
 

 

  
Abstract—The paper aims at investigating influence of medium 

capacity on linear adsorbed solute dispersion into chemically 
heterogeneous fixed beds. A discrete chemical heterogeneity 
distribution is considered in the one-dimensional advective-
dispersive equation. The partial differential equation is solved using 
finite volumes method based on the Adam-Bashforth algorithm. 
Increased dispersion is estimated by comparing breakthrough curves 
second order moments and keeping identical hydrodynamic 
properties. As a result, dispersion increase due to chemical 
heterogeneity depends on the column size and surprisingly on the 
solid capacity. The more intense capacity is, the more important 
solute dispersion is. Medium length which is known to favour this 
effect vanishing according to the linear adsorption in fixed bed seems 
to create nonmonotonous variation of dispersion because of the 
heterogeneity. This nonmonotonous behaviour is also favoured by 
high capacities. 
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I. INTRODUCTION 
N presence of nonhomogeneous chemical activity 
distribution of adsorbents into fixed beds, effective 

dispersion of linearly adsorbed solute is found no longer equal 
to the one of a water tracer. Assessing both tracers effective 
dispersion by the reduced variance of their respective 
breakthrough curves, Semra et al. [1]-[2] emphasized an 
increasing reduced variance with the chemical heterogeneity 
chosen parameter for identical hydrodynamics. This finding 
suggests that transport and interaction are no longer 
independent from each other. Hence, this article aims at 
showing interaction influence on interacting solutes transport 
into chemically heterogeneous porous media at different 
column lengths.  

In homogenous media, linear adsorption into fixed beds is 
described by the one-dimensional advection-dispersion 
equation [3]-[4]: 
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Where u is the linear flow velocity; C, the fluid in flow 
concentration; q, the aggregate concentration; DL, the 
hydrodynamic dispersion coefficient; ε, the extra aggregate 
porosity; x, the flow direction. 

q and C are related through α, the distribution coefficient 
between the solid and the mobile fluid phases. α takes into 
account transfer phenomena between mobile and aggregate 
immobile fluid phases, and adsorption thermodynamics [5]. 

Cq α=                     (2) 
When phase and thermodynamic equilibria are assumed, 

linear adsorption distribution coefficient is constant and 
reduces to the thermodynamic equilibrium constant Kd. 
Equation (1) becomes: 
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Where K’d is called the global medium capacity and is related 
to the thermodynamic distribution coefficient Kd through: 

dpd KK
ε

ερ −
=

1'                 (4) 

ρp is the bulk density. 
Solution to the adsorption equation can be derived using the 

Laplace transform technique. The breakthrough curve data are 
obtained by inversion of the Laplace transform. However, one 
can derive the breakthrough curve moments without solving 
equation (3) by using the transfer function G(s) relating )(LC  

and 0C , the Laplace transforms of inlet and outlet fluid 
concentrations respectively. Breakthrough kth order moment is 
derived according to the Van Der Laan relation [6]: 
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The most important moments are the first order one, µ1, 
which assesses the mean residence time, and the second one, 
µ2, which leads to the breakthrough curve variance, σ², 
according to the following expression: 

2
12² µµ −=σ                   (6) 

The reduced variance, σ’² accounts for solute effective 
dispersion and is calculated by: 

2
1

²'²
µ
σσ =                     (7) 

One can define an effective flow velocity for sorbing solute 
displacement, ur, and an effective dispersion coefficient DLr 
such as: 
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Adsorption equation becomes: 
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 This equation is identical to a water tracer transport 
assuming phase equilibrium. A column Peclet number for the 
adsorbed solute can be derived such as: 

 
Lr

r
r D

LuPe =                    (11) 

Thus: 
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 On the other hand, breakthrough curve moments are the 
following [3]-[6]: 

)'1(01 dKtµ +=                  (13) 
Where t0 is the mean residence time for water tracer.  
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Where σ’²r and σ’²w are respective reduced variances for 
adsorbed solute and water tracer.  
On can find finally: 

uL
DL

r
2'2 =σ                    (15) 

The reduced variance contains no parameter referring to the 
interaction. It implies that for the same media hydrodynamic 
characteristics, the ratio wr '²/'2 σσ  is equal to 1 whatever the 
medium capacity is. This equality can be considered as a 
reference value comparing to which any influence of any 
other parameter can be assessed. In the following, chemical 
heterogeneity is taken into account in the fixed bed linear 
adsorption equation in order to investigate its effect on solute 
effective dispersion at different levels of heterogeneity. 
Mainly, capacity medium influence on the relationship 
between chemical heterogeneity and dispersion is observed as 
a function of medium length. 

II. METHODS 
Considering chemical heterogeneity as nonuniform 

distribution of active sites into the medium (in other words 
chemical activity distribution of the medium), the considered 
granular medium is composed of two types of layers, active 
and nonactive ones uniformly alternated. Active and nonactive 
layers thicknesses are respectively l1 and l2. 

 
l1

L

l2 Active layerNon active layer

xFlow direction

 
Fig. 1 One-dimensional fixed bed chemical heterogeneity scheme 

 
Chemical heterogeneity distribution is accounted for by the 

Bernoulli probability distribution ( )xΓ  for a solute molecule 
in the mobile fluid to meet an active grain in the flow 
direction x: 

( )
⎩
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           The mean value of the distribution is γ defined by: 
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Both active and nonactive layers thicknesses are 
proportional to a particle mean diameter dp. 

