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The partial non-combinatorially symmetric
Nj-matrix completion problem

Gu-Fang Mou and Ting-Zhu Huang

Abstract—An n x n matrix is called an N¢-matrix if all principal
minors are non-positive and each entry is non-positive. In this
paper, we study the partial non-combinatorially symmetric Ng -matrix
completion problems if the graph of its specified entries is a transitive
tournament or a double cycle. In general, these digraphs do not have
Ng-completion. Therefore, we have given sufficient conditions that
guarantee the existence of the Nj-completion for these digraphs.
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I. INTRODUCTION

An n x n real matrix is called an Ng-matrix if all its
principal minors are non-positive and each entry is non-
positive (see, e.g. [2], [3]). Obviously, the diagonal entries
of N}-matrix are non-positive.

The submatrix of a matrix A, of size n x n, lying in rows
« and columns 3, «, B C{1, 2,...,n}, is denoted by Al«|S],
and the principal submatrix A[c|a] is abbreviated to A[a].

Proposition 1.1. Let A be an N§-matrix. Then

(1) If P is a permutation matrix, then PAPT is an N}-
matrix;

(2) If D is a positive diagonal matrix, then DA, DA is an
N&-matrix;

(3) Any principal submatrix of A is an Ng-matrix.

A partial matrix is an array in which some entries are
specified, while others are free to be chosen from a certain
set. A partial matrix is said to be a partial Na-matrix if every
completely specified principal submatrix is an N}-matrix.

Matrix completion problems ask which partial matrices
have completions to a conventional matrix that has a desired
property. Matrix completion problems have been studied for
many classes of matrices, such as P-matrices [4], [5], [6],
Py-matrices [7], [8], M -matrices [9], inverse M -matrices [9],
[10], [11] and N-matrices [12], [13], [14]. In this paper, we
will study the partial N}-matrix completion problem in which
all diagonal entries are prescribed.

A natural way to describe an n x m partial matrix A is
via a graph G4 = (V,E), where the set of vertices V is
{1,2,...,n}and {7, 5}, # j, is an edge or arc when the (¢, j)
entry is specified. A general graph allows multiple edges or
loops. A simple graph is a graph that does not multiple edges
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or loops. A digraph allows loops (but not multiple copies of
the same arc). A digraph is symmetric if whenever (7,j) is
an arc, then (j,7) is an arc. If a digraph has the property
that for each pair (i,5) of distinct vertices, at most one of
(i,7) and (j,4) is an arc, then the digraph is an underlying
graph. A tournament is defined as a digraph such that for
every pair (i,7) of distinct vertices, exactly one of (7, ;) and
(j,4) is arc. A tournament is fransitive if whenever (i,j)
and (j, k) are arcs of T then (i,k) is also an arc. A path
is a sequence of edges {i1,i2}, {i2,i3},...,{ix—1,%%} In
which all vertices are distinct. A cycle is a closed path, that
is, a path in which the first and the last vertices coincide.
A semi-cycle is a directed graph whose underlying graph is
a cycle. A double cycle is a graph formed by two cycles
{ila i2}a {iZa 53}7 R {ip—la ip}v {ipvip+1}» s 7{ip+q—1}7
{ip+a} {iptariprar1}s - {iprqrn—1}s {iprqrn} and {ip},
{ip+1}s oo {iprg—1hs {iprads {iprads {ish {is} {isa}
oo {isqr—1}s {is+r}, {@s4r ) {ip}, in which all vertices are
distinct, being ¢ > 0. If ¢ = 0, we have a double cycle
with a vertex in common. If ¢ > 1, we have a double
cycle with ¢ arcs in common (see [13]). A generalized cycle
is the disjoint union of one or more cycles. The length of
a path or cycle is the number of arcs. The cycle product
in A of a cycle {i1,i2}, {i2,i3},. .., {ik—1,%k}, ik}, 41} in
Ga is {ail’aiz}! {aizvais}v cey {a‘ik—l ) aik}v aik}’ ai1}’ and
a generalized cycle product in A is the product of the cycle
products corresponding to the cycles in the generalized cycle.

