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On a discrete-time G1** /Geo/1/N queue with
single working vacation and partial batch rejection

Shan Gao

Abstract—This paper treats a discrete-time finite buffer batch
arrival queue with a single working vacation and partial batch
rejection in which the inter-arrival and service times are, respectively,
arbitrary and geometrically distributed. The queue is analyzed by
using the supplementary variable and the imbedded Markov-chain
techniques. We obtain steady-state system length distributions at pre-
arrival, arbitrary and outside observer’s observation epochs. We also
present probability generation function (p.g.f.) of actual waiting-time
distribution in the system and some performance measures.

Keywords—Discrete-time; Finite buffer; Single working vacation;
Batch arrival; Partial rejection

I. INTRODUCTION

UEUEING systems with vacations have been widely

used in the performance analysis of computer commu-
nication systems, manufacturing and production systems, in
which the server utilizes the idle time for different purpose.
Past work may be divided into two categories: (i) the case
of classical vacation, i.e., the server completely stops service
in the vacation period and (ii) the case of working vacation,
i.e., the server renders service to the customers with a lower
service rate. In the case of server vacation, the readers are
referred to the survey paper [4,5,15,16,17,23] and references
therein. In the case of working vacations, the server provides
service to the queue with a lower service rate during the
vacation period. Two common working vacation policies are
multiple working vacations and sing working vacation. Mul-
tiple working vacations policy has the following properties:
when a vacation ends and the system is not empty, a busy
period begins with the normal service rate. Otherwise, if the
system is empty, the server takes another vacation. Under the
single working vacation policy, the server enters into vacation
when there are no customers and takes service at a lower
rate during the vacation period. Meanwhile, he only takes one
vacation each time, and must come back to the normal working
level no matter whether there are customers at the vacation
ending instant. If there are customers when the vacation ends,
the server begins to serve one customer at the normal rate
immediately; otherwise, he will stay in an idle period. [14] first
examined an M/M/1 queue with multiple working vacations
(Such model is denoted by M/M/1/WV queue) and modeled a
wavelength division multiplexing (WDM) optical access net-
work using multiple wavelengths which can be reconfigured.
The work of [14] is rooted in performance analysis of gateway
router in fiber communication networks. On the other hand,
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working vacation policy has practical application background
in optimal design of the system. When the number of cus-
tomers in the system is relatively few, we set a lower speed
operating period in order to economize operating cost and
energy consumption. Furthermore, [14] obtained the stochastic
decomposition structures of the system indices in the M/M/1
queue with working vacations. Later [8,12,19] generalized
results in [14] to an M/G/1 queue with working vacations.
[20] presented a Geo/G/1 queue with disasters and multiple
working vacations and [9] analyzed a GeoX/G/1 queue
with working vacations. [1] and [11] respectively discussed
a continuous-time GI/M/1 and a discrete-time GI/Geo/1
queue with multiple working vacations. From the literatures
listed above, we discovered that all research efforts focus on
the multiple working vacation (MWYV) policy, however, the
literatures on single working vacation queues, readers may
refer to [3] and [10].

Though the working vacation queueing models with infinite
buffer size have been studied extensively in the past years,
many a time there is also need for finite buffer size. Queues
with finite buffer space are more realistic in real life situations
than queues with infinite buffer space as it is used to store ar-
rived customers if server is busy. To the best of our knowledge,
the only work about general input working vacation queueing
model with finite buffer size can be found in [2,6,7,21,22],
where [2] discussed the GI/M/1/N queue with multiple
working vacations, [21] presented the GI[*! /M®/1/L queue
with multiple working vacations and partial batch rejection,
[6] analyzed the GII®1/M/1/N queue with single working
vacations and partial batch rejection, a finite buffer size
discrete-time multiple working vacation queue was considered
by [7], [22] have introduced changeover time into the working
vacation. However, there is no work that deals with discrete-
time renewal input bulk arrival queue with single working
vacations. This motivates us to investigate such queueing
system in this work, denoted by GIX/Geo/1/N/SWV.
Such a discrete-time queue with working vacation policy has
many significant applications. Firstly, discrete-time queueing
systems have wide applications in design and control of
manufacturing and telecommunication systems, and in mod-
eling and analyzing of computer communication networks.
Moreover, the discrete-time system can be used to approximate
the continuous systems. Secondly, batch arrival queues have
more extensive applications in the computer networks and
communication systems because the cells arrive in batch.
Thirdly, the single working vacation policy is more reasonable
for employees under management structures and in optimal
design of the system.
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The rest of this paper is organized as follows. In Section 2,
we give the discrete queueing model. In Section 3, we analyze
the model and obtain steady state distributions at arbitrary,
pre-arrival and outside observer’s observation epochs. Various
performance measures are presented in Section 4.

