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Multiple positive periodic solutions to a periodic
predator-prey-chain model with harvesting terms

Zhouhong Li and Jiming Yang

Abstract—In this paper, a class of predator-prey-chain model
with harvesting terms are studied. By using Mawhin’s continuation
theorem of coincidence degree theory and some skills of inequalities,
some sufficient conditions are established for the existence of eight
positive periodic solutions. Finally, an example is presented to
illustrate the feasibility and effectiveness of the results.
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I. INTRODUCTION

REDATOR-PREY phenomena occur commonly in eco-

logical systems, and they are always interesting topics of
population dynamics. For autonomous predator-prey systems,
i.e. all coefficients being constants, we usually pay much
attention to the existence and stability of their equilibria, espe-
cially positive equilibria; but we investigate the existence and
stability of periodic solutions for non-autonomous systems [1-
3], whose coefficients are time dependent. When the seasonal
effects, food supply, mating habits, etc., are considered, the
non-autonomous systems are necessary.

In recently years, the existence of periodic solutions in
biological models has been widely investigated by many
researchers (see[4-6]). Models with harvesting terms are often
considered(see[5-6]). Generally, the model with harvesting
terms is described as follows:

=21 f(2x1,22,23) — h
&y = xag(r1,22,23) — K,
x.S = Igh(Il,iE2,I3) - la

where x1, o and x3 are functions of three species, respec-
tively; h, k and [ are harvesting terms standing for the harvest
rate. Considering the inclusion of the effect of changing
environment, Dong et al.(see[4]) considered the following
model of ordinary differential equations with predator-prey-
chain system impulsive perturbation:

Ni(t) = Ni(t) (b (t) — ar1 (t)Na(t)
—a12(t) Na (1)), t# bk
No(t) = Na(t) (= ba(t) + a1 () N1 (t)
. —ag2(t)Na(t) — azs(t)N3(t)), t# ty
Ny(t) = N3(t)( — bs(t) + azz(t) Na(t)
—az3(t)N3(t)), t# by
Ni(t5) = (1 + Gir)Ni(ty), t = ty,
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where ¢ = 1,2, 3.

To the author’s knowledge, three-species periodic periodic
predator-prey-chain model with harvesting terms have not been
discussed in any generality, so we will consider the following
with harvesting T'-periodic predator-prey-chain system :

Ni(t) = Ni(t) (bi(t) — ar1 ()N (t)
—a12( )N2(t)) — ha(t),
Ny(t) = ( ba(t) + ag1 (t)N1(t)
—022( )Na(t) — ags(t)Ns(t)) — ha(t),
N3 (t) = N3(t)( = bs(t) + aza(t)Na(t)

—ass( )Ns(t)) — hs(t),

where bl(t), aig( )(Z =2 3) CL“( )(Z = 1, 2), alg(t)(l = 2, 3)
are positive continuous w-periodic functions.

Since a very basic and important problem in the study of a
population growth model with a periodic environment is the
global existence and stability of a positive periodic solution,
which plays a similar role as a globally stable equilibrium does
in an autonomous model, also, on the existence of positive
periodic solutions to system (1), few results are found in
literatures. This motivates us to investigate the existence of
a positive periodic or multiple positive periodic solutions for
system (1). In fact, it is more likely for some biological
species to take on multiple periodic change regulations and
have multiple local stable periodic phenomena. Therefore it
is essential for us to investigate the existence of multiple
positive periodic solutions for population models. Our main
purpose of this paper is by using Mawhins continuation
theorem of coincidence degree theory [8], to establish the
existence of eight positive periodic solutions for system (1).
For the work concerning the multiple existence of periodic
solutions of periodic population models which was done by
using coincidence degree theory, we refer to [5-6].

The organization of the rest of this paper is as follows. Next
Section ,we will by employing the continuation theorem of
coincidence degree theory, we establish the existence of eight
positive periodic solutions of system (1). Finally, an example
is given to illustrate the effectiveness of our results.

II. PRELIMINARIES

For the readers’ convenience, we first summarize a few
concepts from [8].

