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An adaptive least-squares mixed finite element
method for pseudo-parabolic integro-differential
equations
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Abstract—In this article, an adaptive least-squares mixed finite
element method is studied for pseudo-parabolic integro-differential
equations. The solutions of least-squares mixed weak formulation
and mixed finite element are proved. A posteriori error estimator is
constructed based on the least-squares functional and the posteriori
errors are obtained.
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I. INTRODUCTION

N this article, we consider the following pseudo-parabolic
integro-differential equation

us — V- (a(z)Vur + b(z)Vu

t
+ d(z)/ Vu(z,7)dr) + qu = f(z,t), x€Q, te€J,
0

u(z,t) =0, x €0, ted,
U’(‘T7O) = U0($)7 x € Q,
&)

where (2 is a bounded convex polygonal domain in R%(d =
1,2, 3) with Lipschitz continuous boundary 9%, J = (0, 7]
is the time interval with 0 < T < 00. ¢ = ¢(x) > 0 and f =
f(z,t) in (1) are given functions. We shall make the following
assumptions on the coefficients ¢, a,b and d: there exist some
positive constants c,, c*,a., a*,b,,b* and d,, d* such that 0 <
e < cfz) <0 < ar <alr) < a0 < by <b(x) <
b*,0 < d, <d(z) <d*.

Evolution integro-differential equations are a class of im-
portant evolution partial differential equations, and have a
lot of applications in many physical problems, such as the
transport of reactive and passive contaminates in aquifers.
Ewing et al. [1] studied finite volume element approximations
for two-dimensional parabolic integro-differential equations.
Lin et al. [2] proposed the Ritz-Volterra projection onto
finite element spaces for integro-differential and related equa-
tions. H!'-Galerkin mixed element methods were studied for
parabolic, pseudo-parabolic, and pseudo-hyperbolic integro-
differential equations in [3], [4], [5], [6]. Refs.[7], [8] analysed
the space-time finite element methods for second-order and
fourth-order parabolic partial integro-differential equations.
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Refs.[9], [10] studied the least-squares mixed finite element
method for parabolic partial integro-differential equations. Cui
[11] studied pseudo-parabolic, and pseudo-hyperbolic integro-
differential equations, proposed a new Sobolev-Volterra pro-
jection. Zhang [12] investigated the superconvergence proper-
ties of finite element approximations to parabolic and hyper-
bolic integro-differential equations.

In recent years, a lot of researchers have studied the
least-squares mixed finite element methods for partial dif-
ferential equations. Luo et al. [13] proposed a nonlinear
Galerkin/Petrov-least squares mixed element method for the
stationary Navier-Stokes equations. Yang [14] studied the
least-square mixed finite element methods for nonlinear
parabolic problems. Chen et al. [15] studied least-squares
mixed finite element method for degenerate elliptic problems.
Duan and Lin [17] studied least-squares mixed finite elements
for elasticity. Cai et al. [16] proposed and analysed an adaptive
least-squares mixed finite element method for the stress-
displacement formulation of linear elasticity Gu and Li [18]
studied an adaptive least-squares mixed finite element method
for nonlinear parabolic problems. In this article, we study an
adaptive least-squares mixed finite element method for the
pseudo-parabolic integro-differential equations, and obtain a
posteriori error estimates.

II. A LEAST-SQUARES FORMULATION

Introduce the auxiliary variable ¢ = —(a(z)Vu; +
b(z)Vu + d(x) f(f Vu(z, 7)dr) to have
u + dive + qu = f, reN, te,

o+ a(x)Vu, + b(x)Vu
t
+ d(x)/ Vu(z,7)dr =0, ze€Q, teJ, (2
0

u =0,
u(z,0) = up(z),

r eI, te,
T €,

We differentiate the second equation of system (2) with
respect to time ¢ to obtain

ot = —a(x)Vuy — b(z)Vur — d(z)Vu. 3)

Taking w = wu;, we can derive the following equivalent
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system of (2)

w + dive + qu = f, ze, ted,
ot + a(x)Vw + b(z)Vw + d(2)Vu =0, z€Q, teJ,
w—u; =0, re, te,
u =0, r eI, te,
u(z,0) = up(z), x €,

“)

Using the finite difference to discretize (4) in . Let 7 >
0,7 = ny,n = 0,1--- N = T/7r. Let w" = (u" —
u™ 1) /7,n > 1. We can rewrite the system (4) :

w" + dive™ + qu™ = ", e, ted,
o" — O.nfl Yo" — vwnfl

+ a(x) .
+b(x)Vw" 4+ d(z)Vu" =0, x e, ted

u® — unfl (5)

W= — x e, ted,

T
u” =0, r eI, ted,
u"(z,0) = ug(x), x € Q,

Introduce Sobolev spaces:

L=H(Q)={peL*):Vpec L*(N)?},
H = H(div,Q) = {w € L*(Q)? : divw € L*(Q)}.

