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Steady State of Passive and Active Suspensions in
the Physical Domain

Gilberto Gonzalez-A!, Jorge Madrigal®

Abstract— The steady state response of bond graphs represent-
ing passive and active suspension is presented. A bond graph with
preferred derivative causality assignment to get the steady state
is proposed. A general junction structure of this bond graph
is proposed. The proposed methodology to passive and active
suspensions is applied.
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I. INTRODUCTION

HE mayority of today’s vehicles utilize traditional passive
T suspension systems. Passive suspensions comprise of
a mechanical spring and a shock absorber to disipate the
vertical of the vehicle. For the past few decades, semi-active
suspensions and fully active suspension systems have been un-
der investigation. Semi-active suspensions incorporate variable
damping whose rate usually depends on one or more vehicles
states. Therefore, they are similar to passive suspensions in
that they do not require an external energy source to create a
force. However, semi-active suspensions require some energy
to operate sensors and valves. Fully active suspensions have
force-producing components (actuators) that impart a force or
torque to support the weight of the vehicle and control its
dynamic motion through their connection to the wheel hubs
or suspension control arms.

Main suspension system functions are to maintain the
wheels in contact with the ground, transmit tyre forces, and
filter road excitations. In conjunction with axles, suspension
systems form the link between wheels and vehicle body.
There are different axle-suspension system types (McPherson,
pseudo-McPherson, trailing arms, multi-arms, etc) and their
kinematics are somewhat complex to model in a multibody
system context.

The bond graph technics are useful and important tools for
physical system modelling [1]. They are based on power rep-
resentation and enables the description of the system through
energy storage and dissipative elements [2], [3].

In [4] an integrated approach for fuzzy systems, modeling
and fuzzy optimal controller design of half-car active suspen-
sion systems to enhance the ride comfort of passengers. In [5]
semi-active suspensions provide vibration suppression solu-
tions for tonal and broadband applications with small amount
of control and relatively low cost. An on-road analytical tire
model has been developed to predict tire forces and moments
at the tire/road interface in [6].
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Several papers have been published on bond graph mod-
els of automotive. Hence, a 3-dimensional and a simpler
2-dimensional automobile model is established in order to
analyse the handling response of steering variations using
different sets of tyres in [7]. Also, a simple basic bond graph
model of an automotive power train was developed to analyze
the nature of the observed dominant mode oscillations in a
typical manual transmission power train in [8] is proposed.

In [9] the bond graph model of a truck with eighteen degrees
of freedom is created. The vehicle model analysis was not the
objective, rather its purpose was to demostrate that bond graph
representation can compete with other modelling tools in the
field of vehicle dynamics in [10].

In other wise, when the dynamical behavior is over, the
steady state is reached. In [11] is shown a bond graph proce-
dure to get the equilibrium state. However, this result does not
use the junction structure with assigned derivative causality.
Hence, the steady state requires to invert the matrix A, when
the system is represented in a realization (A, B,C, D). As
shown in [12] it is possible to get the steady state from a
bond graph in derivative causality.

In this paper, a junction structure more general in a deriv-
ative causality assignment is proposed. This junction struc-
ture allows to have storage elements in an integral causality
assignment into the bond graph in derivative causality. The
main contribution of this paper is to determine the steady
state response of a passive and active suspension modelled
by a Bond Graph.

Section II gives basic elements of the bond graph model.
Section III proposes a junction structure of a bond graph in a
derivative causality assignment, this structure allows to have
storage elements in a derivative and integral causality. The
steady state response of a passive suspension in the physical
domain is proposed in section IV and in section V of an active
suspension. Finally, section VII gives the conclusions.

II. MODELLING IN BOND GRAPH

The symbolic form of a bond graph in integral causality
assignment (BGI) of a LTI system is shown in Fig. 1 [2], [3].
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Fig. 1. Junction structure of the BGL
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In Fig. 1, (M S, M Sy), (I,C) and (R) denote the source,
the energy storage and the energy dissipation fields, (D)
the detector and (0,1,7F,GY) the junction structure with
transformers, T'F', and gyrators, GY .

