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Positive periodic solutions for a neutral impulsive
delay competition system

Daiming Wang

Abstract—In this paper, a neutral impulsive competition system
with distributed delays is studied by using Mawhin’s coincidence
degree theory and the mean value theorem of differential calculus.
Sufficient conditions on the existence of positive periodic solution of
the system are obtained.
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I. INTRODUCTION

HE qualitative behaviors of neutral delay differential

equations in population dynamics have been studied
extensively for the past few years [1-5]. Li have established
the existence of a positive periodic solution of a neutral Lotka-
Volterra model in [6]:

n

N;(t) = Ni@)[ri(t) — ‘21 o ()N (t — 7i5)
‘]:
—Zﬂ”(t) (t—au)] i=1,2,..., (D
where r;, a5, 8;; € C(R,(0,+00)) (4,5 = 1,2,...,n) are
functions of period w > 0, 7;, o0 € [0,+00) (4,7 =

1,2,...,n) are positive constants. Recently, Liu [7] con-
sidered a neutral delay multispecies ecological competition
system, which has the form

2%7
n

—Z%mmaﬂmm—Z%MaﬂW}
j=1 j=1
i=1,2,...,n )

where a;5, b;; € C(R,(0,+0)), 14, 7;; € C(R,R) are w-
periodic functions, ¢;;, 0;; are constants, c;; are nonnegative,
T = mazi<; jen{maziep .y | i (1) || o [ f5 ri(t)dt >
0, and Liu obtained a general criteria on the existence of
positive solution of system (2).

However, delays of ecological systems include not only
discrete delay [8-9] but also continuous distributed delay [10],
furthermore, there are some other perturbations in the real
world such as fires and floods, that are not suitable to be
considered continuously, those are something called impulsive
perturbations. In order to describe the system accurately,
we need to use impulsive differential equations. Based on
system (1) that Li studied in [6], Huo considered equation
(1) with impulsive perturbations in [11]. It is known that there

N;(t) = N;(t)[ri(t)
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have been much research on the theory and applications of
impulsive differential equations [12-15]. Motivated by these
papers, in this paper, we will study the existence of positive
periodic solution of the following neutral impulsive delay
multispecies ecological competitive system with distributed
delays:

Ny (1) = Nu(Olri(t) = 3= aiy(ON,(8) = 3 bi()
XN (t = 75(1) — i 50 [ kit = )N (s)ds
- £ dy(ON; (¢ = oy (1)
Ni(tF) = Ni(tr) = birNi(t)i = 1,2,
k=1,2,...,
3

where Ti(t), aij(t), bij(t), Cij(t) d”(t) TU( ), Uij(t) are
positive continuous w-periodic functions. Kernel function k;; :
[0,00) — [0,00) (4,5 = 1,2,...,n) are piecewise continuous
on [0,00) and satlsfy fo ij s)ds =1, [ skij(s)ds <
400, 1,7 =1,2,.

We will consider the solution of system (3) with initial
condition,

Ni(s) = @i(s), N;(s)
i=1,2,...

= (,D,IL-(S), s € [_7—7 OL (,01(0) > 07
1y O € C([fT’ O]? [0,00)) ﬂc’([fT’ 0]7 [0,00)),
)

where T = max1<; j<n{mazie(o.w)(1i(t), 01 (1))}
For system (3), we introduce the following hypotheses:
H1) 0 <ty <ty < ...are fixed impulsive points with
lim tr = oo.
k—o0 .
(Hz) b, are real sequences and b, > —1, i =
1,2,...,n, k=1,2,...

(Hs) IT O+ bw), i = 1,2,...,n, are w-periodic
O<trp<t

functions.

(Hy) 7i(t), aij(t), bij(t), cij(t), dij(t), 7ij(t), o4 (t) (3,5 =
1,2,...,n) are positive continuous w-periodic functions.

(Hs) Kernel function k;; : [0,00) [0,00) (2,5 =
1,2,...,n) are piecewise continuous on [0,00) and satisfy
I kij(s)ds =1, [3 skij(s)ds < 400, 4,5 =1,2,...,n

Here, and in the sequel, we assume that a product equals
unity, if the number of factors is equal to zero.

II. PRELIMINARIES

In this section, we shall introduce some notations and
definitions, and state some preliminary results.
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Definition 1. A function N; € ([—7,00),[0,00)), (i =
1,2,...,n) is said to be a solution of equation (3) on [—7, c0),
if the following are true.
() N,(t) is absolutely continuous on each interval (0,¢;] and
(tg, tey1], k=1,2,...
(II) For any tj,, k = 1,2,..., N;(t]) and N;(t; ) exist and
Nl(t]:) = Ni(tk), 1= 1,2, oo n
(D) N;(¢) satisfies (3) for almost everywhere (a.e.,) in [0, 00)\
{tx} and satisfies Ni(t'k") — N;(tg) = bipNi(tx), for every
t=ty, i=1,2,....,n, k=1,2,....

