solution for error analysis.

Keywords—Multiphase flow, gas-liquid flow, Godunov schems,
Riemann solvers, HLL scheme, HLLC scheme.

I. INTRODUCTION

HE numerical simulation of multiphase or multi-

component flows is a challenging research topic with
various key applications. One can find such flows in the
natural world with popular examples such as raindrops in air
and gas bubbles in water. The industrial examples include:
bubble columns, reactors, cooling circuits of power plants,
carburant injection or spraying of paint. The flow pattern is
complex and diverse. Therefore the analysis of multiphase
flows can be approached using various levels of complexity.
These levels range from the application of empirical
correlations  to  implementation of a  complete
multidimensional model. For such a model the physical
description is based on separate conservation laws for each
phase. The presence of a free surface in the flow and the
dynamical interaction of two or more fluids in their mutual
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interfaces significantly complicate the problem. To deal with
problems of practical interests, the two-phase model can be
time-averaged [6] or both time and volume averaged to obtain
more tractable model. The averaging process removes the
interfacial details, but introduces the need for many new
closure relationships [7]. As a result, the right hand side terms
of balance equations are complemented by additional
correlations. Introduction of new closure relationships makes
mathematical models for two-phase flow  highly
phenomenological in nature. The general set of conservation
equations after averaging procedures contains two different
velocities and pressures for each phase and volume fraction
equation.

The averaged flow equations can take several different
forms. In this study the five [1] and seven [14] equations
model are used. These models where chosen as they can be
applied to the situations where two fluids are separated by
interface or for the cases where the dispersed and the
continuous phase are considered. They do not describe
interfaces as sharp (discontinuous) functions but as
mathematically continuous change where the transition from
one to other medium happens relatively smooth. Numerically
this is realized by creation of the artificial mixture zone at the
interface. The models can be employed with various equations
of state.

The next step is to numerically solve these models. Because
the structure of the considered compressible approaches is
similar the consistent numerical schemes can be adopted. The
common feature of the numerical models discussed further in
the subsequent section is that they are of hyperbolic character
and they produce correct results even when only one fluid is
present. The paper present the results of the implementation of
two numerical schemes for the compressible multiphase
problem: the Harten-Lax-van Leer Riemann solver (HLL)
[17] and, for the first time, the HLLC Riemann solver (where
the last letter “C” means contact discontinuity) [18]. These are
Godunov algorithms which present the advantage that they
can deal with continuous as well as discontinuous flows. The
schemes have been implemented for the one-dimensional test
problem of air-water shock tube. For this problem the
performance and accuracy of the schemes were investigated
by comparing to the analytically obtained solution.

The paper is organised as follows: In the first section, the
multiphase seven-equations model and the reduced five-
equations model are introduced; In the second section, the
numerical solution is discussed and a presentation of HLL and
HLLC solvers is made; In the third section, the results of
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numerical simulations for each multiphase model using
different solvers are presented; Finally, conclusions are
derived based on comparison studies.

II. PROBLEM STATEMENT

A. The Multiphase Model

Saurel & Abgrall (1999) [14] proposed a seven equations
model. This model consists of seven differential equations for
the case when two fluids are concerned and one dimensional
flow is taken into account. These equations represent the void
fraction evolution and mass, momentum and energy equations
applied for individual phase. The main features of this
multiphase model are: it is an unconditional hyperbolic model;
it uses a modified Godunov scheme with accurate treatment of
the non conservative terms; and finally, it is based on
relaxation processes for both the pressure and velocity at the
interface. In general form it depends on infinite relaxation
coefficients. This model is able to capture the interface
between fluids as well as is capable of generating and
evolution of physical interfaces between phases.

The multiphase model for one-dimensional flow with two
phases is given as:
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B. The Reduced Multiphase Model

Allaire (2000)[1] proposed a five-equation model to deal
with a compressible multiphase flow. This model [1] is based
on Eulerian method but consists of five equations to consider
two fluids. Allaire’s model is composed of five equations: the
first equation represents the void fraction evolution; the
second and third equations express the continuity equation for
each fluid; and both of the fluids has the same momentum and
energy equations as follows:
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The seven equation model is based on two pressure, two
velocity concepts while five equation model is based on the
mixture velocity and pressure.