II. MODEL DESCRIPTION

Thereinafter, we denote £ = 1 — z for any real number
x € (0,1). We consider a finite buffer GI*/Geo/1 queue
of size N(including the one in service) where the time axis
is divided into equal intervals called slots and all queueing
activities occur at the slot boundaries. Let the time axis be
marked by 0,1,--- ,n,---. Here, we consider the early arrival
system (EAS), that is, a potential arrival can only take place
in (n,n") and a potential departure can only take place in
(n~,n). We assume that the beginning and ending of vacations
occurs at division point n. Arriving customers are queued
according to the first-come, first-served (FCFS) discipline.
The server can serve only one customer at a time. Various
stochastic processes involved in the system are independent
of each other.

The detailed description of the model is given as follows:
(1). Customers arrive in batches of random size X with prob-
ability mass function (p.m.f.) P(X =j) = x;,7 = 1,2,---,
and mean E[X] =Y.

(2). The inter-arrival times A of two successive arrivals are
independently identically distributed (i.i.d.) random variables
with common p.m.f. P(A = i) = a;, i > 1, corresponding
p.g.f. A(z) = > ;2 a;z" and mean A~

(3). The service time {S2,k > 1} in a regular
busy period is geometrically distributed with p.m.f.
P(St=i)=pp"'i>1,0<pu<1.

(4). The working vacation is an operating period in a
lower rate, the service time {Sy,k > 1} in a working
vacation period has a geometric distribution with p.m.f.
PSP =i)=vp" Y i>1,0<v<p<l.

(5). The server commences a vacation of random length
at the epoch when the system becomes empty after all the
customers being served by the normal service rate u. The
distribution of vacation time V' is geometrically distributed
with rate 6 (0 < 6 < 1), ie., P(V = i) = 00"~ i > 1. If
the customers arrive during a vacation period the server will
serve them at a lower service rate v. The server is permitted
to take one vacation each time and will come back to the
normal working level no matter whether there are customers.
More specifically, on return from a working vacation if the
server finds the system nonempty he will change to the
normal service rate, and the service interrupted at the end of
vacation restarts from the beginning; otherwise, if there is no
customer when a vacation ends, the server remains dormant
until the next customer arrives.

(6). Partial batch rejection policy is adopted. Since the buffer
space is finite, if a batch upon arrival doesn’t find enough
space in the buffer then a part of customers fills the vacant
spaces and the rest is rejected. This is known as partial batch
rejection. The state of the system at time n is described by
the following random variables:
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Ns(n): the number of customers in the system (including the
one in service);

U(n): remaining inter-arrival time for the group going to
enter into the system;

T(n) = { >

if the server is on working vacation,

trivariate Markov
define the

Then we have a
{Ns(n),J(n),U(n)}. Now we
probabilities as

process
following

Py o(u,n) = P(Ng(n) =0,J(n) =0,U(n) =u),u >0,
Pyi(u,n) = P(Ns(n) =k, J(n) =i,U(n) = u),,u >0,
1<k<N,i=0,1.

In steady-state, the above probabilities are denoted, respec-
tively, as Py ;(u), 0 <k <N, i=0,1,u > 0.