We can use the least-squares mixed finite element method
for (5). The least-squares minimization problem is: find
(u", 0™, w") € X := L x H x L such that

I(V7£7 77)7 (6)

I(u", o™ ,w") = inf
(v,&meX

where [ is the quadratic functional defined by

1", €% 0") =|n" + div€"™ + @ — ||
n __ gn—l vnn _ vnn—l

IS )

+ b(z)Vn" + d(m)VU"HaQ.

Set Jm = [tn1 ¢n
ment is: find (u"

. The corresponding variational state-
ot wt) s Jr = X

B", 0" w5 v,&,n) =0, V(v,&n) € X, @)
where
Bu™, o™ W v, €,n)
=7(w" + dive™ + qu”,n + divé + qu)o o
+ (0™ — 0"+ a(x) (V™ — V") + 7b(z) V™
+ 7d(z)Vu™, € + a(x)Vn + 7b(x)Vn + 7d(xz)Vv)o 0.

®)

Theorem 2.1: The bilinear form B(:, -, ; -, -, -) is continuous
and coercive. That is that there exist positive constants o and
[ such that

B", o™ w™v,&,n)

<a([lw™ 3. + ldiva™[[§ o + "3 o + lo™ 15 o
+ Va3 o + Ve [§.0) 2 (Inll3 0 + Idive[§ o
+lvld o + €130 + VI3 + IVV13.0)?,

C))
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and

B(v,&,m;v,6,m) 2B(Inll3 o + divg]l3 o + 1015«

(10)
+ElSo + IVallS.o + V215 0)-

Proof: (I). For the upper bound
Noting that the functions a(x),b(z),d(z) and g(z) are
bounded, we have

B(v,&,mv, &)
=7(n + div€ + qv,n + div§ + qu)o,0
+ (€ + a(z)Vn + 7b(x)Vn + 7d(2) Vv,
€+ a(x)Vn + 7b(x)Vn + 7d(x)Vv)o
=7|n + divé + qu[g o + |1 + a(x) V7
+7b(2) Vi + Td(2)Vr[§ o
<e(|Inlg,q + Idivelg o + I0l3 o + €150 + IV1l5 0
+ 7o) Vnl§ o + I7d(2) V|5 o)
<c(Inlig.q + ldivgll§ o + vII§ o
+€lls. + IValls.0 +11VZ[5.0)-

Since the bilinear form is symmetric, this is sufficient for the
upper bound in Theorem 2.1.

(II).For the lower bound

Note that the bounded functions a(x),b(z),d(z) and ¢(z)
and use the Holder inequality, the Cauchy inequality to get

B(v,&m;v,&m)
=7(n + div€ + qu,n + div€ + qu)o.0
+ (£ + a(z)Vn + 76(x)Vn + 7d(z) Vv,
&+ a(x)Vn+ 16(z)Vn + 7d(x)Vr)o 0
=7(n,m)o,a + 7(divg, div§)oa + T(qv, qv)o.0
+ 27(n, divé)o.a + 27(n, qv)o,0 + 27(divE, qv)o.n
+ (& 8o +a®(@)(Vn, Vi)o,o + 770 () (Vn, Vi)o,o

+ 72d(2)(Vr, Vi) + 2(£, a(x)Vn)o.o + 27(£, b(z) Vn)o,a

+27(&, d(x)Vv)o,0 + 27(a(z)Vn, b(x)Vn)o.0
+ 27(a(x)Vn, d(z)Vv)o.q + 27%(b(2) V), d(z)Vv)o.0.