Let X and Z be Banach spaces. Let L : DomL C X — Z
be a linear mapping and NV : X — Z be a continuous mapping.
The mapping L will be called a Fredholm mapping of index
zero if Im L is a closed subspace of Z and

dimKer L = codimIm L < oo.
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If L is a Fredholm mapping of index zero, then there exist
continuous projectors P : X — Z and ) : Z — Z such that
Im P=Ker L and Im L=Ker Q=Im (I — Q). It follows that

L‘DomLﬂKerP : (I - P)X —ImL

is invertible and its inverse is denoted by K p. If (2 is a bounded
open subset of X, the mapping NN is called L-compact on
X, if @QN(Q) is bounded and Kp(I — Q)N : © — X is
compact. Because Im () is isomorphic to Ker L, there exists
an isomorphism J : Im () — Ker L.

In the proof of our existence result, we need the following
continuation theorem from Gaines and Mawthin [8].

Lemma 1. Let L be a Fredholm mapping of index zero and
let N be L-compact on X. Suppose:

(a)  for each A € (0,1), x € 9, Lx # ANz;

(b)  for each x € 002, QNz # 0;

(¢) deg{JQN,QNKerL,0} 0.
Then Lz = Nx has at least one solution in QN Dom L.

Lemma 2. Let z > 0,y > 0,2 > 0 and © > 2,/yz, for
T+ —4yz
2z

, the following assertions hold.

the functions f(x,y,z) =
T — /22 —4dyz
2

(1) f(z,y,2) and g(x,y,z) are monotonically increasing
and monotonically decreasing on the variable v €
(0, 00), respectively.

f(z,y,2) and g(x,y,z) are monotonically decreasing
and monotonically increasing on the variable y € (0, 00),
respectively.

f(z,y,2) and g(x,y,z) are monotonically decreasing
and monotonically increasing on the variable z € (0, 00),
respectively.

and g(x,y,z) =

(2)

3)

Proof: In fact, for all x > 0,y > 0,z > 0, we have

g:x—o— x2—4yz>0 @:m—x<0
Ox 2z —4yz ez 2z —4yz 7
g:_i1< , @:;>0’

oy " i " oy i

of - x+\/74yz)2

9z 422 — 4yz
@:@—¢?f@a>o

0: " amioays O

By the relationship of the derivative and the monotonicity, the

above assertions obviously hold. The proof of Lemma 2 is

complete. ]
For the sake of convenience, we denote by

=L [ st

respectively, here f(t) is a continuous w-function.
Throughout this paper, we need the following assumptions:
(T1) bf > 2¢/aMh;
(T2) a3ily — by > 2+/afhy;
(T3) albly — by > 2\/alyht.

min f(t),fM =

! :te[OW] nax (),

tef0,w]
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For simplicity, we also introduce some positive numbers as
follows:

o W T TR
! 2a1L1 ’
ad{if — g £/ (a1} — h)2 — dayh
N 2a22 ’
o o —vh e V(@M1 — b2 — dakhk
° 2a%, .

III. MAIN RESULT

In this section, by applying Mawhms continuation theorem,
we shall show the existence of positive periodic solutions of

(D.
Theorem 1. Assume that (11) — (T3) hold, then system (1)
has at least eight positive periodic solutions.

Proof: By making the substitution z;(t) = exp{N;(¢)},
then system (1) is reformulated as

xl(t) = bl (t) — all(t)exl(t)
—hl(t)e_“(t),

— a1z (t)exz (t)

l’g(t) = —by (t) + a21(t)ewl(t) _ a22(t)e:v2(t) ®
—ag3(t)e™>®) — hy(t)e 20,
'1.‘3(t) = _b3 (t) + Cl32(t)€x2(t) _ a33(t)ez3(t)
_h3(t)efx3(t).
Let

X=2Z={z=(21,72,23)" € C(R,R®) : 2t +w) = z(t)}
and define

3
l|lz]| = E D%ix] lz;(t)], x€XorZ.
te0,w

i=1 "l

Equipped with the above norm | -
spaces. Let

I, X and Z are Banach

b1 (&) — a11(&1)e™ &) — Nagp(&r)e™ )
—by (&) + a21(§2)e®’1(§2) _ am(&)exz(ﬁz)
,b3(§3) + a32(£3)612(§3) _ a33(€3)€$3(§3)
—hy(&)e (&)
_)\a23(§2)6$3(52) _ h2(§2)6*$2(€2)

N(z,\) =

—h3(&3)e™3(8s)
where z € X, A € [0,1], Lv = & = dz(tt),P =
LY at)dt, x € X; Qz = L [V 2(t)dt, z € Z. Then it
follows that Ker L = R3, Tm L = {2 G Z: [ 2(t)dt =0}

is closed in Z, dim Ker L =3 =codim Im L, and P,(Q are
continuous projectors such that

ImP=Ker L, Ker Q=Im L=1Im (I — Q).