III. ANALYSIS OF THE MODEL

In the following subsections, using different analysis meth-
ods: supplementary variable and embedded Markov chain
technique, we will consider three kinds of system length at
different time epochs, that is, the steady state system length
distribution at arbitrary, pre-arrival and an outside observer’s
observation epoch.

A. Steady-state distribution at arbitrary epoch

To obtain the system length distribution at arbitrary epoch
and performance measures of the system, we develop the
difference equations using the remaining inter-arrival time as
supplementary variable. Observing the state of the system
at two consecutive time epochs n and (n + 1), and using
probability argument, we get a set of difference equations:
foru>1,

Po_’()(’u, — 1) = H_P()y()(u) + e_llplyo(u) + G_VauXIPO,O(O)

+ pPr 1 (u) + payxi Po,1(0), (D
i+1
P, o(u—1) = 0P o(u) + OvPiy1 0(u) + Ova, Z XtPit1-1,0(0)
k=1
+07ay Yy xkPioko(0),1<i <N =2, ()

k=1
Pn_1o(u—1) = EPPN,LO(u) + 9VPN}0(’U,) + Ovay, x

N o] N-1
> Peo(0) > Xm+0pay Y xPy-1-k0(0),  (3)
k=0 k=1

m=N—k
N 0o
Pyo(u—1) = 07Pyo(u) +07ay Y Pro(0) Y Xm:
k=0 m=N—k
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P071(u — 1)
= PO,I(U) + GPO’O(’UJ) + el/PLo(’LL) + el/auxlpo,o(()), (5)
Pi71(u — 1)

i—1

= ﬁ(Pm(u) + auXiPo,1(0) + ay Z Xi—kPk,l(O))
k=1

+ (P11 (w) + auXit1Po1(0) + ay Z Xi—k+1P%,1(0))

k=1
+ 0v(Piy1,0(u) + ay Z Xi—k+1P%,0(0))
k=0
i1
+07(Pio(u) +au Y XikPro(0),1<i <N =2, (6)
k=0
PN_171(’LL — 1)
= ﬁ(PN—m(U) + auxn-1P0,1(0)
N—2
+ ay Z XN—l—kPk,l(O))
k=1
o (Puaw) + aw 3 0 Poa (0)
k=N
+auzpkl 0) Z Xm)
m=N—k
N-1
+ GV(PN_LU(U) + aq Z X]gPN_l_/“()(O))
k 1
+ v (P o(u +auZPko(o > xm), (7
k=0 m=N-—k

PNJ(U, — 1)

= ﬁ(PN,1(u) +ay Y xwPoa(0)
k=N
N
+ Ay Z Pk 1 Xm)
k=1

)
N
+9V(PN o(u) + ay ZPk,Q(O)
k=0

m=N—k

i Xm)~ ®)

m=N—k

(Note that o = 0,0 = 0, if a > b.)
We introduce the following z-transforms

ZPJ

So that P, ;(1) = Pi;,j = 0,1,i = 0,1,2,---,N. Our
objective is to obtain P; ;,j =0,1,i=0,1,2,--- , N.

Multiplying (1) to (8) by z“ and summing over u from 1
to oo, we obtain

P j(z) = 245 =0,1,i=0,1,2,---,N.

(z—0)Pyo(2)
= Ov[Pyo(2) — PLo(0)] + 0[vA(2)x1 — 1]Po0(0)
+ u[Pr1(2) + A(2)x1Po,1(0) — Py (0)], ©)
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—07/ 1+1 O( )

1+1
Pii1,0(0) + A(z sz+1 k0 ( ]

+%(ﬁ@§:a4mmnk—ﬂdm)1gigN—Z
- (10)
(2 — 00) Py _1.0(2)