>7nlg o + Tldivélls o + crllvllg o + €11 o + e[ Va
+es| VI o — er(Illd o + 1dive][§ o) — e2(lln

5.0

bxe

+wl5.0) — es(ldivellg o + VII5.0) — ea(ll€l5 o + 1Vnll5 0)

- 65(”5”3,9 + HVUHE,Q) - 56(”5”3,9 + HVVH%,Q)
—er(IVnl.a + IV¥I5.0) — es(IVnllg o + 1VV13 )
=(r—ea —e)nlfo+ (r—ea —e)lldive|§ o
+(a—ea—ea)lvio+(1—a—a-—ec)llfao
+(c2— &5 —er — &) Vill5 o + (¢35 — €6 — €7 — €8)[|[ VY| -

So we can select constants €1, €a, €3, €4, €5, €6, €7, €8, C1, C2, C3
such that

B(Va£777; Vaﬁﬂ]) > CHUH%,Q?
B(v,&,m;v,6,n) > cl|dive| o,
B, &,mv,6,m) > c|v[[5 q
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B(V7£777;Va£>77) > C”EH%,Q)
B(Mfﬂ?%”afﬂ?) 2 C”vn”g,ﬂv
B(v,&miv,€,m) > ||V o,

So we obtain

B(v,&mv,€,m) 2B(Inll§ o + ldivél[s o + 1715 o + €113 0
+IVlE o + V2135 0)-

From the above inequality, we can get the proof of Theorem
2.1. |
Theorem 2.2: We obtain that Eq.(7) have a unique solution
(u™, o™, w") e X:=Lx H X L.
Proof: Use the similar proof to Ref [18] to obtain the
conclusion of Theorem 2.2.

III. FINITE ELEMENT APPROXIMATION

Assume the spaces Lp C L,H, C H. The completely
discrete least-squares mixed finite method approximation is:
find (uf,op,wp) € Xy := L x Hp x Ly, such that

I(u},op, W) = inf I(vh,&n,mn)- 11
(up,on,wp) i vex (Vh, Ens 1) (11)
where
Iy, &5 my)
= > (g + vy + avip = £ 5.7
TET,
n—1 n—1
n __ vVnt —V
+ th h + a(x) "h Ui
T T
+b(x) Vg + d(@) Vi 1§ 7)-
We defined the bilinear form B(-,,-;-,-,) as follows
B(”Z? 027 UJZ; Vh, £h7 77h)
= Z (T(wp + divey, + quy,mn + divé, + qun)o,r
TET,
+ (o7 — ot + a(2)(Vwp — Vwp™!
+ 7b(z)Vwy, + 7d(x)Vuy,
&+ a(z)Vn, + 7b(x) Vi, + 7d(2)Vvy)o 1) (12)
| |
Theorem 3.1: The bilinear B(:,-,;-,-,) is continuous and

coercive, that is that there exist positive constants oy and [
such that

B(UZ,O'Z,LUZ; Vha£h777h)

<an( Y Nwills r + lldivopillg - + il + o713

TET,
1 .

+ [IVuplg . + IVwilIg )2 ( Z Il 7 + lldivenll§ 7

TEeT,

1

+ lor gz + I€allg 2 + IVl 2 + IVVRl3.r) 2, 13)

and
B(Wnh, &, M Vi, Eny k)
> P Z (Innllf.0 + Idivénll o + llvnllg o (14)

TETY,
HlIEnlE .o + 1VmmlE .o + 1V2alE )-
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which holds for all (u},o},wj) € X
L, Wn,&nynn) € Xp := Lp X Hp X Ly,.

= LhXHhX

Proof: (I). For the upper bound

Since the functions a(x),b(x),d(z) and g(z) are bounded,
we have

B(Wn, &ny s Vi Ens M)
= Z (T(n + divén + qua, nn + divép + qun)o,r
TeT,
+ (&n + a(x) Vg + 7b(2) Vi, + 7d(x) Vg,
En + a(z) Vi + 7b(2) Vi, + 7d(2)Vvs)o,r)
=Y (7llnn + divén + quall 7 + 1€ + ala) Vi
TeTy,
+ 7b(x) Vi + Td(z)VVhHg’T)
<c > (Inli§ 7 + Idivnlld o + lvalld  + l1€n
TET
+ IVl 7 + 176(2)Vn g + 1 7d(2) Venl[§ )
<e Y (Innllf,z + divnlld r + llonllf »
TeTy
+ 1€ 13 7 + 11 Vn

2
0,T

8.0+ IVunls 7).

Since the bilinear form is symmetric, this is sufficient for the
upper bound in Theorem 3.1.