Hence, L is a Fredholm mapping of index zero. Furthermore,
the generalized inverse (to L) Kp : Im L — Ker P () Dom L

is given by
1 w S
s)dsf—/ /zsds
wJo Jo

Kp(z)—/otz
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Then and
f Sa A)d 0= by (m) — ar(m)e™ ") — Aaga ()™
QN(z,A) = f 2(s,A)d —ha (m)e "1 0m),
5 Jo (s, >\) ds 0= —ba(12) + @21 (12)e™ ) — aga (n2)e”= (1) (4)
_)\ags(nz)ews(nz) _ h2(772)6*$2(772),
and 0 = —bs(n3) + asz(n3)e™>") — ags(nz)e™s ()
Kp(I - Q)N(z,\) ~ha(g)em 7).
fo Fi(s,\)ds— 1 ¢ fo Fi(s, \) dsdt According to the first equation of (3), we have
= fo Fy(s, )ds— 5 Iy fo Fy(s,\)dsdt WM > bi(&)
fo Fs(s,A\)ds fo fo F5(s, M) dsdt _ all(é'l)ezl(&l) +>\a12(§1)ez2(51)
152 ég} Es i )ds Fhy(&1)e ()
z—< s L z1(&1) L —x1(&1)
+( - D)y Frls, 04 e e T
namely,
where
afle%l(fl) — b{wexl(fl) +htE <o,
Fi(s,)) = by(s)—a11(s)e™ P —Aaia(s)e®2 ) —hy(s)e 213,
which implies that
s 3) = (s (61677 —ama(5) )Xoy 5)e7 Inly < s1(6) <f. ©
—ha(s)e™"2(), Similarly, by the first equation of (4),
F5(s,\) = —bs(s)+asa(s)e™ ) —ags(s)e® () —hg(&5)e*3(), Inly < z(m) <Inlf. (6)
Obviously, QN and Kp(I — Q)N are continuous. It is not The second equation of (3) gives
difficult to show that Kp(I — Q)N(Q) is compact for any M+ 5 M zi(62) z1(€2)
open bounded set {2 C X by using the Arzela-Ascoli theorem. Ga11 = 92€ = a1 (gz(); w5(E2)
Moreover, QN(Q) is clearly bounded. Thus, N is L-compact = ba(&2) +an(é2)e + Aags(&a)e
on 2 with any open bounded set 2 C X. +hoe™2(82)
Now, we are in the position of searching for an appropriate > bl 4 alyem(&2) 4 pLem2(&)
open, bounded subset 2 for the application of the continuation )
theorem. Considering to the operator equation that is
Ly =AN(z,)) A€ (0,1), ape”™? € — (anil —b)e"™ ) + hy <0,
. which implies that
we obtain
Inly < <Inlj. 7
i1 (t) = A(b1(t) — ar1 (£)e™®) — ayy(t)e2® nly <x(&2) <Inl; (N
—hy(t)e M), Similarly, by the second equation of (4), we get
.Z"g(t) = )\(—bg(t) + agl(t)ezl(t) — agg(t)e‘”(t) Inis +
< <Inl3. 8
_a23(t)em3(t) _ hg(t)eimZ(t)), ) w2(12) Nig 3
@3(t) = XN(=b3(t) + asz(t)e®>®) — azz(t)e®s®) The third equation of (3) gives
_ —z3(t)
h3(t)e ° )’ a32l+ > aé\gewm(ﬁs) > aso (é—3)ew2(§3)
Assume that € X is a solution of Equation (2) for some = b3(&) + a33(§3)e“(53) + hge~ (&)
A € (0,1). Then there must exist &, n;(¢ = 1,2,3) € [0,w] > bkt akyem(©) 4 pLemra(&)
such that
that is
z;(&) = maxx;(t) and x;(n;) = minx;(t).
(&) = maxz;(t) (1) = min ;(t) 0Ly e29(€) _ (M 1+ _ phyems(es) 4 pL < (),
It is clear that x;(fz) = 0 and x;(n,) = 0(i = 1,2,3). From which implies that
this and system (3.1), we have _ n
lnl3 < 1‘3(53) < lnl3 . ©)]
— _ z1(&1) _ z2(€1)
0="b1(&1) ?11(51)6 Aazp(§1)e™™ Similarly, by the third equation of (4), we get
—h(&)em ™ (&),
0= —b2(&2) + az1 ()€™ ) — azy (&)™) 3) iy < 3(n3) < Il (10)
—azy(62)e™ € — hy(E)em (), Moreover, from the first equation of (3), we have
= —b3(&3) + azz(&3)e z2(€3) _ a33(£3) x3(€3) > >
—hg(&s)e (&), B > (&) = an(€)e™ ) + haa (€)™
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+h1(§1)e_’”1(51)
> au(ﬁl)@zl(&) + )\a12(§1)€m2(£1)
> af e¥1 (&) 4 alelg
> ap 611(51)

