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Preconditioned Mixed-Type Splitting Iterative
Method For Z-Matrices
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Abstract—In this paper, we present the preconditioned mixed-type
splitting iterative method for solving the linear systems, Az = b,
where A is a Z-matrix. And we give some comparison theorems
to show that the convergence rate of the preconditioned mixed-type
splitting iterative method is faster than that of the mixed-type splitting
iterative method. Finally, we give a numerical example to illustrate
our results.
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I. INTRODUCTION
F OR solving linear system
Az =0, (D

where A is an n X n square matrix, x and b are n-dimensional
vectors, the basic iterative method is

Mzl = N2¥ + b, k=0, 1, ... )

when A = M — N and M is nonsingular. Thus (2) can be
written as

xk+1:Txk+c,k:0, 1, ...,

where T = M~IN, ¢c= M~1b.

Assuming A has unit diagonal entries and let A = I—L—U,
where [ is the identity matrix, —L and —U are strictly lower
and strictly upper triangular parts of A, respectively.

Multiplying both sides by P, we can transform the original
system (1) into the preconditioned form

PAz = Pb.
Then, we can define the basic iterative scheme:
Myz*tt = Nya* + Pbk=0,1,...,

where PA = M, — N, and M,is nonsingular. Thus the
equation above can also be written as

=Tk 4 k=0,1,...,

where T'= M ' N,, ¢ = M, ' Pb.
In paper [1], Guang-Hui Cheng et al. presented the mixed-
type splitting iterative method

(D+Dy+Ly—L)x* ! = (Dy+Li4+U)2"4+b, k=0,1,2---
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whose iterative matrix is
T=(D+Dy+L— L)Y (D +L; +U) 3)

where D; is an auxiliary nonnegative diagonal matrix, L, is
an auxiliary strictly lower triangular matrix and0 < L; < L.

And in paper [2], Ji-Cheng Li et al. proved the Gauss-Seidel
iterative method with Pg as its preconditioner is convergent,
where Pg =1+ S35 =

1
—Bra 1

—B2a32

“

*5nflan,n71 1

and B;(i =1,2,...n — 1) are nonngative real numbers.

In this paper, we will establish the preconditioned mixed-
type splitting iterative method with the preconditioner Py for
solving linear systems, where Pg = I 4 S3 is given by (4).
And we obtain some comparison results which show that
the proper choice of the auxiliary matrices can lead to the
rate of convergence of the preconditioned mixed-type splitting
iterative method is faster than that of the mixed-type splitting
iterative method.

II. PRECONDITIONED MIXED-TYPE SPLITTING ITERATIVE
METHOD

For the linear system (1), we consider its preconditioned
form

PﬁALE = P[jb
with the preconditioner Pg = I + S3.
Let
PgA = Ag, Pgb = bg,
then we get

Aﬁ]} = b[—j.

We apply the mixed-type splitting iterative method to it
and get the corresponding preconditioned mixed-type splitting
iterative method

(Dg+Dy+Ly—Lg)x" ™ = (D1 + L1 +Ug)ak+b,k = 0,1,2- -
with the iterative matrix

T=(Dg+Dy+ Ly —Lg) YD1+ L +Us), (5
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where Dg,—Lg,—Ug are the diagonal, strictly lower and
strictly upper triangular matrices obtained from Ag and D is
an auxiliary nonnegative diagonal matrix, L is an auxiliary
strictly lower triangular matrix and 0 < L; < Lg.

If we choose certain auxiliary matrices, we can get the
classical iterative methods.

1. The PSOR method

1
Dy==-(1-7)D,L1 =0
T

L, = (D —rLg)'[(1 —r)Dg + rUp] (6)
2. The PAOR method

Di=-(1-r)D,L1 =0

1
-
Lyw = (Dg —7Lg) (1 —w)Dg + (w—1)Lg +wlg] (7)

We need the following definitions and results.

Definition 2.1 ([3]). A matrix A is a Z-matrix if a;; < 0,
forall 4,5 =1,2,...n, # j.

Definition 2.2 ([3]). A matrix A is an M-matrix if A is a
nonsingular Z-matrix, and A1 >0.

Definition 2.3 ([7]). Let M, N € R™*™, the splitting of
A = M — N is called a regular splitting if M~! > 0 and
N >0.