III. NUMERICAL SOLUTION

The numerical solution of both the multiphase model (seven
equations) and the reduced model (five equations) can be
achieved by consequence stages using split Strange methods
as follows:

U irHl = '—?t Lﬁtu in (3)

where, Li'is the hyperbolic operator; L5'is the operator

including the source terms and the relaxation processes for the
multiphase model, the velocity and pressure relaxation
processes are fulfilled instantaneously when the value of
Aand u are taken as infinite.

A. The Hyperbolic Operator

The hyperbolic operator is investigated first which can
cause the main numerical problems. The hyperbolic part of the
multiphase flow model can be expressed as:
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Godunov numerical scheme with second order accuracy in
time and space is used to discretise the conservative vector
and it can be written as:

UM =ul -
T IR B T v | ©
+AHL?)A

where, A represents the discretisation of the space derivative

of the void fraction ae,/ox . Both models need the equation of
state to calculate all independent variables.

In order to obtain the flux vector F(U *(U i2.Uin /2)), HLL

(Harten, Lax and van Lear) and HLLC approximate Riemann
problems are solved to generate Godunov’s scheme.

1. The HLL Approximate Riemann Solver
The HLL approximate Riemann solver is defined as:

Foz S+FL78’FE++_S;§’(UR—UL) 7

The wave speed can be estimated as:
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S* :max{O,ﬂ{,/lg};
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According to HLL Riemann solver, the discretisation of the
space variation void fraction a can be written as:
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The second order variation of the void fraction with time and
space can be determined as:
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The stability of this method is assured using CFL number
(Courant number) and depends on the maximum wave speed.
The hyperbolic part of the reduced model can be expressed as:
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The conservative vector of the reduced model can be obtained
using HLL approximate Riemann solver with second order
accuracy as follows:

uM=u! -

SO0 )00 )

(13)

The HLL flux vector can be obtained using equation (7).

In terms of the evolution of the void fraction, it can be
attained using equation (10).

2. The HLLC Approximate Riemann Solver

This solver is proposed firstly by Tore & Roe [18] and it is
an adaption of HLL solver. A middle wave speed S* is added
to the fastest and slowest wave speeds which can produce
more information at the interface region.

The flux vector using HLLC scheme can be given as:
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where, U, and Uy for the multiphase model can be obtained
as follows [16]:
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a = ¢
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(15)
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For K=L and K=L. The middle wave speed S* for the
multiphase model can be attained using this formula [19]:

PF —PL + piub(s, —ub)- pful(s, ~uf)

O s By g (16
For,
PmK =a:p: JrathplK
pu=aypy talpf (17)

K K K K K K
« 9Pyl tar Py
K=

u
P

The conservative vector at the middle region for the reduced
model can be written as:
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The HLLC flux vector is applied on equations (6) and (13) for
the multiphase model and the reduced model respectively to
obtain the HLLC conservative vector. In multiphase flow
model, the discretisation of the space derivative of the void
fraction o, /ox using HLLC scheme can be given as [19]:
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The void fraction evolution is descritised using HLLC scheme
as follows:
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B. Source Terms
There are different types of source terms that can be
considered such as the gravity and the existence of the area
variation along the flow. The gravity roles the main source
term in many problems for example the water faucet and the
separation problems. This source term can be written for each
phase as:
P, AL (22)

In order to closure the numerical simulation for the multiphase
model the relaxation processes for both the velocity and the
pressure are needed using infinite relaxation parameters.

IV. RESULTS

Uniform Water-Air Shock Tube

There are many standard tests which can be used as a
reference to verify the performance of the simulated program,
one of these tests is the water-air shock tube.

The water-air shock tube is considered as a tube of 1m
length as shown in Fig. 1 filled with nearly pure water in the
left hand side at high pressure and nearly pure air in the right
hand side with low pressure. There is a strong pressure
difference between the sides of the water-air shock tube.