Under the above hypotheses (H;)-(Hs), we consider the neu-
tral nonimpulsive delay multispecies ecological competition
system:

Z Aij(t)y;(t)

Jj=1

=3 Bij(t)y;(t — 7)) —
j=1

yi(t) = yi(t)[ri(t)

Cij (t) X
1

n

J

ot n
/ iy (= 8)ys(s)ds — 3 Dis (D)) (t — o35 (1))]
- =
i=1,2,...,n, ®)
with initial condition
yi(s) = @i(s), yi(s) = (), s € [0, ©i(0) >0,
i=1,2,...,n, ¢; € C(|—7,0],]0,00)) N C ([-7,0],[0,0)),
(6)
where
Aty = [ 0+ biw)ai(t),
0<tp<t
Bi(t)= JI (@ +bu)bi(t),
0<tp<t—Tij(t)
Cij(t) = [T (+bi)ei;(®),
0<trp<s
Dijty= J[ (1 +bi)di;(t). 7)

0<ty<t—ai;(t)

By a solution y;(t),i = 1,2,...,n, of (5) and (6), we
mean an absolutely continuous function y;(t),i = 1,2,...,n,
defined on [—7,0] that satisfies (5) ae., for ¢ > 0 and
yi(t) = @i(t),i=1,2,...,n, on [—7,0].

The following lemmas will be used in the proof of our
results.
Lemma 1. Assume that (H;)-(Hs) hold. Then,
D if y;(t), i = 1,2,...,n, is a solution of (5) on [—7,0),
then, N;(t) = ] (1 + bi)yi(t), i« = 1,2,...,n,is a

0<tp<t

solution of (3);

Iif N;(t),: = 1,2,...,n, is a solution of (3) on [—7, o),
then y;(t) = [I (14 bw) 'Ni(t), i = 1,2,...,n,is a
O<trp<t

solution of (5) on [—T, 00).

Proof: the proof is similar to lemma 1 in [11], so we omit
here.
Lemma 2.[16] Let X and Z be two Banach spaces and L be
a Fredholm mapping of index zero. Assume that N : Q) — Z
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is L-compact on  with  open bounded in X. Furthermore,
assume:
(a) for each A € (0,1), z € 9Q N DomL, Lz # ANuz;
(b) for each x € 90N KerL, QNz # 0 and deg{QNz, QN
KerL,0} # 0.
Then Lz = Nz has at least one solution in Dom L N Q.
For convenience we shall introduce the notation,
u =L [Yu(t)dt, (u)o = I%ix | u(t) |, where u is a

w-periodic continuous function.

III. MAIN RESULTS
Now we are in a position to state and prove our main results.
Theorem. Assume that (H;)-(Hs) hold, suppose further that
(i) 755(t) = 0i;(t),

(ii) Eij (t) = 1?:,(1‘(1) N (t), D” (t) e Ct (R, R+),

a'..(t) <1,Bij(t) = Ej;(t) >0, 4,5 =1,2,...,n,

(iii) Z | Dij loefli <1,i=1,2,...,n;
J_

n

(IV) Z (Aij+Bij+Cij_Eij)e 3Ty, ’L'=1,2,...,’I”L;

j=1.j#i N
(v) the system of algebraic equations > (A;; + B;j +
_ J=1
Cij)e% = 73, i = 1,2,...,n, has a unique solution

n

( T ..,’UJ:L)T € R™ where H; = Fj;; + Z(EZJ)OGL] +
rw, i = 1,2,...,n, F;; = max [ln AU(t)] Gi;

_ te[0,w]
tg%gﬁ][m]’ i = 1,2,...,n, where A;(t), Bi;(t),

C;j(t), and D;;(t) are defined by (7). Then system (3) has at
least one positive w-periodic solution.
For convenience, we introduce the following notations:

Gi(t) = - Z A (t)eti ) — Z Byj(t)ets (=)
Z i t)/ kij(t —s)e ZIOPM
+ Z ij (t)emj(t—or,:j(t)) i=1,2,...,n
j=1
Proof. Since solutions of (5) and (6) remains positive for

t > 0, we can make change of variable y;(t) = €%V i =
1,2,...,n. Then the equation (5) is rewritten as

m(t) = mi(t) =Y Ay)em® =" Bi(t)e
j=1 j=1
n t
—Zcij(t) / ki (t — 5)e™1ds
_ Z Dij(t)

@ (t—7i;(t))

J(t— ot t))e®s (=i (1)