The state x%(t) € R" and 2% (t) € R™ are composed
of energy variables p(¢) and ¢ (t) associated with I and
C elements in integral causality and derivative causality,
respectively, u (t) € RP denotes the plant input, 2! (t) € R"
the co-energy vector, 2/, () € R™ the derivative co-energy and
D;y, (t) € R and D,y (t) € R” are a mixture of e (¢) and
f (t) showing the energy exchanges between the dissipation
field and the junction structure [2], [3].

The relations of the storage and dissipation fields are,

4 = Fa M
zg = Fg @)
Dout = LDWL (3)
The relations of the junction structure are,
@l Si1 Sz Sz Su Z[’)
Din | =] S21 S22 S 0 uout “4)
Zq S31 0 0 0 le
The entries of S take values inside the set

{0,£1, £k, +k,} where k; and k, are transformer and
gyrator modules; Sy; and Soy are square skew-symmetric
matrices and Sio and S,; are matrices each other negative
transpose. The state space equations are [2], [3],

@l (t) = Azt (t) + Bu (t) (5)

where
EA = (S11+ 512M8S51) Ff (6)
EB = Si3+512M8S3;3 (7

being M = (I — Li522)71 Ll and £ = 17514 (Fd)71 531EZ

In the next section, a junction structure of a bond graph
with a derivative causality assignment of a linear time invariant
system is presented.

III. STEADY STATE FROM A BOND GRAPH

A junction structure configuration of a bond graph of a Bond
Graph with preferred Derivative causality assignment (BGD) is
proposed in Fig. 2. This junction structure allows to represent
systems that have storage elements in derivative and integral
causality assignments.
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Fig. 2. Junction structure of a BGD.

In Fig. 2, the state z¢ € R? and 2¢ € R are composed
of energy variables with derivative and integral causality
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assignments, respectively; z4 € R?, z¢ € R" are the co-energy
variables in derivative and integral causality assignments,
respectively; D¢, € R" and D2, € R" are the dissipation field
with preferred derivative causality assignment and u € R? is
the plant input.

In order to have a relationship between the BGI and BGD
of a system, ¢ = n + m. The relations of the storage and the
dissipation fields in a BGD of a LTI system are:

2§ = Fia§ ®)
D, = L'Dg, )

The junction structure matrix for the proposed junction
structure configuration of a BGD is defined in,

Lemma 1. Let a bond graph model of a system with
a preferred derivative causality assignment in the junction
structure configuration of Fig. 2, then, a junction structure
matrix J is,

24 Ju Ji2 J i
410 % B[R] o

Jor Jao  Jos out

that, is block partitioned accordingly with the dimensions
of ¥4, D%, and w, and their entries take values inside
the set {0,+1,+r,+l} where r and | are the transformer
and gyrator coefficients, respectively. Then, equation (11) is
directly obtained from (10),

24 = A% + B*u an

where
A* = Ju+ JiaMaJn (12)
B* = Jis+ JiaMgJas (13)

being
My = (I, — L)~ LY (14)

Proof. In the BGD, from the second line of (10) and using
(9), we have,

(15)

substituting (15) into the first line of (10) and using (9) we
get,

Dy, = (I - J22Ld>71 [J2129 + Josu]

2§ = [Ju+ Ji2MgJa] & (16)
+ [J13 + JlQMdJQg] u
and the result (11) follows. [ |

When a BGD has storage elements in integral and derivative
causality assignment on the BGD, i.e., J14 # 0 and h # 0. The
A and A* matrices are singular. The state space (A, B, C, D)
does not have direct relation with (A*, B*,C*, D*) and n +
m = q + h. Also, i~ are the storage elements in integral
causality assignment on the BGI and they maintain the same
causality on the BGD and z%~¢ are the storage elements in
derivative causality assignment on the BGI and BGD.This case
is described by the following lemma:
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Lemma 2. Let a bond graph model of a LTI system
with a preferred integral causality assignment whose junction
structure can be written by,