which implies that

bM
z1(61) <In—- £ InHy. (11)
a11
Similarly, from the first equation of (4), we obtain
hfe—rl(m) < hl(m)e—xl(m) + all(m)erl(m)
< apy(my)e®r(m)
+)\a12(771)6x2(m)
_i_hl(m)e*m(m)
= b (771) < b{\/[7
which implies that
hi a
x1(m) > mle £nH (12)
From the second equation of (3), we have
a%lf‘ > age” &) = ba(&2) + a22(52)€w2(52)
+)\a23(€2)e$3(52) +h2(€2)e*w2(52)
> b2L + aéze“(&) > aggem(&),
which implies that
l
ra(€2) <l 2L 21 gy (13)

a22
Similarly, from the second equation of (4), we obtain

a%li’_ > a21(n2)€*11(772) = ba(n2) + a22(772)6562(?72)
+>\a23(n2)e$3(”2) + hze*wz(nz)
> b% + th@—x2(le)7

which implies that

h% N +
.7}2(772) > lnm = lnH2 .

From the third equation of (3), we have

al\gezm(fs) > a32(§3)ez2(53)

bs(&3) + ass(£3)e™(88) 4 hge™s(&s)
> b+ akyem(®) 4 pkemma(6)

> bk 4 aliems (&),

(14)

]Wl+

Y

which implies that

My bk
23(&) < In %%élnlfg.
ass

15)

Similarly, from the third equation of (4), we obtain
M+ S

> adler=13) 5 gg0(n3)e®2(2)

= by(ns) + ass(ns)e™ ™) 4 hge ()
> bg 4 a§36$3(’f13) + hée—x:s(ﬂ:s)

> bl 4 hhemma(me)
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which implies that

L

h
x3(ns) > In——>—— £ InHy. (16)
agyly — b3

We claim that Inl;” < InH; , mH;' < Inlf (i = 1,2,3).

In fact, employing Lemma 2 and (T1)-(T3) , we have

oW OTE SRR R
L 20 =4 bM 1o
an an
/U T 7
L 2al al, LY
11 11
N RV S
L 20 1 pM — L
an an 1
- b]f[ (b{w) 4a11hL ﬂ_ —
= < - =4Hy,
2‘111 an
adl it — ok - aytli — by +\/(%Iﬁ—_bL —dafphy
a§2 2a22
hL
= 1 2 = Hy,
S — b
oM - V(@M1 — b2 — dakyhk
2 2a22
< a%lf—bé a21l+ — H-
L 112
2a3, as
a321+ bl S a521+—bL+\/(a§4l+—bL) —dagzhy
a33 2a33
_ l+ > hé _ H+
T8 T M L 37
el bk (el b sk
b 2a;
< a321+ b§ Ml; -
2ak ak, 3
33 33