(IT). For the lower bound

Note that the bounded functions a(x),b(z),d(x) and q(z)
and use the Holder inequality, the Cauchy inequality to get

B(”h;gfunh; Vha§h777h)

= Z (T(n + divép + qua, mn + divép + qui)o,r
TET),

+ (&n + a(x)Vny + 76(2) Vi, + 7d(2) Vi,
&+ a(z)Vn, + 7b(x) Vi, + 7d(2)Vvy)o,r)
= > (F(m,m)or + T(divén, divén)o.r + T(qua, qvn)o.r
TET),
+ 27 (0, divén)o,r + 27 (Mh, qun)o,r + 27(divén, qun)o,T
+ (€ny &n)o,r + a* (@) (Vn, Vn)o,r
+720%(2) (Y, Vw)or + 2d*(z)(Vup, Vup)o,r
+2(&n, a(x)Vn)o,r + 27(En, b(x) Vn)o,r
+27(&n, d(2)Vvn)o,r + 27(a(x)Vin, b(z) Vi )o,r
+ 27(a(x)Vny, d(x)Vuy)or + 272(b(x)V17h, d(x)Vup)o,r)
> > (7lmnll r + Tlldivgnlld o + éllonlld e + 160113 1
TeTy,
+ & Vinllsr + &lIVenlg r — a(lnnlls r + divénllg r)

—&lmllg .z + Ivalig ) — &ldivenll r + lva

o.1)
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nllg.z + IV liE.7)
(Hvﬂh”o T+ HVVh)”o T

M

—éa(l&nlls. o + 1Vanllg r) -

= &lEnlld r + IVenllg r) —

= &UIVmlg - + IVenll 1))
((

Z T—a-a)|mlir+(r

5
é

)

— €1 = &)||divénllg 7

(Cl — €2 — éé)Hthg,T + (1 — €4 — €5 — éé)”fh (2J,T
+ (G2 — & — & — &) IVmll3 ¢
+ (G — € — €7 — &) | Vvnllg 7)-

So we can select constants €1, €2, €3, €4, €5, €g, €7, €3, C1, C2, C3
such that

B(v,&miv,&m) = Y |

TeTy
B(V7£a7];1/7£vn) >c Z Hdwéh”g,T,
TET,
B(l/7£’ T]; l/7€’
TeTy
B(v,&m;
TeTy
B(”w&ﬁ%%fﬂ?) >c Z anhHg,T7
TeTy,
B(%fﬂﬁ%fan) >c Z HVVhHS,T?
TET)

So we can obtain
B(Vhagiunh;l/hag}mnh)
> > (Innllg.r + Idivénll§ 7 + lvall§
TET),
1€ lIE.r + 1Vmlle 7 + IVesllf 2)-
We can obtain the proof for Theorem 3.1. |

Theorem 3.2: 1t is easy to show that Eq.(12) have a unique
solution (u}, o}, wy) € Xy, := Ly, X Hp, X Ly,

IV. THE LEAST-SQUARES FUNCTIONAL OF AN A
POSTERIORI ERROR ESTIMATOR

In this section, we use the similar method to Ref [18]. From
the least-squares functional

)= > (lwp + divey + quy — (137
TeTy

o —ot! Vwp — Vwp ™ !

+ |t ale) ——

+ b(z)Vwy + d(ac)VuZH(QJ,T).

n n n
I(up, op, wy

So we obtain
B(up —u™, o — o™, wp —whup —u”, o

= Z (|wp — w™ 4 div(o] — ™) + q(uf —u™)||2

0,7
TET),

o CT" 1 _n-—-1
y —( )
T
n n n—1 n—
LI >—f<wh )
+b(x) V(wpy —w") + d(@)V (uf; —u")|I} 7).
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For obtaining the definition of the a posteriori estimator,
we can see that the least-squares functional is the sum of its
element-wise contributions

> (llwp + divey + quy — (131
TeT),

n Un vwn 1

Py ()Y
::ZG%.

TET,

I(uy, oy, wy) =

+ b(x)vwh + d(z)Vuy HO,T)

So we can obtain the following theorem.

Theorem 4.1: The element-wise computation of the least-
squares functional constitutes an a posteriori error estimator.
That is, for

o — ot
P At

n—1
th

lwr + divaﬁ + quy

+a@)Y

there exist posmve constants o and SBr such that
> 07> Y (lwp —w™[I3. ¢ + lIdiv(ey — o™ ¢
TEeT), TeTy,
+ [lup, — w05

+ ||V(wh - W")H%,T + |V (upy —u"

+ b(x)Vwy + d(x)VuZH%_T =02.