A graph without simple cycles of length greater than or
equal to four is called to be chordal, A nonempty subset
C C V is called a clique of G if {z,y} € E for all distinct
z,y € C. The clique M is called a maximal clique if M
is not a proper subset of any clique. If Gy is the clique,
denoted by K, and G, is any chordal graph containing the
clique, denoted by K, p < g, then the clique sum of GG; and
G, along K, is also chordal. The cliques that are used to
build chordal graphs are the maximal cliques of the resulting
chordal graph and the cliques along which the summing
takes place are the so-called minimal vertex separators of the
resulting chordal graph. If the maximum number of vertices
in a minimal vertex separator is k, then the chordal graph is
said to be k-chordal.

An n x n partial matrix A = (a;;) is called combinatorially
symmetric if a;; # 0 if and only if aj; # 0 and non-
combinatorially symmetric matrix in other cases. As all di-
agonal entries are specified, we omit loops. A combinatorially
symmetric matrix has a symmetric zero-nonzero pattern and
a non-combinatorially symmetric zero-nonzero patterns in
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other cases. When the pattern is combinatorially symmetric,
an undirected graph can be used. And non-combinatorially
symmetric zero-nonzero pattern of entries can be described
by a digraph whose has an arc if an entry is nonzero. The
non-combinatorially symmetric matrices completion problems
have been studied in [13], [16]. And the non-combinatorially
symmetric /N-matrix completion problem has been studied
if the graph of its specified entries is an acyclic graph or
a double cycle in [13]. The combinatorially symmetric Ng-
matrix completion was studied in [1]. In this paper we will
work on non-combinatorially symmetric partial matrices and
therefore with directed graphs.

Throughout the paper we denote the entries of a partial
matrix A as follows: a;; denotes a specified entry, and the
entry x;; an unspecified entry, 1 < 4,7 < n. The entry c;;
denotes a value assigned to the unspecified entry x;; during
the process of completing a partial matrix.

In section 2 we show the Ng-matrix completion if the graph
of its specified entries is a transitive tournament. In the section
3 we obtain the partial Na-matrices completion under given
sufficient conditions assumptions if the graph of its specified
entries is a double cycle.

II. THE Nj-MATRIX COMPLETIONS FOR TRANSITIVE
TOURNAMENT

In this section we prove that the Ni-matrix completion if
the graph of its specified entries is a transitive tournament.

Property 2.1 [17]. A tournament G is a transitive if and
only if G has no cycle.

Property 2.2. Let A be an nxn partial non-combinatorially
symmetric Na-matrix if the graph of its specified entries is a
transitive tournament, then A can be obtained a permutation
matrix P such that A = PAPT has the lower triangle part
totally unspecified and the upper triangle part completely
specified.

Property 2.3. Let A be an n X n real matrix and G 4 is a
graph corresponding to A, then

h
det A= (=1)" > (1) A,
j=1
where h is the number of generalized cycle via all vertices of
G a, nj is the number of simple cycles of the jth generalized
cycle in G 4 and A\; is generalized cycle product in A of the
Jth generalized cycle.

Theorem 2.4. Every n X n non-combinatorially symmetric
partial N}-matrix with all specified off-diagonal entries
non-positive has N}-matrix completion if the graph of its
specified entries is a transitive tournament.

Proof. Let A be an n X n partial non-combinatorially
symmetric N}-matrix if the graph of its specified entries is
a transitive tournament. According to Property 2.2, A has the
following form:

International Scholarly and Scientific Research & Innovation 5(2) 2011

—aii —a12 —Q1,n-1 —Qin
—I21 —a22 —a2,n—1 —Q2n
~ —I31 —x32 —a3.n—1 —a3n
A= )
—Tn-1,1 —Tn—-1,2 —0p—1,n—1 —Qp—1,n
—Tnl —Tnl —Tn,n—1 —Aann

where a;; > 0 for any ¢,j € {1,2,...,n} such that j > i and
(77 20 (Z:].,Q,,TL) .

