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Transient Currents in a Double Conductor Line
above a Conducting Half-Space

Valentina Koliskina, Inta Volodko

Il. MATHEMATICAL FORMULATION OF THE PROBLEM

Abstract—Transient eddy current problem is solved in the pifferent types of eddy current coils are useapplications.

present paper by the method of the Laplace tramsfor the case of
a double conductor line located parallel to a catidg half-space.
The Fourier sine and cosine integral transformsuael in order to
find the Laplace transform of the solution. The erse Laplace
transform of the solution is found in closed forithe integrated
electromotive force per unit length of the doubtmductor line is
calculated in the form of an improper integral.

One example is a coil in the form of a rectangtiame. If the
ratio of the sides of the frame is 4:1 or largantisuch a coil
can be modeled by a double conductor line [9] wéth
relatively small error. Suppose that two horizoritdlnitely
long parallel wires are situated above a condudtalffspace
with electrical conductivity O and relative magnetic
permeability 4 (see Fig. 1).

Keywords—Transient eddy currents, Laplace transform, double

conductor line.

|. INTRODUCTION

HEORY of an eddy current method for the case wiaere

coil is excited by an alternating current is wedveéloped
in the literature [1]-[4]. Current excitation indhform of a
pulse represents an alternative to traditional eddyrent
methods. There are two basic methods that arelysissd to
analyze non-periodic time-dependent signals in eddyent
testing: fast Fourier transform and Laplace tramsfoThe
difficulty in using the Laplace transform is thdtetinverse
transform is not always available in closed fornowever,
several authors [5]-[8] have obtained analyticdutons for
problems where a single-turn coil or a coil withité
dimensions is located above a conducing half-spasaming
that the excitation current is in the form of apstrrent or
exponential source current.

In the present paper we consider transient eddyecur
problem for the case where an excitation coil Buased to be
of the form of a double conductor line formed by tinfinitely
long wires located parallel to a conducting hakkesm The
inverse Laplace transform is found in closed foanthe case
of an excitation current in the form of a unit sfapction.
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Fig. 1 A double conductor line above a conductiatj-kpace

Assume that the current in the wires is

1(t) = 1,0(1) @

at the points(Y,,h) and (y;, h), respectively, wherd ,is a

constant, andp(t) is the Heaviside function of the form

1L t>0

2
0 t<0 @)

P(t) = {

We assume that the electric fielﬁO and Elin regions

R, ={z>0}and R ={z <0}, respectively, has only one
non-zero component in the — direction:

E =E(y,zt)e,, i=0] )
where €, is the unit vector in the positiv& —direction. The

system of Maxwell’'s equations in this case canraesformed
to one equation for the electric field which has thllowing

form in regionsR, and R; :
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where O(§) is the Dirac delta-function.
The boundary conditions are

0E, L _10E L
0z ,u 0z

In addition, the following conditions hold at inifiyx:

Es |.20= By |=o:

dE, OE

—0 Z1 L, Qasyy?+2® o
dy oy i "

The initial conditions are

E, E,

Eol=0 E |=0

[ll. LAPLACE TRANSFORM OF THE SOLUTION
Applying the Laplace transform to (4)-(7) we obtain

0’E, 0°E, .
+ = f (y,z,9),

o2 oz 1029

0°E, 0°E _

oy o HersE=0

— - oE, 1 0E

E0 |z:O: El |z:0’ 6_20 |z:0: ;a_zl |z:01

= = 6E 6E

EO’El’a_y a_y d oasﬂ y2 +22 — 00,

where E,,E, and | are the Laplace transforms of the

functions E,,E and | ,
the Laplace transform, and

f(y,2.9) = 4,8 (93(z—h)[S(y - ¥y)
—o(y -yl

It is convenient to represent the functidn(y, z,S)in (13) as

the sum of even and odd functions of the form
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f(y.2.9 =%[f‘(y,z,s)+ f(-y,2 9]

(4)
29 -Tvz9)= .29 a9
6B) +1f4(y,z9),
where
5 0z 9=A3D ooty
-3y -yl
fos (¥,2,9) = %_(S)az— I3y - Y,)
D ~5(y-y)l.

The following properties of the delta-function amsed in

order to derive (14) and (15): (a(—Yy) =9d(y)and (b)
8)o(y+Y,) =00(y+y,) =0if y = 0and

Yo >0y, >0.

Thus, the solution to (9)-(12) is sought in therior

E (y7 Z’ S) = Ela/en (y7 Z’ S) + Eiodd (y’Z’S)’I = 0’1' (16)
©)

The Fourier cosine transform of the form

(10)

E® (.29 =[E(y.zs)costydy, i=01  (17)
0

(11)
is used to find the even component of the solutfypplying
the Fourier cosine transform (17) to (9)-(12) whehe

(12) function f(y, z,9)in (9) is replaced by fevm (y,z,s)we
obtain
9B jEw = ”03' Ho3(9) 57— hyfcosa
dZZ 0 yO (18)
—-cosdy,],
(13) 2= (c) .
ddi ’E@ =0, (19)
o e, GEY 18V
EO( ) |z=O: El( ) |z:0’ d—; |z=0_ ;d—lz |z=01 (20)
where ¢ = A/ A% + i, U0s.

In order to solve (18) we consider two sub-regions,

Ry ={0<z<h}and R, ={z. >h}, of region R,. The
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solutions to (18) in and are denoted byE & and _ 2 _
N (18) nRypand R, Y=o EMJ%19=%ja”uzsnmuwm i =01
0

EL, respectively.