© ied
i—d 11 12 11 11 11 Ziesd
= i i Bl e
{Ad 7
Z; St St Stz Siz Sis -
- — - - - - - 3
Di - Sll 512 Sll Sll 0 Dout
in 21 21 22 23 _
Zid SH s o0 0 o0 !
d 31 31 $é«—>d
i (I
. zm—»d ) Z@'<—>d )
where zt = x;:g ; 2t = Zz:‘fl ; 2 € R and
1 3

x4 ® € R™. The junction structure with a preferred derivative
causality s,

yied Juoogi2 g1 g gu [ 95::3 1
= ok R M || e
1>
24 J: Jit  Jiz Jiz Jia
Dé = g ogl2 g1 g 0 Dgut
in 21 21 22 23 -
sied 11 12 11 u
Zq Jsi i 0 Jzz 0 yied
L ~i
, (18)
h d _ l‘;:g d _ Z::((ii .oed R d
where x4 = piod |0 Zd = | ica |5 g € an
d d

xid € R Then, a reduced equivalent system is defined by,

Bt = A+ B [utnar )
0
where
AL = A} - ALHH, (20)
Bf = Bj+A,HsH @1
Qr = JLFTY(I+ J5iH3H,) J33 (22)
Ef = [I—JHF~ (T + J2HsHy)] (Fiod) 7 123)

where the constitutive relations of the storage elements are

dod = Ficdaics (24)
i—d d d
2 = Filal 25)
i—d id ,id
2 = F7%T (26)

with Hy = (Fi=d) ™! {J?l — A3, (A7) I Fid H =

; -1 -1
(Fi~)" A5, (AL) RS Hy = (I— HiJiE) s Ha =
H2+H1J§11; H5 Cll +012H3H4; Bl = +J1121Md<]23,

Ct = J3t+J33 M, J21, Ciy = Ji+J3 1MdJ2112, D= J33
Jag Masg; Ay = Ji +J1121MdJ%117 Al = Jif +J1121MdJ21127
Ag = JH + J7 1MdJ and My = L% (I, — J2121Ld)

Proof. In order to get an reduced equivalent system of this
case, the following analysis is done. From the third line of
(18) and substituting into the first line of the same equation,
(27)

i—d
Riesd =

where A%, = Ji +J1122MdJ1121, Aty = Ju+Jis My Ji%; B

ANEIZG + Bru+ Ajydg™ + Jig2i 1

J + JH My Jl and M, = L¢ (I — JllLd) ! Slmllarly,
the second line of (18) can be written by,
27 = A E[SG 4 Byu+ AnpdT? + TRz (28)
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where A3, = J21 + J2AMyJil; Ay = J2 + J2 MyJ32 and
Bi = J& + J2 MyJ3}. From (27) and (28) then

2 = Az (AL ESE + By - Ay (4n) 7 B w
+ A5 — 45 (A1) Ay i 29)
+ [+ 45 (A7) T o] 2
We can assign A* as,
Al A
ar = | A y} 30
[AZl A22 ( )

which is a singular matrix. The A}, submatrix is nonsigular,
because this part is due storage elements have integral causal-
ity on the BGI and have derivative causality on the BGD,
224 Thus, we have

ied”
A3,
Also, from (29),
B; = A3 (AT1)_1 By (32)

where Bj are causal paths from the inputs u to 25~¢ on
the BGD. However, these causal paths can be obtained by
(32). That is, because the part (A},)”' Bf means causal
paths from the inputs u to =% on the BGI. The submatrix
(A3,)"" indicates to change BGD by BGI. Finally, A3, is the

relationship between =% and z;~?. By using (31) and (32),

— A3 (A7) AL, =0 31)

equation (29) can be reduced to
2t = Agy (A1) Ao+ (T3 + A (4an) T ]
(33)

by integrating the five line of (18) and substituting into (33),
and using (25) and (26), we have

id (I—HJ2)™

z —_ i>d

[(Hy + HiJ3) 2128 (34)

¢
+HyJ3 / u(T) dT:|
0

where H; = (Z*"fi“*d)_1 [ 2L Az (Ar) 7!