We are going to choose that all z;; = ¢ for any ¢ €
{2,3,...,n} and any j € {1,2,...,n — 1} such that ¢ > j.
For ¢ > 0 and large enough, consider the completion

—a11  —ai12 —ai1,n—1 —Q1n
-t —ag —Q2,n-1 —Q2p
- —t -t - —a3pa —a3n
At ==
—t —t —Qp—1,n—1 —Qp—1,n
—t —t e —t —Qnn

of A. We will prove that A is a N} -matrix. Let o« C 1,2,...,7n
and |a|] = k,(1 < k < n), According to Property 2.3,
det A, [a] is a polynomial of ¢ with the term jalntkfl. Thus,
we may make ¢ large enough such that det A;[a] < 0.

III. THE Nol-MATRIX COMPLETIONS FOR DOUBLE CYCLE

In this section we will show that the partial N}-matrices
completion under given sufficient conditions assumptions if
the graph of its specified entries is a double cycle.

Lemma 3.1. Let A be an 3 x 3 non-combinatorially
symmetric partial N&-matrix whose digraph is a cycle and
A satisfies the condition: the generalized cycle product
ay1a92a33 Is equal to the cycle product aisassasi. Then,
there exits an N§-matrix completion of A.

Proof. Without loss of generality, we may assume an 3 x 3
partial non-combinatorially symmetric N}-matrix is

—ailp —ai12 —I13
A= —Z21 —a22 —a23 ,
—asy —T32 —as3

whose graph of its specified entries is a cycle, where each
a;;(1,j = 1,2,3) is nonnegative.

Our aim is to prove the existence of nonnegative ci3, co1
and cs3o such that the completion

—ailr —ai2 —C3
Ac= —C21 —Qg22 —asg3 s
—a31 —C32 —asg

is Nol.

We will consider the following four cases:

Case 1I: ail 7é 0,(122 7é 0,0,33 7é 0.

If we choose ci13 = algagg(agg)_l > 0, co1 =
assazi(azs)™! > 0 and cz2 = aziaiz(ar;)™' > 0, then
det A.{1,2} = 0,det A.{2,3} = 0,det A.{1,3} = 0 and
det A, = 0 according to a11G22a33 = G12023G31.
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Case 2: ail = 07 as2 7& 0,0,33 # 0.

If we choose ci13 = a12a23(a22)_1 > 0, co1 =
azzazi(azz) ™! > 0 and c32 > 0 and large enough, then A, is
an N&-matrix according to a11a922G33 = A12G23G031.

Case 3: ay]p = O, ago = 07(133 7é 0.

If we choose cp; = agzasi(ass)™! > 0 and ci3,c01 >
0 and large enough, then A, is an N{}-matrix according to
411022033 = 412023031

Case 4. ail = 0, a2 # O, asz = 0.

If we choose c21,c32 > 0 and ¢33 > 0 and large enough,
then A, is an N&—matrix.

Case 5: a1l = 0, ao9 = 0,0,33 =0.

If we choose c13, c21,c32 > 0 and large enough, then A, is
an N{-matrix according to Property 2.3.

Lemma 3.2. Let A be an 3 x 3 non-combinatorially
symmetric partial N@-matrix whose digraph is a double
cycle with a common arc and A satisfies the condition: the
generalized cycle product aijasqass is equal to the cycle
product a12as3as1. Then, there exits an N&-matrix completion

of A.

Proof. Let A be an 3 x 3 partial non-combinatorially
symmetric N}-matrix if the graph of its specified entries is
a double cycle.