From (9)-(14), Vi = 1,2, 3, we obtain

In H < zi(n;) < xi(&) < Inlf (17)
or
Inl; <zi(n) <zi(&§) <InH; . (18)
By (17) and (18), we have for all t € R, i € {1,2,3},
In H;" < () < Inlf (19)
or
Inl; <x;(t) <InH, . (20)

Clearly, In lli and In JEQi are independent of A\. Now let

Q= { 2= (v1,02,23)7 € X :InH <ay(t) <Inlf,

1295 1SN1:0000000091950263
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H < ao(t) <Inlf, HY < x3(t) <Inif}, Then z € (4N R2orz € BN R3orx € Q3N R? or

z € QUNR3 orz € QsNR3, orx € QgNR3, or z € Q7NR3,

Q= { o= (z1,29,23)7 € X :InH <z(t) <Inlf, orz € QsNR’. This contradicts(tk;e fact that z € OQ;NR3,i =
_ _ 1,2,3,4,5,6,7,8. This proves (b) in Lemma 1 holds. Finall

+ + 5 4y 9y %9, 0y 1 p Y,

Hy <@a(t) <Inly,ly <ws(t) <InHy}, we show that (c) in Lemma 1 holds. Note that the system of

algebraic equations:
Q= { 2= (v1,00,23)7 € X :InH <a1(t) <Inif, & 1

_ _ bi1(t1) —a11(t1)e™ — hy(ty)e ™ :0,
Iy < aa(t) < InHy  Hy < z3(t) < Inif}, _1(5282) ;;5182) o _1652212 £2)e® — ha(ta)e~"2 =0,
7()3(153) + (Igg(tg) T2 a33(t3) h3(t3)6_m3 =0.

Q= { = (z1,20,23)7 € X :InH < 2,(t) <Inlf, . o ) )
I < wa(t) < I Hy Iy < w3(t) < In Hy }, has eight distinct solutions since (7'1) — (7'3) hold,

(1,91,21) = (Inz1y  Inzsy  Inzs,
Q5= { 2= (x1,20,23)7 € X :Inl] <a1(t) <InH, x5, ys,25) = (Inzyy,Inze , Inag_

Hi < zs(t) <Inlf, Hf <az3(t) <Inlf},

)

* *
x5,Ys,25) = (Inxy,,Inze_,Inzs, ),

. o i x5, ys,22) = (lnxy_,Inxe, ,Inxs, ),
HY < x(t) <Inly,ly <x3(t) <InHg}, 2yt 7) = (nay_, Inwa,, Inzs_),

s = (1l 1 1 ,
Q= { 2= (z1,29,23)7 € X:Inl] <az1(t) <InHy, 7 27) = (Inay, nws - Inway

),
)
)
Ta,Ys,2) = (Inzyy,Inze_Inzs_),
)
)
)
Iy <axo(t) <InHy,Hf <ax3(t) <Inlf} )

(
(
(
Q= { 2= (x1,20,23)7 € X:Inl] <a1(t) <InH, (
(
(
(

* %
x5, ys,28) = (Inx;_,Inxs_,lnxs_),

where
and

~ bi(t) £ V/(01(01))? — dani (t1)ha (t)
Q= { z=(x1,20,23)7 € X :Inl] <a1(t) <lnHy, Ti+ = 2a11(t1) )

I3 <uzo(t) <InHy,ly <ax3(t) <IlnHj}.

as1 (t2)r14 — ba(ta)

Then Q;(i = 1,2,3,4,5,6,7,8) are bounded open subsets of To

X, NQ = ¢i # j). Thus Q(i = 1,2,3,4,5,6,7,8) 2az2(t2) ;
satisfies the requirement (a) in Lemma 1. + V(@21 (t2)z1+ — ba(ta))? — dags(t2) ha(t2)
Now we show that (b) of Lemma 1 holds, i.e., we prove 2a22(t2) ’
when 7 € 9Q; NKer L = 9Q; N R3,QNx # (0,0,0)T,i =
1,2,3,4,5,6,7,8. If it is not true, then when z € 0Q; N _ aza(t3)r2+ — bs(tz)
KerL =0Q;NR3,i=1,2,3,4,5,6,7,8 constant vector & = 3 2a33(t3)
(21,22, 73)T with x € 9Q;,i =1,2,3,4,5,6,7,8 satisfies N (a2 (t3) 7ot — bs(ts))® — dazs(t3)hs(ts)
0=Jy bl(t dt [ an(t)e™rdt — [ ara(t)e®2dt 2a33(t3)
— Jo ha(t)e™ ™ dt, It is easy to verify that
g y y
0=-— ( dt+f0 agl Ildt_fo 022 Oﬁzdt
*f ass(t)emsdt — f ho(t)e2dt. Ini; <lhz;,_ <InH; < lnHi"' <Ilnz;, < lnl;".
9.1 0 w
0= bs(t) dt + fo asa(t Ith fo asz(t)e”>dt Therefore,