Lemma 2.1 ([3]). Assume that A = M — N is a regular
splitting of A. The splitting is convergent if and only if A~! >
0.

Lemma 2.2 ([3]). Assume that A is an irreducible nonneg-
ative matrix, then

(1)A has a positive real eigenvalue equals to its spectral
radius;

(2) To p(A), there corresponds an eigenvector z > 0;

(3)p(A) is a simple eigenvalue of A.

Lemma 2.3 ([4 ]). Assume that A is a nonnegative matrix,
then

(1) If ax < Ax for some nonnegative vectorx, x # 0, then
a < p(A);

(Q)If Az < Bz for some positive vector x, then p(A) < 3.
Moreover, if A is irreducible and there is a positive vector x
such that 0 # az < Az < Sz, then

a<p(4) <p.

Lemma 2.4 ([5]). Let A = M — N be an M-splitting of
A. Then p(M~!N) < 1 if and only if A is a nonsingular
M-matrix.

Lemma 2.5 ([6]). Let A be a Z-matrix. Then A is a
nonsingular M-matrix if and only if there is a positive vector
x such that Az > 0.

III. CONVERGENCE ANALYSIS AND COMPARISON
THEOREMS

In this section, we will present the main theorems.

Theorem 3.1 Let A = I — L — U be an M-matrix, where
—L and —U are strictly lower and strictly upper triangular
parts of A, respectively, D; > 0 and 0 < L; < Lg. Then,
the preconditioned mixed-type splitting iterative method is
convergent.
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Proof. Let
Dg=1-S51,Lg=L—S535+S53L,Uy,=U+ 5o,

where Si, Sy are the diagonal and upper triangular parts of
SgU. Then
M:D5+D1—|—L1—LB,

N =D, +L +Ug.
Since A is an M-matrix and 0 < L; < Lg, we get

M™'=(Dg+Dy+ Ly —Lg)™*
=[(Dg + D1) — (Lg — L1)] 7' 2 0,
A" >0,N=D;+ Ly +Us > 0.

According to Lemma 2.1, Lemma 2.2 and Definition 2.3,
we can get the conclusion that the preconditioned mixed-type
splitting iterative method is convergent for M-matrix.

Corollary 3.1 The PSOR method is convergent if the
coefficient matrix A is an M-matrix and 0 < r < 1.

Corollary 3.2 The PAOR method is convergent if the
coefficient matrix A is an M-matrix and 0 < r < w < 1.

Theorem 3.2 Let A be a nonsingular Z-matrix, such that
Dy >0,0< Ly <Lg, f€]0,1] and T, T are iterative
matrices of (5) and (3), respectively. Then

(i) If p(T) < 1, then p(T) < p(T) < 1;

(ii)Assume that A is an irreducible matrix and 0 <
Qi 10i_13 < 1, 1=2,... n. Then

() If p(T) > 1, then p(T') > p(T);

) If p(T) = 1, then p(T) = p(T);

3) If p(T) < 1, then p(T) < p(T).

Proof. Let

Mg = Dg+ D1+ Ly — Lg,
Ng =Dy + Ly + Ug,
M=I+D+L,—-L,

N=D+L;+U,
Eo=U+Ss)I+ D1+ L — L),
Fo=({I+58)(D1+ L1 +U),

then we getA:M—N, ABZMg—NBZE@—F@.
(i) Since A is a nonsingular Z-matrix and D; > 0, 0 <
L, < Lg, we can easily know that

M=1+ D1 —+ L1 — L
is a nonsingular M-matrix and the splitting
A=M-N=(I+D1+Li—L)— (D1 + Ly +0)

is an M-splitting. Thus, p(T") < 1 and by Lemma 2.4, we know
that A is a nonsingular M-matrix. Furthermore, we know that
there exist a positive vector = such that Az > 0 according to
Lemma 2.5.
So
Aﬁx = (I-l— Sﬁ)A.L‘ > 0.

According to Lemma 2.5, Ag is also a nonsingular M-
matrix.
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Besides, since Lg = Dg — I + L —Sg+ SsL + 51, we get

Eg — Mg
=T +S3)I+D1+Ly—L)—(Dg+ D1+ L1 — Lg)
={I+Di+Li—L)+5S3(I+D1+L—1L)

—(Dg + D1+ L1 — Lg)
=1—-L+Ss(I+D1+Li—L)—Dg+ Lg
=1—-L+Sg(I+Dy+Li—L)—Dg+ Dg

—I—O—L—Sﬁ-i-SgL-i-Sl
=53(D1+ L1+ 51) >0

then
AG'Eg — Ayt Mg = A (Es — Mg) > 0
and
AG'Eg > Aj Mg > 0.
Futhermor, we have
p(My ' Ng) < p(E5' Fp),
ie.
p(T) < p(T) < 1.