Im

A
v

Water Air

X, =0.7m

Fig. 1 Schematic diagram of the water-air shock tube

From the numerical point of view, it is difficult to consider
the void fraction value as zero. Consequently, the void
fraction is assumed to be ¢= 10" which is a negligible value.
Table I demonstrates the initial values of the water-air shock
tube as:
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Exact solution

Reduced model
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600

500

400

300

200

100

Exact solution |**""

Reduced model

1x10"

Distance (m)

9x10" |-

810" |-

710" |-

6x10" |-

sx10* |-

4x10° |-

3x10° |-

2x10° |-

1x10° |-

Exact solution

Reduced model

Distance (im)

Exact solution

~ T 7 "Reuced model

05

Distance (m)

Fig. 2 (a) HLL scheme results (Seq model)
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TABLEII
PARAMETERS OF THE AIR AND LIQUID FOR STIFFENED GAS EOS
P, 7
Air 0 4.1
Liquid 6x10* 4.4

Using HLL scheme the computations have been done with
CFL as 0.6 and the space mesh is divided into 100, 1000 cells
then the number of cells are increased to 5000 cells.

The results of both the multiphase model and the reduced
model at the water-air shock tube are compared with the
analytical solution as shown in Fig. 2, these results are
obtained at N=1000 cells and time equal to 229us.

The absolute and relative errors are computed using
equation (24) and equation (25) respectively. Different
number of the mesh cells (100, 1000 and 5000) is taken into
account to compare both the 7-eq and 5-eq models with the
analytical solution. Fig. 3(a) indicates the absolute error for
o= 0 of the 7-equations and the 5-equations models, the
comparison has been done at time equal to 229us.

Numrical solution - Analyticalsolution

7 relative error = - - (24)
5 \\ Analyticalsolution
IXI0" [+ ; AN
A\
0
00 0l 02 03 04 05 06 07 08 09 10 absolute error =|Numerical solution - Analytical solution (25)
Distance (m)
10
0.9
Lo 0.8
]
0.9 -+ 07
l}
08 Ti _ 08
! 5
o i g —— 7eq model
i o 05 —A— 5eq model /
]
< 0.6 Exact solution - | g 04
I N I i g
g os|-- Multiphase model H
& | 03
= .
S 04 -1t
H 0.2
03 - !
! 01 //
0.2 b A
: Rt
0.0
0.1 1E-4 1E-3 0.01
" Ax (m)
0.0 0.1 02 03 04 05 0.6 0.7 08 0.9 10

Distance (im)

Fig. 2 (b) HLL scheme results (7eq model)

Fig. 3(a) The absolute error of the multiphase and the reduced
models for the void fraction

Fig. 3 (b) shows the relative error for the mixture density of

TABLEI the 7-equations and the 5-equations models, different

INITIAL VALUE OF WATER-AIR SHOCK TUBE increment spaces have been examined and the computations
Physical Xx<0.7m x>0.7m have been obtained at time equal to 229us.
property Air Water Air Water
Density, p 50 1000 50 1000
Velocity, u 0 0 0 0
Pressure, P 10° 10° 10° 10°
Void fraion, « & 1-¢ 1-¢ £
Stiffened gas EOS is used for each fluid as:

P=(y-1)pe-yP, (23)

The parameters of this equation for air and water are
tabulated in Table II:
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Fig. 3 (b) The relative error of the multiphase and the reduced
models for the mixture density

The results of the HLLC scheme for both the multiphase
model and the reduced model has been produced with CFL
equal to 0.6, the number of the space increments is equal to
1000 and the calculations are achieved at time is equal to
229us as shown in Fig. 4.
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Pressure (Pa)
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Distance (m)

Fig. 4 HLLC scheme results (5eq model)

V. CONCLUSION

Although the reduced model (5eq model) is simple to imply
the compressible multiphase flow from numerical point of
view, it can be concluded that the multiphase model (7eq
model) is more accurate than the reduced model as shown
previously into Fig. 3(a) and Fig. 3(b). It is obvious that
HLLC scheme is more accurate than HLL scheme. On the
other hand, HLLC scheme last long time to produce the results
than HLL scheme.

REFERENCES

[11 G. Allaire, S. Clerc, and S. Kokh, “A five-equation model for the
numerical simulation of interfaces in two-phase flows,” Comptes
Rendus De L Academie Des Sciences Serie I-Mathematique, vol. 331,
pp. 1017-1022, 2000.