N e}
=0v ﬁN’o(Z) *PN,O(O)+A('Z)ZP]€’O( Z Xm:|
N-1 pe
+07 |A(z) Y Pno1-k0(0)xk — Py 10(0)]7 (1)
k=1
(z — GP)PMO z)
N oo
=0v |A(z ZPko 0) Z Xm —PNO(O):| (12)
k=0 m=N—k
(Z — 1)]3()71(2)
=0v {E,o(z) — P o(0) + E(Z)X1P0,o(0)}
+ 0 |:ﬁ0’0(2) - PO,O(O)j| - Poyl(O), (13)

(2 —ﬂ)é-,l(z) 4

=7 | A(2) (XiPO,l(O) + Z Xi—kPk,1(0)> - P;1(0)

k=1

+pA(z <Z Xk Pi—k+1,1(0) + Xit1 Fo, 1(0)>

k=1
+up (131‘+1,1(Z) — Piy1.1(0 )) +9V( i+1,0(2) — Pz‘+1,0(0))

+6p <f’i70(z) — Pio(0) + A(2) 2_: Xikpk,o(o))

k=0
+0VA(2) Y Xika1Pro(0),1 <i < N =2,

~ k=0
(z = 1) Pn-1,1(2)

=7 Z(z) (XNIPOI + ZXkPN 1- kl(o))]
k=1

+ pA(z <Z Pre1(0)xn—k + Z XkPO,l(O))

+ 1 (Puaz) = Pua(0)) - By 110

(14)

N-1

+0v (ﬁNl,O(z) Pn_1,0(0) + A(z) XePn_1- kO(O))

5 )

m=N—k
(15)

k=1

+01/ (ﬁN,O(Z) PNQ 0)+A ZP]CO
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)+ Z Br1(0)5= Nk’Xm>:|
5 )

N
+ 67 (ﬁN,O(z) — Pno(0) + A(2) > Pio(0)

k=0 m=N—k
— iPn1(0) (16)
Summing all Eqs.(9)-(16) yields
N o B ~ N
> (Puol2) +Pz-,1(z)) - Z 0) + Pi.1(0).
i=0 i=0

Taking the limit as z — 1 in the above equation and using the
normalization condition Zi\io (Piyo(l) + Pi,l(l))
can obtain that

=1, one

N
> (Pio(0) + P;1(0) = (17)

=0

Let P ,(j = 0,1,i = 0,1,2,--- , N) be pre-arrival epoch
probablhtles namely, an arrival sees ¢ customers in the system
at an arrival epoch when the server is in state j. Applying
Bayes;™ theorem and using (17), we obtain

- P;,;(0) _ Pi;(0)
Y SN (Pio(0) + Pa(0)) A
J=0,10<i<N (18)

Setting z = 1 in Eqgs. (9)-(12),(14)-(16) and using (18),
after simplification, we can get relations between pre-arrival
and arbitrary epoch probabilities

MG
Pro= v p,w Z Xm; (19)
16w k=0 m=N—k
0
PN—10—1 7 (PN0+>\ZPk0 Z Xm)
- m=N—k
N-1
+)‘V<ZPN—1—k,OXk_PN1,0> ’ (20)
k=1

2% ANy
Pio = 7 (Pi+10 )\P+10+)\ZPH1 koXk>

k=1
(21)
PN,1—9<PN0+/\ZP;§_0 Z Xm>
m=N—k
<P01ZXk+ZPk1 Z Xm)a
m=N—
' (22)
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oo N-1 oo
Prst = Pra 3 (Po,l S e Y B xm)
k=N k=1 m=N—k

N-2
AL _ _ _
+— <P0,1XN1 + Z Py paxk — PN1,1>
k=1

"
07 =
+— (PN—LO - )‘Pﬁfl,o + A Z PN—1—k,oXk>
K k=1
Ov
+— (PN0+A Z Py Z xm> . @3
K m=N—k
0w S _
Pir =P+ - | Pio+A Z P oxk — Py
k=1

91/ 1+1 B
+N< +10+)‘<Z i1 —k,0 Xk Pi+1,0>>

+A ( 0,1Xi+1 T Z it1—k, 1 XE Pi+1,1>
)\ﬁ i—1
+ m (Po_,1Xi + Z P Xk — Pfl) )

k=1
1<i<N-2, (24)
Poo=0"" (éy(PLo — AP) + M(vx1 — 1) Py
+ u(PLa = APry + M Fi) ) (25)
N N
P0,2:1—Zpi,o+zpi,1- (26)
1=0 =1

One may note that through computing the pre-arrival epoch
probabilities, the arbitrary time epoch probabilities can be
obtained from Egs. (19)-(26). So, in the next subsection, using
the embedded Markov chain technique, we will investigate the
system length distribution at a pre-arrival epoch.