)3 ).
S 6 <ar 3 (lof — " 3y + div(of — o

TeTy TETy
+ gy — w5 1 + lloy
IV (wp = ™5 7 + 1V (uh = w™)IIG 1)-

"N x

where o and [ are the same constants as in Theorem 3.1.

V. ERROR ESTIMATES

In this section, we assume that the spaces L, H, can be
the spaces of Raviart-Thomas for » > 0. The completely
discrete least-squares mixed finite element approximation is:
find (u}},op,wi) € Xy := Ly, X Hy, x Ly, such that

B(up, oh, Wy Vhs Eny n)
=7(wp, + divoy, + quy, My + divEy + qun)oo

+ (o — oyt +a(z)(Vw) — V™) + 7b(z) Vw)!

+ 7d(z)Vuy, & + a(x) Vg, + 7(x) Vi, + 7d(2) Vi )o q-

We shall split the error as a sum of two terms,

u—up = (u—a)+ (@ — up).

— 0", wi —w™) where u is an elliptic projection in Ly, of the exact solution

u. The projection @ = @(t) is defined by
(d(x)V(u—1),Vx) =0,Vx € Ly, (15)

It is known that the projection (@,0,&0) € Xy = Lj X
Hj, x Ly, exits and has the following properties [16], [18], for
1<r<k+1

[ — all < ch"[|ull,,

1SN1:0000000091950263
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(w — @)e]| < eh”(||ully + ||,
o —all <ch|o]l,
|div(e — &) < ch”[|o]|r41,

(o = &)ell < ch"([lollr + [lo¢ll),
From the bilinear form B(-,-,;-,-,-) in section 2, we have

B(u", 0", w";v,&,n)

=7(w" + dive™ + qu",n + div€ + qu)o.a
+ (0™ — 0"+ a(x)(Vw™ — Vw1
+ 7b(x)Vw™ + 7d(x)Vu™, £ + a(x)Vn
+ 7b(z)Vn + 7d(x)Vv)o.q.

Thus,

n n o n n , n n.
B(uh_u yOp —0 Wy — W 7Vh7£h7nh)

=7(w" —wy +div(c™ —op) + qu™ — up),

n—1 nfl)

Ny, + div€p + qup)oa + (6" — o — (o — oy
+a(@)(V(W" —wp) = V("' —wp™)
+ 70(2)V(w" —wy) + 7d(z)V(u"™ — uj),
&+ a(z)Vn, + 10(x) Vi, + 7d(2)Vig)oa = 0.
Letd=0c—0,m=0p —0,p=1uU—U,E =Up — U, Pt =
w — W, e = wp, —w. We shall use the following notation for
the difference operator:

_ n _ fn—1
o=

We then have the following estimate:

tn
||ptH2dt:

tn—1

- 1
) n |2 <
19" I < =7
Lemma 5.1: With @ difined in (15), we have

Vil Lo < &Vt € J

Vi <c,VteJ

Please see [16], [18].

From the above equation B(u" — u},0™ — off,w" —
wits v, €, M) and the boundedness of a(z), b(z), d(z), ¢(x),
we can get

B(UTL - U’Z?(jn - 0270‘/” - wﬁ? thfhﬂ?h)

=7(p} — & + div(0" — ") +q(p" — "),
nn + divé, + qup)oq + (0" — 7" — ("7 — 7" h)
+a(@)(V(p} =) = V(o™ —ef™h)
+70(@)V(pi —€f) + 7d(x)V(p" — £"),
& + a(x)Vn, + 7b(x) Vi, + 7d(2)Vip)o.a
=0.
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Take &, = 7", vp = €™,y = €} to get

B" —up, o™ —op,w" —wp; e, " eY)

=7(pi’ —ef + div(0" —7") +q(p" — "),
el + divt"™ 4+ ge™)o.0 + (0" — 7" — (" — 77
+a(@)(V(pf =) = V(™ —ef™h)
+70(2)V(p} —ef) + 7d(x)V(p" — "),
" 4+ a(x)Vey + 1b(x) Vel + 7d(x)Ve™)o a

=0.

