
 

 

  
Abstract—The distance between two objects is an important 

problem in CAGD, CAD and CG etc. It will be presented in this paper 
that a simple and quick method to estimate the distance between a 
point and a Bezier curve on a Bezier surface. 
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I. INTRODUCTION 
OMPUTATION of the distance between two objects is an 
important problem in computer aided geometric design. 

However, most of the methods about this problem investigate 
the distance problem in the space 3R , and only few methods 
study the distance problem on a curved space. On the other 
hand, the distance problem in 3R  has some different cases. For 
the case of the distance between two points in 3R , one can 
estimate easily the distance by Pythagoras' theorem. 
Computing the distance between a point and a curve or between 
a point and a surface is equivalent to the projection problem 
in 3R . Ma and Hewitt[4] investigate the point inversion and 
projection for nurbs curve and surface in 2003. Hu[2] presented 
an accuracy algorithm for improving this orthogonal projection 
problem in 2005.  In 2006, Selimovic also proposed a quick 
algorithm for estimating the projection of points on nurbs 
surfaces and curves.  The most complicated distance problem 
in 3R  is to compute the distance between two surfaces. Kim[3], 
Lin et al.[5], Zhou et al.[8] and  Thomas et al.[9] all presented 
some different elegant methods for improving this problem in 
their investigations.  

The distance problem on a regular surface is more 
complicated than that in 3R .  The key point of the distance 
problem on a regular surface is to compute the geodesics on a 
regular surface. There are a few methods for improving the 
distance problem in regular surfaces. In 1996, Maekawa 
investigates this problem on free-form parametric surfaces and 
proposed an algorithm for estimating the distance between a 
point and a curve on a parametric surface. Traditionally, the 
methods to compute geodesics are discrete since the solutions 
of these methods are discrete curves (a list of points). These 
methods are accuracy on the geodesic problem between two 
points. However they are not easy to extend to improve the 
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projection problem on surfaces.  In 2010, a new method of the 
geodesic problem via the geodesic-like curves is proposed in 
[1]. The geodesic-like curve is a mathematical curve, like as a 
Bezier curve or a B-spline curve. The geodesic-like method is a 
powerful tool for improving the geodesic problems. This note 
will present that the projection problem on a Bezier surface can 
be improved by the Bezier geodesic-like curves.   

II. THE GEODESIC AND THE BEZIER GEODESIC-LIKE CURVES 
Let S  be a regular surface with a parameterization b , 

SRUb →⊂ 2: , where ),( bU  is a system of coordinate on S . 
Let ))(),(()( 21 txtxt =γ  be a curve from ]1,0[  toU . Then γ is a 
geodesic curve in ),( bU  on S  if it satisfies the following 
system of geodesic equation. 
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where 2,1=k  and 2

, jiΓ  is the Christoffel symbol. From 

calculus of variation, a geodesic curve is equivalent to be a 
critical point of the energy variations. Then the Bezier 
geodesic-like curves will be defined by this notion. 

A proper variation of γ  is a differential map 
Uh →−× ],[]1,0[: εε  such that 
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Intuitively, ),()( thht ⋅=⋅  is a family of curves with the same 
terminal points )0(γ  and )1(γ . The energy of th  is 
represented by  
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Definition 1 

Let S be a regular surface with parameterization b . A curve 
U→]1,0[:α  is a geodesic on S  if there is a proper variation  

h  of  α  such that 0)0(' =E  where h  and E  is defined in 
equations (1) and (2), respectively. 
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In 2010, a new method for estimating the geodesic was 
presented by the equation (2). The proper variation by the 
Bezier curves can be constructed and the critical point of 
energy function is called the Bezier geodesic-like curve. 
 
Definition 2 

Let ),( vub , 3: RUb →  where U  is an open set in 2R , be a 
parameterization of a regular surface S . The Bezier 
geodesic-like curve )(sc of degree n , Uc →]1,0[: , between 

),( 00 vu  and ),( nn vu  is a Bezier curve with terminal points 
),( 00 vu  and ),( nn vu  on U  whose energy attend minimal. 
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Since, by the Weierstrass theorem, any piecewise differential 

curve can be approximate the B-spline curves, a Bezier 
geodesic-like curve approaches a geodesic on surface when its 
degree tends to infinity. 