B. Steady-state distribution at Pre-arrival Epoch

Let customer batches arrive at time epochs 73,75, - - and
the inter-arrival times 7, =1,, — Tp,—1,(n =1, -+ ;T = 0)
be mutually independent and identically distributed random
variables with common p.m.f. {a,,u > 1}. Let the state of
the system at pre-arrival epoch of the n-th batch be defined
as {(N;,J,),n > 1}, where N, denotes the number of
customers in the system, that is, suppose that the n-th batch
arrives at the system in (k, k%), then N, = Ny(k),J, =
J(k), and

0,  the n-th batch arrival occurs during
J- = a working vacation period,
™ ) 1, the n-th batch arrival occurs during

a busy or idle period.

Then {(N,,,J, ),n > 1} is an embedded two-dimensional
Markov chain with the state space {(i,5),7 = 0,1;j5 < i >
N}.

In limiting case, Pfj
0,1,i=0,1,2,---,N.

= lim P(N;

n—oo

=iJ, =7)j =
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Fof i, =0,1,2,--- , N, define

P(l k)(j,m) = P{ +1 =7, Jn+1 = m|N =1, J7 k‘}

A, k=m=0,
B, ;, k=0m=1,

") Gy k=1m=0,
D; ;, k=m=1.

Now we develop the transition probabilities of the two-
dimensional Markov chain {(N,,,J,,),n > 0}.

Observing the state of the system at two consecutive embed-
ded points, we have the one step transition probability matrix
(TPM) & of dimension (2N + 2) x (2N + 2) having four
block matrices of the form:

n ’I’l

B(ni1)x(ve1)
D(v+1yx(v+1)

ANf1)x(N+1)

y =
C(N1)x(N+1)

Based on the single working vacation and partial rejec-
tion policy, through probabilistic arguments, some entries
P 1y(j,m) of the TPM & are given as follows:

() For 0 <i< N,j=1,2,---, N, the transition from (z,0)
0 (4,0) occurs only if the residual vacation time is greater
than an inter-arrival time and there are min{i+ X —j, N — j}
service completions during an inter-arrival time. So, we have

N—1 9]

A= Z Xk Z

k=max{j—1,1} u=max{1l,i+k—j}

(_ U > yitk—igu—(itk—j)p"
i+k—3j

o]

Y ow Y

k=N—i+1 u=max{1,N—j}

<N“_ j) yN—igu—(N—=i)g"

N—i [e’e)

2 Z XkCitk—j T CN—j Z Xk-

k=max{j—i,1} k=N-—i+1}

gy X

Ay X

where ¢p, = 2101,0 max{1l,m} Ay ('m) A me sm 2 0.

(2) For 0 < ¢ < N, there are two possible cases to cause the
transition from (7, 0) to (0, 0). Case 1: if the residual vacation
time is longer than one inter-arrival time, more than min{i +
X, N} customers can be served during the inter-arrival time.
Case 2: if the residual vacation time is not longer than one
inter-arrival time, all min{i + X, N} customers are served
during the inter-arrival time and the next arrival occurs during
another vacation period—j(j = 0,1,--- ,min{i + X, N} — 1)
completions before the working vacation ends and min{i +
X, N} — j service completions during a busy period after the
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working vacation ends. Therefore,

Ao
N—i [e%e)
_ m—k—(i+1)
= {Z a,0" Z(H_l_l)uzx +
=1 u=1-+1 k=i+l

-1 u—(i+l—j)