The general solution to (18) iR, is (30)
EQ(1,2,5) =C,e” +C,e ™. (21) Ve obtain the solutiorE; o, (Y, Z, S)in regions R and R; :
= (free) i (ind)
The general solution to (18) iRy which is bounded as Eoeven (¥:2:9) = Ej an (¥, 2,9) + Ej'0 (Y,2,9), (31)
2 — +oo has the form _
= sl (s
= (c) -z El even (y, Z, S) = ,uo—()
Eo (A,2,8) =C,e ™. 22) T
_ (32)
eqz Ah
Finally, the general solution to (19) which remaiminded as n (costy, —cosly,) cosdydA,
2 — —oo can be written as follows 0 q
El(c) (A,z,9) = C4eqz. (23) where
Since there are four unknown constants in (21)-8) only E(ffee) (y,z,9) = 'UOSI (s)
two boundary conditions (20), we need two additiona 21T -
conditions at z=h. One additional condition represents < g Al (33)
continuity of the electric field az = hand has the form XI (cosly, —cos/y,) cosAyd/,
0
Es |,-n=Egp (24) r
- = (ind) _ M8l (s)
E0 even (y! Z, S) - 2—
Integrating (18) with respect t@ from h—&to h+ & and T
taking the limit asé — +Owe obtain the second additional _ - “A(z+
g the fimi W ' " X_[&e AN (cosly, —cosly,) costydA.
condition in the form (LA +g)A
0
= (34)
dE® dE@ _ oS (9)
|y ——2 |, = = (cosy, —cosdy, ). e
2 Here E; o (V,2,9)is the even component of the electric
(25)
field in free space while E{ (Y,2,5)is the even

The constants C;,C,,C; and C,in (21)-(23) are component of the induced electric field due to ghesence of

determined from (20), (24)-(25) and have the form the conducting half-space.
The Fourier sine transform of the form

C, = 4()(cos)lyo—cos/1yl)e @6 EP(1,29=[E (y.zs)sindydy, i=01  (s5)
0

i ,uosl () (1-q) (costy, —costy)e™,  @7) and the inverse Fozuzoier sine transform
M A E o (1,29 == [EP (1 2,s)sindyd], i =01
nO

C,=C,+C.e™", (28) (36)
can be used in order to find the odd componentghef
solution. It can easily be shown that the odd camepts of the

—2——(cosly, - cosdy,)e™" (29) solution, Eyyyy (Y,2,8)and E, .y, (Y, Z, ) are given by (31)
and (32) where cosine is replaced by sine.

_ 4S9
‘T 21+q)

Using the inverse Fourier cosine transform of tivenf
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Finally, the solution to (9)-(12) is obtained as sum of the |

even and odd components and can be written asv®llo ®A,t) = i
E,(Y,2,5) = E{™ (y,z,9) + E{™ (y,z,9) 37) T ’ t (42)
oY, 2% o W2 o V.23 x| |— — e erfq u,|— | |- 1,0().
7t T
_ sl (s
El(y,z,s)='u°—() Usi ) . .
T sing (40)-(42) we obtain the inverse Laplace timms of the

® guz—h (38) induced electric field in regiorROin the form
| gleosAty =) —cosiy - o)ldA,

0

i I
where EM (y,z,t) = Holo
- 1oSi (8) 2n
B (y.29) ="~ 1
2 -A(z+h) A _ - —
o 7 a9 j Se M cosA(y - y,) ~cosA(y - o]

x [ —le0sA(y = 1) ~cosA(y - yo)ldA 2

0 S0 gt ‘””erf({ \fj —1,0(t) +dA

T

is the electric field of the double conductor linefree space (43)
and
E( (y.7'5) = /105| (s) The Laplace transform of the induced electromotivece

on "~ Y - 27T (EMF) in a double conductor line per unit lengthedo the

presence of the conducting half-space is giversbg (8]):

T A - -A(z+
[ oprqn® oSy~ 1) - cosA(y -y,
0 EM (y,z,8) 0 (s)dl, 44
a0y V(S I()j (v,290(9) (@)
is the induced electric field in free space duthpresence of
the conducting half-space.

In order to determine the inverse Laplace famns of (40) where Cis the contour of the double conductor line of kng

one unit in theX —direction. Using (40)-(44) we obtain the

we rewrite the expressioél/‘;q in the form induced EMF in the form
A +q
M-aq_  2u U
= -1, — 0 [ a-24h _ _
Arq prlirs V) =7 [ TeosA(y, =yo) 1]
where T = ,UO,UO'//IZ. The inverse Laplace transform of they 2_rue—t/r \/Z —,ue”zt”erf{,u\/z] - J(t) %
solution is found in the next section. r 7t r A

(45)
Using (45) we calculate the integral of the EMHwigspect to
Consider the case of a step current in the form The time. The result is

Laplace transform of (1) i$ (S) = I, /S sothat

P(A,s) = sl (s )IU/] q = o{ 2H —1} (41) V()= i};.([e—ﬂh[cos/](yl ~Yo) 1

IV. TRANSIENT SOLUTION

LA +Q U+A1+TS
t
The inverse Laplace transform of (41) can be writss M- erf (\/; ] (46)
follows (see [10]): x 2u -@(t) M

2 —
M1 _,Ue(yz_l)t/rerfC(,U\/I] A
4
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V.CONCLUSIONS

Closed-form analytical solution of a transient eduayrent
problem is found in the present paper. Excitatioih is in the
form of a double conductor line formed by two pkaal
infinitely long wires located above a conductingfispace.
The current in the coil is modeled by a unit stapcfion of
time. The Laplace transform of the solution is fousy the
method of Fourier sine and cosine integral tramséorThe
inverse Laplace transform of the solution is foimdhe form
of an improper integral.
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