| -1 * * 74>
Hy = (F3=%) " A3, (A7)~ Fiod.
(18) and (34),

J}j} Fi=d and
Using the five line of

o™ = [JN + JstHs Ha 2720 + (35)
t
(I + JitH3H] Jag / u(7)dr
0
where Hy = (I — HyJi2) 'and Hy = Hy + HyJi. If we
find the derivative of (34)
il = Hy [HyglZ4 + HyJi3u] (36)

by substituting (36) into (27) then
PG+ AT Hs Hy Jagu+ Jij 207

i>d

zioq = [Al1 + ATy HaHy| &

Liesd
(37)
from (26), (35) and (37) we have,
iod Argtod 4+ [A3,HsHy Ji3 + Bf ] (38)

+I [ I3+ Jst HyHy) ]

z<—>d

t
+JLFi7 I+ J3 Hy Hy J§§/ u(r)dr
0
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where A} = A}, + Aj,HsHy. From (24) and (38) with (21),
(22) and (23), we prove (19) ]

In order to obtain the steady state of the state variables in

integral causality on the BGI and derivative causality on the
BGD, (ziZ4) , from (19) and the Final Valuje Theorem then,

id) ss’
. *
(ei),, = e

where (z/29)

z<—>d
1<—>d

id * . *
(E E<—>d) Bru85+‘11_r)r(1) ( A ) S
(39)

and us, are the steady state of the zi—¢

jed i—d

variables and inputs u, respectively.
In the next section the proposed methodlogy to a passive
suspension is applied.

IV. PASSIVE SUSPENSION

A passive vibration control unit consists of a resilient
member (stiffness) and an energy dissipator (damper) to either
absorb vibratory energy or load the transmission path of the
disturbing vibration.

Passive suspensions have been presented. The half car
suspension model is usually represented as a four degree
or freedom system, which has heave, pitch and motion of
the front and rear wheels. Fig. 3 shows the bond graph
suspension representation. Dynamics is assumed solely on
the vertical axis and suspensions actions are denoted F.
Spring/damper suspension component phenomena correspond
to C-type energy storage and energy dissipation; a pair of C

and R elements thus represents these phenomena.
11_,-'-)1‘-"- 16
C:Csv < q3] C:Cso
\ TF:r TF;n I
s[ P L:la L N 20|
gl 12 18 R
R:Rst 11 = 10 A1k ot = L > R:Rsp
B| s b3 Izz
4 I:le Se:Eq
(RIS 1 1 Al:lrp
T ;
J T
C:Car=2—10 028 c:cro
I Y
1JI_ J.zr
MSf:fa M..""a.f:‘fb
=

Fig. 3. Bond graph in integral causality of the passive suspension.

The corresponding bond graph in derivative causality as-
signment of the passive suspension is shown in Fig. 4.

The key vectors of the bond graph in derivative causality
and the constitutive relations are,

d T
Tqg = [ 93 P5 48 P13 P14 G20 P23 Q25 ]
. T
i = [fs es fs eis e fao ez fos |
T
23 = [ es fs es fiz fia e [z €25 ]
h
u = e1s |3 Df, = { J{g } Dy = [ 0 }
21 €21
Jor
P — di 1 1 1 1 1 1 1
= dia s —
4= MW\ Crr' Tar ' Csr’ Ta’ To’ Csp’ Tap’ Crp
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Fig. 4. Bond graph in derivative causality of the passive suspension.

L¢ = diag {RST, RSD}

and the junction structure is

0 1 0 1Inr 117;,7_7“ 0 0 0
-1 0 0 0 0 0 0 0
0 0 0 17’rn7‘ 117:7,7‘7‘ 0 0 0
— 0 — 0 0 2 0 2
Jll — nr—1 nr—1 n_r;’rl n_r—Tl
nrl—l 0 nrl—l 0 0 nr—1 0 nr—1
0 O 0 n rr— 1 n 1'1 —1 0 0 0
0 0 0 0 0 0 0 -1
L 0 0 0 nrnfl n_'rﬂjl 0 1 0
[0 0 1 00 0 00
J1= 19 00001 0 0lif2=/s=0
[ 0 1 0 n:il % 0 0 0
J13 = ILLZLT 0 ILL;;,T 0 0 l:ler 0 lf:;/r
00 0 S s 01 0
The steady state is,
(Zg)ss = J13Uss (40)
In order to verify the steady state behavior, simulation
results using the following parameters: Csr = Csp =
5.9481 x 10_5; Rst = Rsp = 1000; Irr = Irp = 0.01666;

I4 =0.001; Crr = Cgrp = 5.2631 x 1075; I, = 0.001739,
r = 1, n = —17 €15 = —9.817 fl = 0.1 and f27 =0.51is
shown in Fig. 5.