0o itl—

S (o

u=k j=0 k=max{1,j}

ui ( 7_1 1>ui+l—jun—(i+l—j)QUk":|
,z+ e

D SIRYIDSEYD ol (W) Py
I=N—1+1 u=N

o N1 u-(V=9) -1k

a,00 < ) IR %

J

DIDIEDY

u=k j=0 k=max{1,5}

u—k n 1 o
_ Nejn—(N— J>§“ n}
2 (N —i- 1)’“‘ :
n=N-—j
A~ e
=Y B+ v+ By W) D Xk
=1 k=N—i+1
where

—1
1> 7

P ()i
J

7=0 k=max{1,5}

uU—
. <m

n=m-—j

3)For 0 <i< N,j=1,2,--- N, the transition from (i, 0)
0 (4,1) occurs if if the working vacation time is not longer
than an inter-arrival time and there are min{i+ X, N} —j ser-
vice completions during one inter-arrival time given that work-
ing vacation ends and the busy period is going on: there are
m(m=0,1,2,--- ,min{i + X, N} — j) service completions
during a working vacation time and min{i + X, N} —j —m
service completions during a normal busy period. Then, we
have

B

2%}

TL—l 1>,um ]ﬁn (m— J)eu k— n’mz]-
-7

N—1i [eS)

= 2w )

l=max{1l,7—¢} u=max{l,i+l—j}

m kom—k u—m i+Hl—j—k—u—m—(i+l—j—k)
X
()t (L

0o 00 N—j u
D IRE D SRS DD DI A
k=N—i+1

u=max{1,N—j} k=0 m=max{1,k}

M pm—k( W= N—j—k—u—m—(N—j—k)
k) <N —j- k)“ g

N—1

>

l=max{1,j—1i}

i+l—3

Oy Z Z egm 1

k=0 m=max{1,k}

xidiyij+dv_g D> X
I=N—i+1
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dm = i Qoqy i i ggkfl <k> V‘]Pk_j
u=max{1l,m} J=0 k=max{1,5} J

X (u a k)uijUk
m—1

Using the sum of all elements of each row of the TPM, we
have

(=3, m 20,

N N

Bip=1- ZAi,j - ZBM'
=0 =1

(4) For 1 < i < N, the transition from (¢,1) to (0,0)
occurs only if during an inter-arrival time all min{i + X, N}
customers are served by the normal rate 1 and then the newly
vacation doesn’t end. Then, we have:

ZXZ Z " Z <z+l )“”’u“”%"—’“

= u=1+1 k= +l
N— k Npu—k
£ X wy (3
I=N—i+1 u=N =
A N—1i
= ZXMHH—@N Z X1
=1 I=N—i+1
where
oo u
k—1 k
Ay = Zauz < . m—k mg ’mz]_
u=m k=m

(5) We should note that for 0 < ¢ < N,1 < 5 < N, the
transition from (7, 1) to (j,0) is an impossible event, then

C,’J =0.

(6) For 0 < i < N,1 < j < N, the transition from (i,1)
0 (4,1) occurs only if during an inter-arrival time there are
min{i+ X, N} — j service completions by the normal service
rate u. Then, we have:

N—1i [eS) u
D= 2 a2 au<z’+l— )
l=max{1,7—1} u=max{1,i+l—j} J
it e (i+1=3)

o0 u o
Xty ay < N> NN
u=N

o0
Xtbit1—j +bn—;j Z X1
I=N—i+1

X

l=max{1,7—1}

where

oo
u —-m
by = Z ay, <m> pumEt " m > 0.

u=max{1l,m}

Utilizing the sum of all elements of each row of the TPM

leads to
N
Dio=1-Cio— Z D;,;.
j=1
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LetP™ = (PO_,O7P1_,07P2_,0:" P];()apl_,hPZ_,la"" 7P]§71)
be the row vector of the pre-arrival epoch probabilities which
can be obtained by solving P~ 4 = P~. The system of
equations has been solved using the algorithm of GTH
( Grassmann,Taksar and Heyman) given in Latouche and
Ramaswami (1999).