—a11 —ai12 —ais
A= —T21 —A22 —a23 s
—a31 —T32 —as3

where each a;;(i,j = 1,2, 3) is nonnegative.
Our aim is to prove the existence of nonnegative co; and
c32 such that the completion

—ai; —ai2 —ai3
A= —C21  —G22 —a23 y
—a3z1p —C32 —as3

is an N(}—matrix.

We will consider the following four cases:

Case I: ail 75 0, ass # 0.

If we choose co1 = a23a31(a33)_1 > 0 and c33 =
aziaia(air)~! > 0, then det A.{1,2} = 0,det 4.{2,3} =0
and det A, =0 according to a11G22033 = G12G23031.

Case 2: ay]p = 0, ass # 0.

If we choose ca; = assas;(ass)™' > 0 and c32 > 0 and
large enough, then A, is an Ng-matrix.

Case 3: ay]p = 0, ass = 0.

If we choose c32,c21 > 0 and large enough, then A, is an
NZ-matrix.

Lemma 3.3. Let A be an 4 x 4 non-combinatorially
symmetric partial Ng-matrix whose digraph is a double cycle
with a common arc and A satisfies the following conditions:
the generalized cycle product assassaqy is equal to the cycle
product assassaqr and ay; = 0 or the generalized cycle
product ayi1assass is equal to the cycle product ajsaszas:
and generalized cycle product assasszagy is equal to the
cycle product agsasgags. Then, there exits an Nol-matrix
completion of A.
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Proof. Let A be an 4 X 4 partial non-combinatorially
symmetric N}-matrix if the graph of its specified entries is
a double cycle. By permutation we only need to consider the
following two cases.

(i) The partial Ng-matrix is

0 —a12 —T13 —T14

A— —T21 —Q22 —a23 —T24 7
—x31 —I32 —G33 —Aa34
—Q41 —T42 —A43 —G44

where each a;;(7,j = 1,2,3,4) is nonnegative.
Our aim is to prove the existence of nonnegative
€13, C14, C21, C24 and cy4o such that the completion

0 —ai2 —Ci3 —Ci4

o —C21 —Q22 —a23 —C24
A, =

—C31  —C32 —Qa33 —as34

—Q41 —C42 —Q43 —A44

is an Ng-matrix.

We will consider the following four cases:

Case I: ass 75 0,a44 75 0.

We may choose cqo = a41, Cog = a23a34(a33)_1 >0
and C3g — a34a41(a44)*1 Z 0. According to agaaszzaqy =
ag3a34a41, wWe can prove det A.{2,4} = 0,det A.{2,3} =0
and det A.{2,3,4} = agadet A.{3,4} <0, then A.{2,3,4}
is an N&—matrix. We can choose c13 = c14 =91 =c¢31 =0
and easily prove A. is an N}-matrix.

Case 2: asz = O,a44 75 0.

We may choose c40 = a4, €32 = a34a41(a44)_1 > 0,
c13 = €14 = C21 = c31 = 0 and co4 > 0 and large enough.
According to assassaqs = agsasgaq; and Property 2.3, we
can easily prove A, is an N}-matrix.

Case 3: ass §£ 07a44 = 0.

We may choose cjo = a4y, c24 = asszaza(azs)™t > 0,
13 = €14 = 21 = c31 = 0 and ¢33 > 0 and large enough.
According to asgsassaqq = agzassaq; and Property 2.3, we
can easily prove A, is an N{}-matrix.

Case 4: ass = 0,0,44 = 0.

If we choose c¢13 = ¢14 = ¢o1 = ¢31 = 0, then A, is an
N} -matrix.

(ii) The partial N&-matrix is

—a11 —ai2 —T13 —T14
A= —T21 —Q22 —a23 —T24 7

—a3z1 —T32 —a33 —a34

—T41 —Q42 —T43 044

where each a;;(4,j = 1,2,3,4) is nonnegative.