0.6
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f2 {mls
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0.5
O

0.5

o—se—
_u,-»-— pe————

0.5 1 1.5 2 25 3 time {9}3'5 4

fia {mls}

Fig. 5. Simulation results of a passive suspension.
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By using the numerical parameters and (40), the steady state

for (fs),,> (f23)ss and (f14),, is givey by, — 19,?«.51\31 40
[HI' TFr\”VTF n I:lmp
(e = ()i (Frs),e = (for)s AN Vi P L I
—(f1)ss . 11 (for),s RiRur 254122 iCs7 700 —5—i——5—0 .33 CCsns 132 R:Ru
(fi)ee = —t — SRR Jo 1z To sa] RiRen
r nr LHIRT <1 1le Se: eg—1lf557| Iro ]
(f5) s L5 (f23) 55 = 0.5; (f14),, = 0.3 GY I se] GY‘-q
C:Crr=2H0 0Z-¢:Cro
In the next section, a half car active suspension is used to = 1) 3| }9
obtain the steady state response of the system. Itlsur 294 4 214 p.Rgu ST 1 Sf: f"R " }u_"_u -
19 a1 SHD
46
V. ACTIVE SUSPENSION MSe:l MSfik MSFs msex
. . . o . 16 “,
The passive suspension has significant limitations in struc- W e 43 las

tural applications where broadband disturbances of highly
uncertain nature are encountered. In order to compensate for
these limitations, active vibration control systems are utilized.
Fig. 6 shows the active suspension used a half car.

. <
MSf:j =07~ R:Rsurtr

R:Rsuor ﬁl‘u_\ 03z IMSf:im

Fig. 8. BGD of an active suspension.

The key vectors of the BGD are,

P11 €11 Ji1
D12 €12 fi2
Contral & iod Cied Cied
Pawer Lid — P2 |3EiCg= | e |;z2q=| S
q27 for €27
Pat ear faz
Unsprun d T
e Di = [ fi fir en fos ess fu e [fs2 ]
d T
Dl = |er ewr fa exs fsz e fis es ]
D5 €5 Is
iod | P2a | ica _ | €24 | ica_ | Sou
Tq = g 0= ) R
D35 ess f35
. . . e
Fig. 6. Active suspension. 453 T f53 53 T
i—d s ied
. . . . x5 = . el = 1 f 5
A bond graph with a integral causality assignment of an [ 4 @7 453 ]T’ ‘ [ Joo Jor f‘);: ]
half car active suspension is shown in Fig. 7. This model z~% = [ €3 €37 €53 } yu = [ Ji e fa ]
is interesting because of some storage elements have integral
causality and others have derivative causality. the constitutive relations are,