C. Distribution of system size at outside observer’s observa-
tion epoch

The distribution of system size at outside observer’s obser-
vation epoch is needed to evaluate average sojourn time in
the system using Little’s rule. In an early arrival system, the
outside observer’s observation point falls in a time interval
after a potential arrival and before a potential departure.
Let P?y(0 < i < N) and P/i(1 < i < N) denote
the probabilities that outside observer sees ¢ customers in
the system and the server on working vacation and in the
busy period, respectively. By observing arbitrary and outside
observer’s observation epochs presented in Figure 1, we have

Py = ?P&O +91/P1°O + uPyy,

Pi,ozgﬁpio—i-euPHO,l <i<N-1,

Py = 00PF,

Py =0vPyo+ 0P+ Fgyq,

Py =pPy +puPly +00P, +0vP2, 1 <i< N —1,
Py =P, 4 07PF .

From the above equations, we can obtain

1
Pﬁf,o: iPN,O,
ov
1
Pioozg—( —0vP 1), 1 <i<N-—1
’ v

[0]
0~ QVPHLO) )

G0 = 7 (Poo = OvPlo = uPry),

P(il = PO,l — el/PﬁO — Qp(io.

IV. PERFORMANCE MEASURES

As steady-state probabilities at various epochs are known,
various performance measures can easily be computed.

A. Blocking probabilities

An important performance measure of a finite buffer batch
arrival single server queueing system is the blocking prob-
ability of the first-, an arbitrary- and the last- customer
of an arriving batch. Denoting the three kinds of blocking
probabilities as Ppr, Pg4 and Ppgj, respectively, then we can
determine the three kinds of probabilities from section 3.2 as

1SN1:0000000091950263
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follows:

PBF:P];,OJ’_PJ;,D

N 9]

Ppa :Z(Pi,_0+Pi,_1) Z Tj+1,
i=0 j=N—i
N oo

Ppr, :Z(PiTO_FPiTl) Z Xj»
i=0 J=N—it1

where r; = P(X > j)/x is the probability that an arbitrary
customer C' occupies position j in its batch, j =1,2,--- .

B. Mean system length at outside observer;s observation
epoch

Three kinds of mean system length at outside observer’s
observation epoch are given respectively as follows:
(1) The average system length:

N N

L3=) iPy+ > iP?).

i=1 i=1

(2)The average system length when the server is in normal
busy period:
N

Ly =Y iPy,.

i=1

(3) The average system length when the server is on working

vacation:
N

L§ = _iPf,.

i=1

Let Wg4 denote the average sojourn time in the system of
an arbitrary customer in a batch which is accepted upon
arrival. Then by Little’s rule WgalLitte = L‘S’/)\/, where
A\ = MX(1 — Ppa), WsalLittie denotes the average sojourn
time Wg 4 evaluated through Little’s rule.

C. Sojourn time analysis

In this subsection, we discuss sojourn time in the system
of the first customer (respectively, an arbitrary customer and
the last customer) that is put in the queue of an arriving
batch which is accepted under the FCFS service discipline and
partially rejected policy. The sojourn time of the first customer
(respectively, an arbitrary customer and the last customer) that
is put in the queue of an arriving batch is given by the interval
from the instant at which it enters in the system to the instant
when it departs the system after its service completion and is
denoted by T'sr (respectively, T's 4 and T’s1,). The mean values
and the z-transforms of the random variables Tsr, Ts4 and
Ts a are, respectively, represented as Wsr and Wsr(2), Wsa
and WSA(Z), WSL and WSL(Z).

Now we introduce one lemma without proof, which will be
used during the derivations of our main results.