The left side of the above equation is

Is =7(p} + divd" + qp", e + divn™ + qe™)o.0
(O 0"+ o)V — )
+ 7b(x)Vpy + 7d(z)Vp", 7" + a(x)Ve}
+ 7b(z)Vey + 1d(x)Ve™)o.q.

(16)

The right side of the above equation is

I+ 1
= 7(ef + divn" 4 ge™, ef + divn™ + ¢e")o 0
+ (7" — 7" a(z)V(el — P 4 Th(2) Vel

+ 7d(x)Ve™, 1" + a(x)Vey + 7b(x)Vey + 7d(x)Ve")oq.
a7
From the boundedness of a(x), b(x), d(x) and g(z), we obtain

I =c(n" + Vep +7Vep +7Ve™, n" 4+ Vey
+TVer +T7Ve™) o0 — (™t + Vep Tt o
+ Vel +7Vel +7Ve™)o 0
Zg[(ﬂn + Vel +7Vel +7Ve", "
+ Vel +7Vel + Ve )0
— (@7 o — (Ver ™, Ve Hoal
c _ _

:5[(71'”7 Wn)oﬂ - (ﬂ—n 17 " I)O,Q + (Vef, VE?)O,Q
— (Vep™ 1, Vel Hoa + 2(n™, Vel + 7Vep
+7Ve™)o o+ 2(Vel, " + 7Vel +7Ve" )0
+ (Vep +7Vel +7Ve™, Vel +7Vel +7Ve)o.q
+ (7" +7Vel +TVE", " + TVel +TVE" )00l

Use I1 > §11,(c <2) to get

L+ 15

> (" 7o — ("7 " oa + (Ver, Ve oo
— (Ve Vel o +2(7", Vel +7Vel +7Ve™)o.0
+2(Vey,n" +17Vel +17Ve™)g o + (Vef + 7Vey
+7Ve", Vel + Vel +7Ve")o 0
+ (7" +7Vel + V", " + 7Vel +T7VE )00
+ 7(e} + divn™ + e, e} + divn™ 4 ge™)o ]

=Iy.
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Summing from n = 0 to N, we obtain

N
S L=c(|lnV 2o ~

n=0
N

+ey (I3 + IVerlg e + T IVe™ I3 0
n=0

+ 7| Verllg o) < Zfs

Let ||7V" 15, be a maximum of the ||[7"||§ , and ||Ve/ Ho Q

be a maximum of the [[Ve}(|§ , we obtain

N N
S L=V F o+ IVeN Ba) + e Y (17" g

n=0 n=0

+Ver g0 + 2 IVe"l5 o + 71 Vel ll6.)-

I3 =7(py + divd™ + qp", e} + divn™ + ¢e™)o,0
+ (0" = 0" +a(@)V(py - pp )
+ 7b(x)Vpy + 1d(z)Vp", " + a(x)Ve}
+ 7b(z) Vel + 1d(z)Ve™)o

=7(p} et o0 + 7(p}', divn™)o.0 + T(pf', g™ )00
7(divd™, e} )o . + T(divd", divr™)o o
T(dive™, ge™)o.0 + T(qp", €7 )o,0
T(gp"™, divt™)o o + 7(gp™, g™ )00

+ (0" — 0" 1o + (0" — 0" a(z) Ve o
0

a(@)V (o} = p™"), )00
a(z)V(p} = pp 1), a(z) Vel oo

(
+(
+( ¢
+( i ),
+ (a(@)V(p} = pp~ 1), mh(x) Ve o0
+ (a A ), Td(x)Ve™)o.0
+ (1b(x) Vi, 7)o, + (Th(x) Vi, a(z) Vel oo
+(
+(
+(
+(

( )Vﬁt )osz+(7d( V", b(x) Ve )o.o
Vp ,Td(x)Vs )o,Q-

From (15) and applying Green’s formula, we know that
(Vpr,m)o.0 = —(py, divc™)o q,

(td(x)Vp",a(x)Vey)oa =0,

(rd(z)Vp", 7b(z)Ve}

( )o.0 =
(rd(x)Vp",7d(x)Ve

"o,0 = 0.
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17113, 2) + e (VeI o — Vel o)

(18)

n_ gt , 7h(2)Ve)oa + (0™ — g1, Td(z)Ve™)o.a

So we obtain

Is = 7(pi', € )o.0 + 7(pt' 4" )o.0 + 7(divd",

£1)0,0

+ 7(divd"™, divn™)g o + T(divd"™, g™ )o o
+7(gp", 7)o, + T(gp", div™)o 0 + T(qp", g€ o0