. 1 1 1 1 1
S a0 Fi2d = dia { } (41)
—d g
N ! 14" 1o Isnr’ Cst’ Ismp
[HI% 28 TF:r= l:la " I:lup 1 1 1
2} 51 i>d
L, 7 E! = d 42
RiRmr 28 4127 C:CsT 7.0 0, 35: Coo 63,4, 6200, v zag{CRT CRD CSD} (42)
“ R:Rs¥ lﬁ 34I “RiRsp 7
| 2 I |R1!—;2|1 1F§y| Inp F“_Ni d 1 1 ! 1 (43)
, < . = dia
oX® s a JﬁT‘FE s g Ipr Int Irp Inp
C:Crr="H0 0 C:Crop X
22[ 1) ) [‘ ra diag {RSTa Rsmrrs framms Ry, 24
lElsuTi20 4421 g ReyS 1Tt st f‘uR RsnnAs_” 47 _4):1smp B 1 R 1 R ( )
“r Rsp LWSMDF, fg 5 ftMD
B
MSe:l MSf:k MSiS yse:t and the junction structure is,
1% 1 a3 ]‘“
Msf:) 'T[Irw = R:RsmrF R:Rsmnor T;‘lOTMSf:m 03x4
. . . Jll — O3><3 hl . J12 _ h
Fig. 7. BGI of an active suspension. 11 —hT 0gyy |71 0 2
1x4
The bond graph in derivative causality of the active suspen- g2 T e g o2 g g
sion is shown in Fig. 8. This bond graph model has general 1111 - ( ) =12 = J21 7 Y13 T 14 T
properties from the point of view of the causality. Hence, BGD Jyz = Jit =
contains storage elements in integral and derivative causality. 03X3 . O3x3
Thus, in order to get the structure junction of the BGD, Lemma  J}i = hs |3Jii=—(Jit) =| ha
2 is be applied. O1x3 O1x3
International Scholarly and Scientific Research & Innovation 4(10) 2010 1489 1SN1:0000000091950263
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O3x3 . O3x3
Jis = | hs |[s5Ju=-() =| h
| O1x3 O1x3
[0 00 0O —n 00 O
00 0 0 0 0 0 O
Jo = 001 0 0 00 O
00p -1 0 0 q -1
L0 0 0 0 0 0 1 O
o 0o 0 0n 0 0 01"
0 0 0 0 0 0 0 0
I = 0 0 -1 00 0 0 0
0 j4k —p 1 0 m+s —q 1
| O 0 0 0 0 0 -1 0
[ O2x2  hs  Oax2
Jo1 = he  O4xa  Osx3
| O2x2 h7 O2x2
where
T
[0 0 j
hl = 1 0 ;hg_ _1
00 O
hs = [0 1 0];ha=[1 1 —1]
o], 00 2 0
B = 0 0 710 0 0 0
o200, _TO OOt
0 0 “lo oo o0
The steady state is defined by,
[0 0 0 0 0 0
0 0 0 0 0 O
B = [000]|;Q:=|0 0 0
010 &= 0 &
(00 0 0 0 0
Is; 0 O 0 0
0 Is O 0 0
B o= |0 0 I 0 0
0 0 IS(C%+0%+CL3+1) 0
0 0 0 0 Iy
The numerical parameters are: Crp = Crr = 5.2631 X

10-5: Csp = Cgp = 5.9481 x 10~5; Iy = Ipp = 0.01666:
j=l=k=p=s=m=1t=1; Rsyrr = Rsur = 1;
Inr = Isyr = Iup = Isup = 1; I, = 1.739 x 1073,
f1 = fa0 = eag = 1 and substituting (39) we have,

0; (p12)ss = 0.0015; (pgo)ss =0.91 (45)
00; (par)y, = 0.91

(pll)ss
(q27)ss

Finally, the simulation results of the half car active sus-
pension is shown in Fig. 9. Note that, the steady state of

the linearly independent state variables, x:=%, is verified from
(45).
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0.004_ ‘ ] i
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0.002 (p12)ss (N-s}
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o | 1
1 [ I T T T I T (p20)ss (N-s} |
0.5}
0
-0.5. - -~ - - - - - -
10/ ‘ I [ ] I I I 1 (a27)ss (m}

1 T I I I I I [ | (p4T)ss {N-s} |

05
0

-0.5. : . . . . . . : :

0.4 7 T T T T T T T -

o I | I I | | I I (p11)ss {N-s}

0

0.2

-0.4. 1 ! 1 1 1 1 1 + 1 1

0 1 z 3 4 5 6 T 8 Stime {s}10

Fig. 9. Simulations results of an active suspension.

VI. CONCLUSIONS

The steady state response of passive and active suspensions
in a bond graph approach is proposed. This approach proposes
to obtain the steady state using a bond graph with preferred
derivative causality assignment. The main advantage to have
the BGD of the system is to invert the state matrix A of
the system. The proposed junction structure of the BGD with
storage elements in derivative and integral causality indicates
that the state matrix is singular.
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