According to Lemma 3.1, A.[{1,2,3}] and A.[{2,3,4}]
may be completed N}-matrices. Thus, we can obtain the
partial NZ-matrix

—ai; —a12 —Ci3 —Ti4
_ —C21 —Q22 —ag3 —C4
Al =
—as;p —C3z2 —a33 —Aa34
—T41  —Oa42 —C43 Q44

whose graph is 2-chordal.
We will consider the following two cases:
Case 1: ayq # 0.
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We can choose ¢33 = azqaqz(agq) ™! > 0, then Aq[{2,3}]
is singular according to agoG33a44 = Go23a34aG42. Ay can be
completed N(}-matrix using the Lemma 2.2 of [13].

Case 2: asq = 0.

We can choose c¢32 > 0 and large enough, then A;[{2,3}]
is nonsingular. A; can be completed N}-matrix using the
Lemma 2.3 and Lemma 2.4 of [13].

Theorem 3.4. Let A be an n x n (n > 3) non-
combinatorially symmetric partial Ng-matrix whose digraph
is a double cycle with a common arc. Then, there exits an
N¢-matrix completion of A.

Proof. The proof is by induction on n, the case in which
n = 3,4 are shown in the proof of Lemma 3.2, 3.3, assume
true for n — 1. By permutation, we can assume that the double
cycles are I'y : {1,2},{2,3},...,{k,k+ 1},{k + 1,1} and
{k,k+1},{k+1,k+2},...,{n—1,n},{n, k}, with k+1 >
n — k + 1, and the partial NO1 -matrix has the form

A= All A12
- b
A21 A22
where
—ai11 —ai2 —ZTik —T1,k+1
—Z21 —a22 — T2k —T2,k+1
An = : L : :
—Tk1 —Tk2 —0kk —Ok,k+1
—Ak+1,1 —Tk+1,2 —Tk4+1,k —Qk4+1,k+1
—T1,k42 —Tin
—X2,k+2 —X2n
A127 . . ’
—Tk,k+2 —Tkn
—Tk+41,k+2 —Tk+4+1,n
—Tk+2,1 —Tk+2,2 —Tk+4+2,k  —Tk4+2,k+1
A1 =
—Tnl —Tn2 —Qnk —Tn, k+1
—Ak42,k+2 —Tk+2,n
Az = .
—Tn,k+2 —Qnn

We will choose zy412 = ar+1,1 and denote the resulting
partial matrix by A;. A1[{2,3,...,n}]isan (n—1) x (n—1)
partial N}-matrix whose associated graph is a double cycle
with a common arc. By the induction hypothesis there exists
an N}-matrix completion C of A;[{2,3,...,n}]. We consider
the completion A, of A obtained by replacing the principle
submatrix A[{2,3,...,n}] by C and by choosing z1;(j =

3,4,...,n) and z;;(i = 3,4,...,n) according to Theorem
3.3 of [1]. By applying Proof of Theorem 3.3 in [1], A, is an
N(}-matrix.

In addition, we will prove that non-combinatorially
symmetric partial NJ-matrix whose associated digraph is a
double cycle with A common arcs, h > 1.

Lemma 3.5. Let A be an 4 x 4 non-combinatorially
symmetric partial N&—matrix whose digraph is a double
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cycle with two common arcs and A satisfies the following
conditions: the generalized cycle product assasszasy is equal
to the cycle product assassase and a1 = 0. Then, there exits
an N&—matrix completion of A.

Proof. Let A be an 4 x 4 partial non-combinatorially
symmetric N}-matrix if the graph of its specified entries is
a double cycle with two common arcs.

The partial N{}-matrix is

0 —@12 —T13 —Ti4

A= —T21 —Q22 —a23 —T24 7
—X31 —¥32 —a3zz —a34
—Q41 —Q42 —T43 044

where each a;;(4,j = 1,2,3,4) is nonnegative.
Our aim is to prove the existence of nonnegative
€13, C14, C21, C24, C31, C32 and cy43 such that the completion

0 —aj2 —C13 —Ci4
o —C21 —A22 —a23 —C24
A, =
—C31 —C32 —G33 —0a34
—Q41 —A42 —C43 —Q44

is Na-matrix.

