
Abstract—An attempt has been made to develop a 

seminumerical model to study temperature variations in dermal 

layers of human limbs. The model has been developed for two 

dimensional steady state case.  The human limb has been assumed to 

have elliptical cross section.  The dermal region has been divided 

into three natural layers namely epidermis, dermis and subdermal 

tissues. The model incorporates the effect of important physiological 

parameters like blood mass flow rate, metabolic heat generation, and 

thermal conductivity of the tissues. The outer surface of the limb is 

exposed to the environment and it is assumed that heat loss takes 

place at the outer surface by conduction, convection, radiation, and 

evaporation. The temperature of inner core of the limb also varies at 

the lower atmospheric temperature. Appropriate boundary conditions 

have been framed based on the physical conditions of the problem.  

Cubic splines approach has been employed along radial direction and 

Fourier series along angular direction to obtain the solution. The 

numerical results have been computed for different values of 

eccentricity resembling with the elliptic cross section of the human 

limbs. The numerical results have been used to obtain the 

temperature profile and to study the relationships among the various 

physiological parameters. 

Keywords—Blood Mass Flow Rate, Metabolic Heat Generation, 

Fourier Series, Cubic splines and Thermal Conductivity.

I. INTRODUCTION

HE skin in human body or animal body is boundary 

lamina, which plays an important role in temperature 

regulation. It is composed of three layers namely epidermis, 

dermis, and subcutaneous tissues (see Fig. 1). There are no 

blood vessels in the epidermis, so there is no blood flow and 

metabolic activity in this outermost layer.  The density of the 

blood vessels increases as we go down the dermis and 

becomes almost uniform in the layer below the dermis namely 

subdermal tissues. A human body maintains its body core 

temperature at a uniform temperature under the normal 

atmospheric conditions.   
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   In order to maintain this core temperature parameters like 

rate of blood mass flow, rate of metabolic heat generation and 

thermal conductivity vary in response to changes in 

atmospheric conditions. However, in extreme parts of a 

human body the core temperature is not uniform at low 

atmospheric temperature, where the core temperature of limbs 

varies extensively as we move away from the body core.  This 

may be because the arterial blood has cooled down while 

travelling towards the extremities. The heat flow in in-vivo 

tissues is given by W.Perl [1] as given below. 

..

.( ) ( - ) .A

T
c Div K grad T m c T T S

b bt
(1)

   Here , c , K , and S  are respectively the density, specific 

heat, thermal conductivity, and rate of metabolic heat 

generation in tissues. ,m c
b b

, and AT  are the blood mass flow 

rate, specific heat of the blood, and arterial blood temperature 

respectively. Perl [1], used this equation to find temperature 

distribution in tissue medium. Patterson [2], made an attempt 

for experimental determination of temperature profiles in Skin 

and Subcutaneous Tissues (SST) region. Saxena and Arya [3], 

developed a three layered finite element model to find the 

temperature profiles in SST region for a one dimensional 

steady state case. Saxena and Bindra [4], and Pardasani and 

Saxena [5], used analytical and numerical techniques to obtain 

temperature profiles in the SST region for one dimensional 

steady state case. Pardasani and Adlakha [6], investigated this 

problem for a two dimensional steady case in skin and 

subcutaneous tissues (SST). Later Saxena and Pardasani [7], 

and Pardasani and Adlakha [8], have extended this approach 

in SST region involving tumors. In [9], an analytical model to 

predict temperature levels as a function of time in human legs 

during cooling has been developed. Saxena and Bindra [10], 

developed a pseudo analytic approach to study the problem of 

heat flow in human limbs for a two-dimensional steady state 

case. This approach consists of Ritz method and Fourier 

series. Pardasani and Adlakha [11], further developed and 

extended this approach to study temperature distribution in 

annular tissue layers of a human, or animal body using Cubic 

splines approach and Fourier series [12], for circular region. 

Saxena and Gupta [13], also developed this approach to study 
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the problem of heat flow in human limbs. Pardasani and Jas 

[14], studied heat flow in limbs for a three dimensional steady 

state case by using seminumerical techniques. Pardasani and 

Shakya [15], [16] also extended finite element modeling to 

infinite domains.   