The set of control points of geodesic-like curve is a critical 
points of ),( ji vuE , that is the solution of  the system of 
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After some computations, the system of equations (5) can be 
rewritten as 
 

⎪
⎪
⎩

⎪⎪
⎨

⎧

=>+++<

=>+++<

∫

∫
1

0

1

0

0'')),(()()''(

0'')),(()()''(

dtvbubsB
dt
dbsBvbub

dtvbubsB
dt
dbsBvbub

vu
n
iv

n
ivvuv

vu
n
iu

n
iuvuu

  (6) 

 

where ∑
=

==
n

i
i

n
i utBtuu

0

)()(  and ∑
=

==
n

i
i

n
i vtBtvv

0

)()( . 

Obviously, the solutions of the system of equations (5) are 
the Bezier geodesic-like curves on surface. The system of 
equations (6) is called the system of geodesic-like equations.  

III. THE PROJECTION PROBLEM ON BEZIER SURFACES 
Consider the distance problem between a point and a Bezier 

curve on Bezier surfaces in this section. First, there are some 
notations. Consider ),( vub , 3: RUb → , is a Bezier  surface, 
p is a point on U  and Uc →]1,0[:  is a Bezier curve on U , 

∑
=

=
m

i
i
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)()( .  Hence, the system of geodesic-like 

equations is a system of polynomial equations.  For simplicity,  
the point p in U with )( pb  in S  is identified with the curve 

)(tc  in U with ))(( tcb  on S  in this note. The distance 
between two points qp,  on a surface is denoted by ),( qpd . 
Hence, the distance between the point p  and the curve )(tc  is 
the solution of  
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Since the distance between two points on surface is the length 
of minimal geodesic between these points, the equation (7) can 
be rewrite as 
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where Γ  is the set of geodesic from the point p  to the curve 

)(tc . From that the geodesic is the solution of equation (3), the 
solution of equation (8) is equivalent to the solution of  
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where ),( τsh  is the proper variation of the curve from p  to 

)(tc  for some ]1,0[∈t .  It can be estimated that the distance 
from p  to the curve )(tc  by the discretization of )(tc and 
discrete geodesic methods.  This method is the simplest 
algorithm for this problem. However, it is also the most 
expensive algorithm. 

 Now, this problem will be improved  from the viewpoint 
of geodesic-like curves. Suppose that ),( 00 vup = and 

))(),(()( tvtutc nn= . Let  
 

))(),()((),()(

),,,,,,,(

0

1111

svsusBvusB

svvuut

nn
n
nii

n

i

n
i

nn

+= ∑
=

−− LLγ
.  . 

 
Hence, ),,,,,,,()( 1111 ⋅=⋅ −− nn vvuut LLγγ  is a Bezier curve 

with terminal points p  and )(tc . The energy of )(⋅γ  forms as 
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From the property of geodesic-like curves, the minimal 

geodesic from the point p  to the curve  )(tc  can be 
approximated by the solution of  
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That is the solution of the equations 
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The system of equations (12) is called the system of 

geodesic-like equation about the projection problem. Because 
b  is a Bezier surface and c  is a Bezier curve, the system of 
equations (12) is still 12 −n  nonlinear polynomial equations. 
This system can be solved by many elegant numerical 
algorithms, like as the iterative method, Newton method or 
other methods [6].  

IV. CONCLUSION 
In this section, the minimal geodesic-like curve between a 

point and a Bezier curve on different Bezier surfaces will be 
found.  The Bezier surface in figures 1-2 is a 55×  Bezier 
surfaces and the Bezier geodesic-like curves are Bezier curves 
of degree 4 in U .  Figure 1 presents a minimal geodesic-like 
curve from the point p  to the curve c . There are two minimal 
geodesic-like curves in figure 2.  The difference of the lengths 
of these geodesic-like curves is less than the error of tolerance. 
Figure 3 shows the minimal geodesic-like curve between a 
point and an open curve on a part of a surface of revolution. In 
all of these simulations, the geodesic-like curves can be 
approximated the minimal geodesic between a point and a 
curve accuracy. Moreover, the computation of Bezier 
geodesic-like curve is not expansive and it only needs a low 
degree.  

The method of geodesic-like curve can also improve the 
distance problem in 3 . Since the minimal path in 3  is 
always a straight line, it only need the Bezier curve of degree 
1to estimate. Hence, the energy function in equation (12) is a 
one parameter nonlinear polynomial equation. This equation 
can be solved accuracy and quickly. 

 
 Fig. 1. The distance between a point and an open curve on a surface 
(I) 

 

 
Fig. 2. The distance between a point and an open curve on a surface 
(II) 

 

 
 
Fig. 3. The distance between a point and an open curve on a 
surface (III) 

 
Fig. 4. The distance between a point and a curve  in 3R . 
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