Lemmal If {S},k > 1} and V are defined as in Sec.2
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and independent mutually, for £ > 1, we have the following
results:

— k

(i"%)
1-6v)

k — ok
s <v| = <(1—9V)Z>
£t "7 1—-0vz
j=1

Sl

k
P> sp<v|=
j=1

k v
E 22215

Lemma2 If {S},k > 1} and V are defined as in Sec.2
and independent mutually, for £ > 0, we have the following
results:

k k+1
Py sy<v<> sy
j=1 j=1

k k+1
S sevays
Jj=1 Jj=1
(1-67)z _
1-0vz k= ’
1-0v

S k
v [ (1-60D)z
1— z(lfgﬁz) ’ k=1

|
NI

Considering various possible cases and using the above two
lemmas, the expressions of Wgr(z), Wsa(z) and Wgr(z) are
given below:

Wsr(z)
N-1 i+1 PR 5
1 _ (1- 91/)Z>
IPBF{§ =0 ; = <191/z
(1—0v)z < pnz )Hl
1-0vz \1—pz

k+1

i k
Pp(Sseveys
k=1 j=1 j=1

) ((1—9y)z>’“ ( 1 )i“—’f
1—0vz \ 1—0vz 1—nz
N—1 1z i+1
-
* ;) o <1uz> }
N-1 i+1
1 1 0z
= - P~ — — —+
1_PBF{Z 40 [9 <1—91/z>

=0

+P(V<S?)

vz

( 1z >i+1+ i 1 9 ( - )k( 112 >i+1k
1—pz kzlgl—aﬁz 1—0vz 1—pz

N-1 1z i+1
P | —
(i)
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WSA(Z)
] N-1  N-1-i
] T 3 e
BE { i=o m=0
i+m+1 i i+m+1
(1- 91/)2)
P SY <V —_—

(1 —0v)z ( wz >i+m+1
+P(V <8 z
( D5, 7
i+m k+1

+ZP ZS”<V<ZS”

S (55) ()

PP < sy <1—eu>z< - )

1—-0vz \1—pnz
i+m—1 k k+1
+ > P sisv< s
= j=1 j=1

(S :ZZLZ)'“ (5"

i+m - i+m
1 —0vz

N vz ( 1z >i+m+i+M11 0 ( 10z
1—0pvz \1—pz 01—0vz \1—0vz

k=1

i+m—=k
y ( nz )
1—pz

nz

m=

Now the mean sojourn times Wgr, Wsa and Wgy, can be
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i=0 1
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easily obtained and are given, respectively, as follows:

1
Wep = ——F7—
SF l—PBFX

- \1—0v u(l — 0v)2

N-1
{ZP’L_O
0" k[0 + 1)(1 — 07) + (k + 1)07]
Z( (1 — Gp)k+2

+1- k)08 P |
p(1 — go)k+1 )]+Zpi’1 Jz }’

=0

W, 7><
SA= 7 ~ Poa

N-—-1 N—1—1
Y Py Y rma
m=0

=0

0 1—6p
N 0v[(i +m + 1)(1 — 07) + y]
u(1 — )2
k—1

i—i—m—i—l( vl >i+m+2

(k + 1)07]

it+m 7' : 077
s (99 VF[(i +m + 1)(1 — 67) +

(1— Op)k+?

i+m+1—k09 11/’“*
( ) I
u(l _ gg)k—o—l

T (1 +m + 1)},

i+m< vl >i+m+1+
200 \1—0v

0v[(i +m+1)(1 — 0v) + ]
pu(l—0v)

im—1 [ ggh—1 VR +m)(1 — 00) + (k + 1)07]
+ Z ( (1 — Op)k+2

N-—-1 N—1
{ZP,;ozxm

1=0 m=1

k=1

(1l — gp)kﬂ

+(i+m—k)09 - ’m)]

, 2, Z
z—l—l( vl ) +6’1/[(z+1)(1—01/)+,u]

27

Remark It may be noted here that the numerical value of
the mean sojourn time in the system of an accepted arbitrary
customer of an arriving batch evaluated through (27) matches
exactly with the one obtained earlier using Little’s rule, as it

should be.
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