(en o 071—17 77”)0,(2 + (en

P, o,

i

t

i

t
V(p? - pt

7

t

IS

sa(x)Ver oo

+ (6"
(
(
(
(
(
( Th(x )V‘St )0 Q
(

We obtain

N

— ot Tb(a:)VS?)o,g + (0"

-1, a(z)Vey)o.o
-6t Td(x)Ve™)o 0

Q

P, a(z) Vel oo
1), 7b(2) Ve o
) Td(l‘)V&‘ )0 QO

N

> L=l 3.0 + IV [3.0) + ¢ D (I I

n=0

n=0

+IVer g .o + 2 IVe"l§ o + T VeIl o)

20
< ZTZ-.
=1

where

N
Z Pt,Et)OQaTQ

(din”, 6?’)05}, T4

&3
I
Mz i

N

Z T(ﬁ?? qE”)O,Q7

n=0
N

= Z T(divd", divt™)o 0,

n=0 n=0
N N
I5 = Z (divd", qe" )00, T6 = Z T(gp", €} )o. 0,
n=0 n=0
N N
Tr = 7(qp", div")oo, Ts = »_ m(ap", ¢ )o.0,
n=0 n=0
N
Ty=> (0" 0", 7)o,
n=0
N
Tyo=» (6" — 0", a(x)Ve!)oq,
n=0
N
Ty = (6" 0", 7b(x) Vel o0,
n=0
N
Ty = (6" 0", 7d(x)Ve")o 0,
n=0
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N
T3 = Z(a(z)V(pf =) ™00

n=0

Tiu= (a(@)V(p; = pi~"),alz)Vey oo,

N
Tis = (a(@)V(p} — pp 1), 7b(2) Vel Yo

n=0

N
Tis = Y (a(@)V(p} — pi "), 7d(x)Ve")o 0,
n=0

N
Ti7 = Z(Tb(I)VP?v a(l’)VE?)O,Q,

n=0
N

Tig = Z(Tb(x)Vp?,Tb(x)Véfgl)o,Qy

n=0

N
Tig =Y (vb(x)Vp}, md(x) V™o 0,
n=0

N
Tho = Z(Td(w)Vp”,W")oﬂ,

n=0

From the properties cited in [18] and applying Green’s for-
mula, we obtain estimates of 7;:

N N
1| < D rllefllfn +ch® 1 Tol <Y 7lle™[§ o + ch®,
n=0 n=0
N N
IT5] < > 7llelll3 o + ch®, | Tu| <Y 7l diva™ |2 ¢ + ch®,
n=0 n=0
N N
75| < 3" rlle|B o+ ch® |Tel < > Tl 2 o + b,
n=0 n=0
N N
(T2 < 3 rlidivn™|3 o + ch®, T < 3 el o + ch?,
n=0 n=0
N N
Tl <D 17" (I5.0 + b, [Taol < Y IVer|§a + ch™,
n=0 n=0
N
Tn| <7l Vep(lf o+ ch®,
n=0
N
|Th2| < Z 7| Ve™[§ o + ch®",
n=0
N
Tis| <D || divr™|[§ o + ch®,
n=0

N
Tral < DA o + ch®,
n=0

N
Tis| <D 7IAe G0+ ch™,
n=0

N
Ti6| <D TIA™ 50+ ch™,
n=0

International Scholarly and Scientific Research & Innovation 5(12) 2011

1990

N

Tirl < 3 7l Act B g + ch®,
n=0
N

Tys| < 2| A G o + ch®,

n=0

N
Tiol < 2| Ac™|§ o + ch®,

n=0
N
[ Taol < rlldiva™|[3 o + ch®,
n=0
So we have
N
Z I3 < c(m? + ™).
n=0
Note that
N ,—
N2 o flu (2),Q_ [[u” 1”%,9
[uMF0=>" T
-
n=1
N
<Y (Tl If .0 + ™ 13,0),
n=1
where " = w'=u"""

-
So we can obtain

max ([lo” — o |§ o + [l — upll o + " = wii 1§ o)

0<n<t/T
<c(t% 4+ h?")

Thus, we obtain the following theorem
Theorem 5.2: For T > 0, we have

max ([lo" — o3 o + lu" = upllf o + 0" — i3 o)

0<n<t/r
= 0(7'2 + hQT).
(19)
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