1:1,2,...,n. ()
Let X = {z(t) = (z1(t),...,z.(1)T € CYR,R")
z(t +w) = ()} and Z = {Z( ) = (z1(t),- -, z(t)T
C(R,R™) : z(t + w) = z(t)} and denote | z(t) |=
2018 1SN1:0000000091950263
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n
2 |z (O], [ @ | oo = maziepy | 2(t) |, | 2 =] 2 |

j=1
+ | z |oo - Then X and Z are Banach spaces when they are
endowed with norms || - || and | - |, respectively. Set
x1
Nx =N

r () E:: (e

— Z Bij(t)e z;(t—715(t))
j=

- ; Cy(t) 1
_ é Dy ()t

kij(t — s)e®i(*)ds

— oy (t))ems (t=o1s(®)

rn(t) — Z A, (t)eTJ(t)
i g (1) (=T (0)

1
En: Cm( f_ ki (t — s)ezi(s)ds

j=1
= 32 D (1)t = 0 (1)) €™ —oms()
L =1 J
Lr=2 Pa:flfo t)dt, € X, szi sz

z € Z. Ev1dent1y, Ker L ={zlz e X, z =k ¢ R”} and
Im L = {z € Z, [ 2(t)dt = 0} is closed in Z and dim
Ker L =codim Im L = n. Hence, L is a Fredholm mapping
of index zero. Furthermore, the generalized inverses (to L)k,
Im L — Ker PN Dom L has the form

K,(z) = fo z(s)ds -1 fo s)dsdt.
Thus QNz = (L [¥ Gy( t)dt 1 fo re X
and
Kp(I - Q)Nz
[ fot Gi(s)ds — > [Elj(t)efvj(tfﬂlj(t)) ]

j=1
—F1j(0)e® (=71 (1)]

I3 Gr(s)ds = 3 [Bny(t)etst=ons ()
j=1
—Enj(O)ewJ(_Unj(t))]
L wa f(;t Gl s)det L fo = Elg

Xexj(t o1;5(t)) _El (0)€$]( ‘717(t)))]dt

éﬁﬁawmm—ﬂm;wmw
.(o)ezj<—anj(t)))]dt ]

x exi (t—on;(t)) _

ﬁ_% fo Gi(s

L 5_7)f0 n
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Clearly, QN and K,(I — Q)N are continuous. Using Arzela-
Ascoli theorem, it is not difficult to show that QN (), K,(I—
Q)N (Q) are relatively compact for any open bounded set Q C
X. Therefore, N is L-compact on € for any open bounded set
) C X. Corresponding to equation Lz = ANz, X € (0,1),
we have

x;(t) = A[r;(t) — ZAU (t)ea:j(t) _ ZBij(t)ewj(t*m(t))

—Zc”(t/ kij(t — s)e TJ(“)ds—ZD”(t

Jj=1
X 2t — 0y (t)) e T M),
7;:172,...,71. (9)

Suppose that z(t) € X is a solution of (9) for certain A €
(0,1). Integrating (9) over the interval [0, w], we obtain

e%i(t) _ Z Bij (t)eﬂc]-(t—n_j ()

j=1

JRCCE S
- Z Cij(t)

+ Y By (et tmruMar =,

t
kij(t — s)e® ) ds

i=1,2,...,n. (10
j=1
Hence,
3 / [Asy (0)e%® £ By (£)ems =7 )
j=1"0
t
+C;(t) / Eij(t — s)e™1 () ds
—Ey;(t)em o Wdt =Fw, i =1,2,...,n. (11)

Obviously, z(t + w) = z(t), so (=" is bounded, hence
f0+°O kij(u)e® (=" du converge, therefore

t +00
/ kij(t — s)e*s ) ds = / kij(u)e® =W du = I(t) > 0
e 0

from (11) we obtain

Z/O [Aij (£)e™ @ + Bij(t)e™ T 4 Oy (1) 1(t)
Jj=1

—E;;()e™ =0 Mdt = 70,

i=1,2,....n (12)

1SN1:0000000091950263
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it follows from (9) and (11) that
Y d - w5 (t=01s (1))
) | 2 lzi(t) +AD Ey(t)em tout] | at
j=1

SRy RECED SEHOSEES SN0

t
werit=oi () _ Cij (t)/

—00

kij(t — s)e®1®)ds

+ZEij (t)eﬂcj(t—mj(f)) | dt,

Jj=1

= /w | ri(t) | dﬁ'i/w[&j(t)@”m + B (t)

t

x e*i (=i (1)) + Cij (t) / kij (t — S)@mj(s)ds

! zj(t—oij(t
—E;(t)e" =) qt

= 2rw, 1=1,2,...,n

that is,

w d n
/ AIORS AN Eg(t)em oM | dt < 27w,
0 =1

i=1,2,...,n, (13)

from assumption (i) and Eq.(12), we have

S [ A0+ (Biy(0) = Eigen =)
j=1

+Ci(OI()] =Taw,i=1,2,...,n.