(i) Assume that A = I — L — U is irreducible. Since L + l[
is a nonnegative irreducible matrix, by the definitions of 7'
and 7', we can easily know that 7" and 7" are both nonnegative
irreducible matrices.

If we let A = p(T), by Lemma 2.2, there exist a positive

vector ¥ = (z1,29---2,)T such that Tx = Az. That is
equivalent to
D1+ Li+U)x=XI+Dy+ Ly — L)z 8)
and
(U—-AD+AL)x =[A—1)D; + (A —1)L1]z.

If we let

C))

SgU = 51 + 5o,
where S, So are the diagonal and upper triangular parts of
SgU, then
Ap=Dp—Lg—Up
= —-51)—-(L-8S3+SsL)— (U+K>) "’
where
Dg=1-S51,Lg=L—S53+SL,Usg=U+ 9>,
and
Tz — A
= (Dg+ D1+ Ly — Lg) "(D1 + Ly + Ug)z — \x
= (Dg+ D1+ Ly — Lg) " [(Dy + Ly + Up)
—A(Dg+ D1+ L1 — Lp)|z
=(Dg+ D1+ Ly — Lg)_l[(Dl +Li+U+S5)
AT —=81+D1+ Ly — L+ Sg—SsL)|x
= (Dg+ D1+ Ly — Lg) " {[(D1 + L1 + U)
—AI+ D1+ Ly — L)]x + [Se — AM(—=S1 + Sg — SgL)|z}
= (Dg+ Dy + Ly — Lg) ' [S2 + A(S1 — S + SgL)|x
(Dg+ D1+ L1 — Lg) ' (Sa + AS1 — ASg + SgL)x
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=(N=1)(Dg+ Dy + Ly — Lg) " *(SsDy + SsLy + S1)z.

Since Dy + L1 +1 > 0 and SgD1 + SgLq1 + 51 > 0, then

(1) If A > 1, then Tz — Az > 0, i.e. Tx > Az. By Lemma
2.3, we have p(T) > A = p(T).

2) If A =1, then Tx — Az = 0, i.e. Tx = \z. By Lemma
2.3, we have p(T) = A = p(T).

3) If A < 1, then Tz — \z <0, ie. Tx < Az. By Lemma
2.3, we have p(T) < X\ = p(T).

IV. NUMERICAL EXAMPLE

For linear system Ax = b, where

1 —-0.1 -0.1 0 -02 -04
-0.3 1 —0.2 0 —-0.3 -0.2
A— 0 —-0.2 1 -0.5 —-0.1 0
-0.1 -03 -0.1 1 —-0.2 -0.1
-02 -03 -02 -0.1 1 —0.1
-03 -01 -01 -02 -0.1 1

If we take 3 = 83 = --- = 3, € [0,1] and Dy = I,
L, = %L, then by Theorem 3.1 and Theorem 3.2, we can
obtain the following table:

TABLE I
Spectral Radius For Different Methods

Bi (i = | p(T) p(T)
2,...n)

0 0.2930 0.2930
0.0500 0.2930 0.2915
0.1000 0.2930 0.2902
0.1500 0.2930 0.2890
0.2000 0.2930 0.2880
0.2500 0.2930 0.2871
0.3000 0.2930 0.2864
0.3500 0.2930 0.2858
0.4000 0.2930 0.2854
0.4500 0.2930 0.2852
0.5000 0.2930 0.2852
0.5500 0.2930 0.2853
0.6000 0.2930 0.2856
0.6500 0.2930 0.2861
0.7000 0.2930 0.2867
0.7500 0.2930 0.2874
0.8000 0.2930 0.2883
0.8500 0.2930 0.2893
0.9000 0.2930 0.2904
0.9500 0.2930 0.2915
1.0000 0.2930 0.2928
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From Table I, we can conclude that the preconditioned
mixed-type splitting iterative method is convergent and its
convergence rate is faster than that of the mixed-type splitting
iterative method.
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