— fo hs(t)e=®3dt = 0.
, (21,97, 21) € Qu, (23,93, 23) € Qo, (3,v3,23) € L3,
In terms of differential mean value theorem, there exist three

points ¢;(¢ = 1,2,3) such that when =z € 9Q; N KerL = (3,91, 21) € Qa, (25,55, 25) € 05, (26,96, 26) € s,
o0 NR3,i=1,2,3,4,5,6,7,8, (27,97, 27) € Q7, (25, Y5, 25) € Os.
F1(0,t1) Since Ker L = Im @, we can take J = I. In the light of the
QN (z,0) = | F»(0,t2) definition of the Leray-Schauder degree, a direct computation
F5(0,t3) gives for 1 =1,2,3,4,5,6,7,8,
If for z € 0 N KerL = 99; N R?, QN(x,0) = deg{JQN, Q; NKerL, (0,0,0)"} = —Lor 1 #0,

(0,0,0)T holds, then the constant vector x € 09Q;(i =

1,2.3,4,5,6,7,8) satisfies here, J is taken as the identity mapping. So far we have proved

that Q;(4 = 1,2,3,4,5,6,7,8) satisfy all the conditions in

F(0,t1) =0, Lemma 1. Thus, system (2) has at least eight positive periodic

solutions in €2, that is system (1) has at least eight positive

F(0,t2) =0 periodic solutions. This completes the proof. ]

and Remark 1. From the proof of Theorem I, we can see that
F(0,t3) =0, if the harvesting terms hl(t) = h2(t) = h3(t)
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system (1) has at least one positive periodic solution, but
we could not conclude that system (1) has at least eight |y
positive periodic solutions because we could not construct
Qi,i =1,2,3,4,5,6,7,8 satisfying Q0 N Q; = ¢. Therefore, 2]
adding the harvesting terms to population models can make
biological species to take on multiple periodic change regula- (3]
tions and have multiple local stable periodic phenomena. 4]

IV. AN EXAMPLE

Example 1. Consider the following periodic predator-prey- =

chain system with harvesting:
(6]

- . 4 +sint
Nl(t) = N](t) 3+Slnt_TN1(t)
9+ sint 9+ cost (71
_ITR _ 2R
10 Q(t)] 20 8]
. 5 5t
Ma(t) = Ng(t)[—Q—cost—i-TOOle(t)
5+ cost 5+ cost
T A 0] I
24 cost
100 St sint
Ns(t) = Nj(t) —3—sint++173mNg(t)
4 +sint 8 + cost
Bl M AT B i
3 3(75)] 10

In this case, bi(t) = 3 + cost,ba(t) = 2 + cost,by(t) =
3 + sin t? ail (t) = 4+15611 ! , 12 (t) = 9+1S(1)H ! , a21 (t) =

e an(l) = S ay(l) =SS () =
+ls(1)n as (t) _ +51n/7h1(t) _ +cos h (t) — +2CS)5/ and
hs(t) = 295t Since
L= 9.9\ /alh =2 10 10
DM — /o2~ dab,RE
i = = 0.05,
2a11
W O AdRRE
2af1 ’
ol V] 02— dahy
N 2ak, S

adllf — bk =6.97, 24/akhk =0.32,
agsly — by =10.51, 2y/akhl =1,

then
2 =00 >2¢/aMhM =1,
adi — bk =6.97>032 = 2\/@,
aldly — bk =1051>1= 2\/@.

Hence, all conditions of Theorem 1 are satisfied. By Theorem
1, system (21) has at least eight positive 27-periodic solutions.
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