Heterogeneous fixed bed adsorption is accounted for by (1) 
taking into account: 

( ) ( ) ( )xtxCKtxq dp Γ= ,, ρ             (18) 
Using dimensionless variables, the adsorbed equation 

becomes: 
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Where: 

0ttT = ; QVt ε=0 ; pdxX = ; 0
* CCC = ; 0tud p=α ;

udD pL=β       
The dimensionless equation is solved using the finite 

volumes method according the Second Order Backward and 
using the Adam Bashforth scheme [7]. The following initial 
and limit conditions are considered: 
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The effect of chemical heterogeneity is investigated 
considering the breakthrough curve (C*(L,t)) spreading versus 
the chemical heterogeneity scale. The latter is chosen equal to 
the inverse of the mean value of the probability distribution, 
1/γ. This assumption is analogous to the one adopted by 
Semra et al. [1]. In fact, the thicker the active layer is, the less 
heterogeneous the medium is.  

According to the residence time distribution theory, the 
breakthrough curves moments are calculated by [6]: 
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The medium global (mean) capacity, said also the 
dimensionless distribution coefficient, is function of the mean 
probability of activity distribution via: 

dpd KK ρ
ε

εγ −
=

1'                (22) 

So, breakthrough curves are exploited plotting σ'²r/σ'²w 
versus 1/γ. The ratio σ'²r/σ'²w excludes then the effect of 
hydrodynamics on the relation between chemical 
heterogeneity. Hence, it accounts for the net increase of 
dispersion due to chemical heterogeneity. Effect of chemical 
heterogeneity is evaluated at different bed lengths for the same 
heterogeneity distribution and also at different global 
capacities. Model constant parameters are the following: the 
flow rate Q = 1 cm3/s; dp = 4×10-4 cm; ρp = 2,6 g/cm3; ε = 
0.48, l1 = 50 dp. The hydrodynamic dispersion coefficient is 
calculated according to [8]: 

udD pL 4=                   (23) 

III. RESULTS AND DISCUSSION 
Calculation of breakthrough curves variances led to a linear 

variation of the ratio σ'²r/σ'²w with heterogeneity. The slope, 
which is normally null and independent from interaction and 
column length according to the linear adsorption in fixed beds 
theory, is found for heterogeneous media function of medium 
scale and capacity as shown in figures 2-5. All the variations 
start from the value 1 which corresponds to the unique value 
expected by the theory when chemical heterogeneity is not 
taken into account. 
 

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

0 2 4 6 8 10 12

σ
'² r
/σ

'²w

1/γ

K'd=1

L = 0.1 m
L = 0.2 m
L = 0.5 m
L = 0.7 m
L = 1 m

 
Fig. 2 Dispersion increase due to chemical heterogeneity at different 

medium lengths L, global capacity K’d= 1 
 

The plot of the slope with column length at different 
medium capacities showed a polynomial variation (figure 6). 
In chemically homogeneous medium, this slope decreases 
linearly versus the medium length (equation (15)). The line is 
unique for all medium capacities. 

Figure 6 shows an intensified effect of heterogeneity 
through high capacities. However, medium length which is 
known to favour this effect vanishing (equation (15)) seems to 
create nonmonotonous variation of dispersion because of the 

heterogeneity. This nonmonotonous behaviour is also 
favoured by high capacities.  
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Fig. 3 Dispersion increase due to chemical heterogeneity at different 

medium lengths L, global capacity K’d= 4 
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Fig. 4 Dispersion increase due to chemical heterogeneity at different 

medium lengths L, global capacity K’d = 10 
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Fig. 5 Dispersion increase due to chemical heterogeneity at different 

medium lengths L, global capacity K’d = 100 
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Fig. 6 Variation of the slope of linear dispersion increasing due to 

chemical heterogeneity at different medium lengths L and different 
global capacities 

 
The fact that intense medium capacity amplifies chemical 

heterogeneity effect can be physically explained considering 
the same heterogeneity level, i.e., the same distribution of 
solid activity into the medium. Indeed, presence of intensely 
active zones on the adsorbent next to nonactive ones creates 
important solute concentration gradients. The fluid close to 
the active zones is very poor of solute because of solid 
retention whereas the fluid close to nonactive zones is very 
rich in solute. The more intense the capacity is, the more 
important solute concentration gradients are and, thus, the 
more important solute dispersion is.  

However, nonregular effect of medium scale on the relation 
between heterogeneity and dispersion is not clear yet. 
Actually, one expected a monotonous decrease of the slope as 
the medium scale increases. In fact, medium length represents 
the physical heterogeneity scale and as it becomes greater than 
the chemical heterogeneity one, the effect of chemical 
heterogeneity on solute dispersion would decrease regularly 
[9]. 
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