We will consider the following four cases:

Case 1I: a2 7é 0,&33 7'é 07 g4 7é 0.

We may choose ¢y = aszass(azs)™t > 0, c32 =
agsaso(ass) ™" > 0 and c43 = aszass(azz)™' > 0. By ap-
plying the Case 1 of Lemma 3.1 and agsassaqs = assassaqi,
we can easily prove A.[{2,3,4}] is an Ng-matrix. We can
choose c13 = ¢14 = c21 = ¢31 = 0 and easily prove A, is an
N&—matrix.

Case 2: a2 = 0,&33 7'é 07 g4 7é 0.

We may choose ¢y = agzasq(azs)™t > 0, c30 =
azaaso(ass) ™ >0, c13 = c1a = c21 = 31 = 0 and cq3 > 0
and large enough. According to a92a33G44 = a23a34G41 and
Property 2.3, we can easily prove A. is an Ng-matrix.

Case 3: a9g9 = 0,@33 75 0, a4 = 0.

We may choose coy = (123(134(@33)_1 >0, c13 = c14 =
c21 = c31 = 0 and c32, c43 > 0 and large enough. According
to a92a33G44 = G23a34041 and Property 2.3, we can easily
prove A, is an Ng-matrix.

Case 4: a3o = 0,a33 = 0,a44 = 0.

If we choose ¢13 = c14 = ¢o1 = c31 = 0, then A, is an
Nol—matrix.

Theorem 3.6. Let A be an n x n(n > 4) non-
combinatorially symmetric partial N&-matrix whose digraph
is a double cycle with h(h > 2) common arcs. Then, there
exits an Ng-matrix completion of A.

Proof. The proof is by induction on n, the case in which
n = 4 are shown in the proof of Lemma 3.6, assume true
for n — 1. By permutation, we can assume that the double
cycles are I'y : {1,2},{2,3},... . {k,;k+ 1},....{k + h —
Lk+h},{k+h,1} and Ty : {k,k+1},... . {k+h—1,k+
My, {k+hk+h+1} ..., {n—1,n},{n,k}, with h > 2,
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and the partial N-matrix has the following form

A= All A12
- )
A21 A22
where
—ai1  —a12 —T1k
—x21 —a22 —X2k
A = . . . »
—Tk1 —Tk2 —Akk
—T1,k+1 —T1,k+h —Tin
—L2,k+1 —X2,k+h - —X2n
A12 = . . . )
—Qk,k+1 —Tk,k+h —ZTkn
—Tk+1,1 —Tk+1,2 —Tk4+1,k
Agy = —Qk+h,1 —Zk+h,2 —Tk+h,k
—Zk+h+1,1  —Tk+h+1,2 —Tk4+h+1,k
—Tnl —In2 —Qnk
—Ak+1,k+1 “Tk+1,k+h “Tk+1,n
—Lk+h,k+1 —Lk+h,k+h —Tk+h,n
Ao = —Tk+h+1,k+1 —Tk4h+1,k+h —Tk+h+1,n
—Tn,k+1 —Tn,k+h —0Qnn

We will choose T4pn2 = ag+n,1 and denote the resulting
partial matrix by A;. A;[{2,3,...,n}]isan (n—1) x (n—1)
partial N}-matrix whose associated graph is a double cycle
with h(h > 2) common arcs. By the induction hypothesis
there exists an Ng-matrix completion C' of A;[{2,3,...,n}].
We consider the completion A, of A obtained by replacing the
principle submatrix A[{2,3,...,n}] by C and by choosing
z1;(j = 3,4,...,n) and z;1(¢ = 3,4,...,n) according to
Theorem 3.3 of [1]. Using Proof of Theorem 3.3 of [1], it
follows that A, is an Nj-matrix.
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