According to the mean value theorem of differential calculus
we can see that there exist points &; € [0,w] (i = 1,2,...,n),
such that

Z Aj(&)e" G 4 Z(Bij(&) — E;j(gi))ef”j (t—0i5(&))
Jj=1 j=1
+ZC”(§1)I(§Z) =T,i=1,2,...,n

i=1

combined with assumption (ii), which implies

?
$(52)<1n . S Fi'7 ia.j:1727"'7n7 (14)
! Aij (&) !
and
2(&i—0i; (&) Ti g
e’ J < 7 S GZ )
sz(fz) - Du(fz) !
i,j=12,...,n, (15)
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one can know from Eqgs.(13), (14) and (15) that

Il(t) + A Z E” (f)@zj (t=0oi; (1)

7j=1

< gz +)‘ZEU

j=1

w g n
+/0 | () +A;E,-j(
< i

j=1

=1,2,. (16)

m](éz C"z](‘gz))
m,(t oij(t)) ] ‘ dt

E;i;)0Gij + 21w = H;,

as A Y. Ej(t)e”t=75() > (), one can find that

Jj=1

zi(t) < H;, i=1,2,...n, (17)

by Egs.(9) and (17), we have

ZA mj(t) — ZB”(t)E
j=1

— Z C”(t) / k‘i]‘ (t - S)ezj(s)ds

_ ZD”

<[7ilo +Z(| Aij lo + | Bij o + | Cij lo)e™

j=1

n
+> | Dij lol 25 o e i=1,2,...,n.
j=1

i) | = At s (tTy(O)

(6= iy (t))ems = O]

thus

n
|2 lo <l 7ilo+ > (I Aij lo+ | Bij lo + | Cij lo)e™

j=1
n
+) I Dijlol ;o e™i=1,2,....n (18)
j=1
According to assumption (iii),we have
|7‘l|0+2(|A” lo + [ Bij lo + | Cij lo )
’ ]_
| z; o<
1= 3 | Dy lo et
j=1
=M;,i=1,2,...,n (19)

From Eq.(11) and assumption (iv), it is easy to see there exists
points ; € [0,w] and constant C; (i = 1,2,...,n) such that
| 371(91) |< N;, 1=1,2,...,n,
By this and Eq.(19), we obtain

| @ Jo<| @i(8:) | + [ | = | dt < Ni + Mw, i =
1,2,....n

Clearly, N; and M; (i = 1,2,...,n) are independent of

n

A. Denote B = > (N; + (1 + w)M;) + h, where h > 0 is
i=1

1SN1:0000000091950263
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taken sufficiently large such that the unique solution x* =
(x%,...,25)7T of the equation
n J— — J—
T — Z(AU + Bij + Cij)erj = 0, T =
j=1
satisfies || ™ ||< h. Now we set Q = {z(t) € X :| z ||< B}.
It is clear that ) vertifies the requirement (a) in Lemma 2.

1,2,...,n,

When z = (21,...,2,)7 € 00N KerL = 00N R", z is
constant vector in R™ with | z |= B, then
- o
71— 2 (Ayj + By + Cj)e™
1 j=1
QN | : | =
n — J— —
o T = 3 (Anj + Bnj + Chj)ets
L Jj=1
[0
|
0

Furthermore, in view of assumption (v), a straightforward
calculation shows that

deg{JQNz, Q2N KerL,0} = sgn{(—1)"[det(A;; + B;; +
+Cyj)]eXi=1#15} #0.

By now we know that ) verifies all the requirements of

Lemma 2, hence Eq.(8) has at least one w-periodic solution.
By the medium N;(t) = e*i(t) Eq.(5) has at least one positive
w-periodic solution. According to Lemma 1, we obtain that the
equation (3) has at least one positive w-periodic solution.The
proof of the Theorem is completed.
Remark 1. For system (3), let a;; = 0, ¢;; = 0, then system
(3) will be reduced into the system that Huo discussed in
Ref.[11]. Furthermore, for a system with distributed delays
and satisfies the conditions (i),(ii),(iii),(iv),(v), then Theorem
2.1[11] fails, but according to the Theorem in this paper, the
system has at least one positive periodic solution. So our main
results generalized the results of Theorem 2.1 in Ref.[11].

Remark 2. If we don’t consider impulsive perturbation and
distributed delays, obviously, system (2) that Liu studied in
Ref. [7] and system (1) that Li discussed in Ref.[6] are special
cases of system (3), so our main Theorem generalized the
corresponding Theorem in Ref.[7] and Theorem 2.1 in Ref.[6].
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