[2] N. Andrianov, R. Saurel, and G. Warnecke, “A simple method for
compressible multiphase mixtures and interfaces,” International journal
for numerical methods in fluids, vol. 41, pp. 109-131, 2003.

[3] C. E. Brennen, Fundamentals of multiphase flow, 1* ed., United States
of America, Cambridge University Press, 2005.

[4] J. Cocchi, and R. Saurel, “A Riemann Problem Based Method for the
Resolution of Compressible Multimaterial Flows,” Journal of
Computational Physics, vol. 137, pp. 265-298, 1997.

[5] F. Coquel, K. El Amine, E. Godlewski, B. Perthame, and P. Rascle, “A
Numerical Method Using Upwind Schemes for the Resolution of Two-
Phase Flows,” Journal of Computational Physics, vol. 137, pp. 272-288,
1997.

[6] D. A. Drew, and S. L. Passman, Theory of Multicomponent Fluids.
Springer: New York, 1999.

[71 D. A. Drew, “Mathematical Modeling of two-phase flow,” Annual
review of fluid mechanics, vol. 15, pp. 261-291, 1983.

[8] R.J. Leveque, Finite volume methods for hyperbolic problem’, 1% ed.,
Cambridge, University Printing House, 2002.

[91 M. Ishii, Thermo-Fluid Dynamic Theory of Two-Phase Flow. Paris:

Eyrolles, 1975.

M.R. Bear and J.W. Nunziato, “A two phase mixture theory for the

deflagration-to-detonation transition (DDT) in reactive granular

materials,” Journal of Multiphase Flow, vol. 2, pp. 861-889, 1986.

A. Murrone and H. Guillard, “A five equation reduced model for

compressible two phase flow problems,” Journal of Computational

Physics, vol. 202, pp. 664-698, 2005.

A. F. Nowakowski “Numerical simulation of microbubbles in a liquid-

filled flexible tube,” Bangkuk paper submitted for WACBE world

congress of bioengineering, 2007.

G. Perigaudand and R. Saurel, “A compressible flow model with

capillary effects,” Journal of Computational Physics, vol. 209, pp. 139-

178, 2005.

R. Saurel, and R. Abgrall, “A Multiphase Godunov Method for

Compressible Multifluid and Multiphase Flows,” Journal of

Computational Physics, vol. 150, pp. 425-467, 1999.

[10]

(1]

[12]

[13]

[14]

468 1SN1:0000000091950263



Open Science Index, Mechanical and Mechatronics Engineering VVol:2, No:4, 2008 publications.waset.org/14951.pdf

[15]

[16]

[17]

[18]

[19]

World Academy of Science, Engineering and Technology
International Journal of Mechanical and Mechatronics Engineering

Vol:2, No:4, 2008

R. Saurel and O. Lemetayer, “A multiphase model for compressible
flows with interfaces, shocks, detonation waves and cavitation,” Joirnal
of fluid mechanics, vol. 431, pp. 239-271, 2001.

E. F. Toro, Riemann solvers and numerical methods for fluid dynamics,
1* ed., Berlin Heidelberg, Springer-Verlag, 1997.

A. Harten, P.D. Lax, and B. van Leer, “On Upstream Differencing and
Godunov-Type Schemes for Hyperbolic Conservation Laws,” SIAM
Review, vol. 25, no. 1, pp. 35-61, 1983.

E.F. Toro and P.L. Roe, “A Hybrid Scheme for the Euler Equations
Using the Random Choice and Roe’s Methods,” In Numerical Methods
for Fluid Dynamics I11. The Institute of Mathematics and its Applications
Conference Series, New series No. 17, Morton and Baines (Editors),
Oxford University Press, New York, vol. 17, pp. 391-402. 1988.

Li Qiang, Feng Jian-Hu, Cai Ti-min and Hu Chun-bo, “Difference
scheme for two-phase flow,” Applied Mathematical and Mechanics
(English edition), Shanghai University, China. vol. 25, no. 5, May 2004.

International Scholarly and Scientific Research & Innovation 2(4) 2008

469

1SN1:0000000091950263