In this problem a two-dimensional elliptical region

resembling with the cross-section of a human limb is 

considered. Each layer has different physical and 

physiological properties. A cubic splines interpolation has 

been employed for radial direction while for the angular 

direction the Fourier series has been used due to uniformity in 

each annular subregion.  The outer layer is assumed to be 

exposed to the environment and heat loss takes place due to 

convection, radiation, and evaporation.  The inner most part is 

assumed to be at a known variable temperature which is 

possible when one side of inner cross section consists of 

major blood vessels.  

Fig. 1 Composition of skin layers 

II. MATHMATICAL MODEL

   Equation (1) in elliptical coordinates for a two dimensional 

steady state case may be written as: 

1
( - ) 0.

T T
K K M T T S

AD
             (2)

    Here, D= 2 2 2(sinh sin ),d ( , ) are elliptic coordinates 

and d is taken as eccentricity of elliptical shape. The boundary 

conditions imposed are as follows:  

- ( - )a
N

T
K h T T L E                        (3) 

And 0( , ) ( ).T F                                    (4) 

 Here h  is the heat transfer coefficient aT  is atmospheric 

temperature, L, and E are respectively the latent heat, and rate 

of sweat evaporation. Also 
T

 is the partial derivative of T

along the normal to the surface, and F( ) is some known 

function. 

   Now, the region is divided into N layers with inner and outer 

distances equal to 
0

 and 
N

 respectively (see Fig. 2). 

Fig. 2  Elliptical Cross-section of a human limb divided in to N-

layers 

   Equation (2) for each layer may be written as: 

( ) ( )2 2
( ) ( ) ( )

( - ) 0
1 ( ) 12 2

i i
T T i i i

K K A M T T A S
i i i A i i

(5)

( ) 2 2 2Where, (sinh sin )
1

i
A d

i i i
, d

i
= eccentricity of each 

layer.

   The outer boundary condition (3) may be written as; 
( )

( - ) ,
N

i
T

K h T T L E where i N
i i a

only.            (6) 

   Let Ti and Di (i= 0 (1) N) denote respectively the values of T

and second order derivative of T at the distance i  (i=0 (1) 

N) from the centre.  The cubic spline function 
(i)

T  [12], in the 

ith layer is written as: 
3 3( - ) ( - )( ) -1

-1 1 26 6

i i iT D D C C
i i

i i

                                                                  for i=1(1) N.       (7) 

   Here 
1

C and
2

C are constants, which are determined by 

using the conditions, ( ) ( )
( ) ( )

-1 -1
i i

T T and T T
i i i i

   The following assumptions have been made for each 

subregion. 
( ) ( ) ( )

( ) , ( ) , ( )
i i i

K K M M and S S
i i i i i i

for i=0 (1) N

( ) ( ) ( )

1 1 2 0. .i i i

A iT T T , where ( ) ( )

1 21-i i  ,

( ) 0

2

1

i

i

                 for i=1 (1) N          (8) 

     Now, the first order left-hand and right-hand derivatives of

T ( ) at the node i  are given by

-
( ) -1' ( -, )

-16 3

T T
i i i i iT D D

i i i
i

                                                                  for i =1(1) N. (9)
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( 1) 1 1 1

1

1

- -
' ( , ) -

3 6

i i i i i

i i i

i

T T
T D D

                                                                    for i=0(1)N-1.  (10) 

Where,

2

'
2

TT iT and D
i

    Also,
( ) ( 1)

1( -, ) ' ( -) ( , ) ' ( )i i

i i i i i iK T K T (11)

1 1

-1 1 1 1

1 -1 1 1

1 1

( )
6 3 3 6

- -
( - ) , for 1(1) -1

i i i i

i i i i i i i

i i i i i i

i

i i i i

K D K K D K D

K K K T K T
T i N

 (12) 

    Also from (6) and (9) we have following equation,

- ( - )1 -1- - ( ) 0,
-16 3

T hT LEhi i i aD D T
i i iK K

i i i i

                                                                              for i=N. (13)

 From (5) and (8) we have  
2

( ) ( ) ( ) ( ) ( )

1 1 2 1 0 1 2
( -1) 0i i i i ii i i i

i i

i i i

M M S T
D A T A T A

K K K

                                                      Where i = 0 (1) N       (14) 

Now (12), (13) and (14) can be written as,

' ''
1 1 -1 -1 1 1

' '' '' 0 for  1 (1) -1
-1 -1

P D P D P D Q T
i i i i i i i i

Q T Q T R i N
i i i i i

(15)

' '' '' ' 0
-1 -1 -1 -1

P D P D Q Q T R
i i i i i i i i

                                                                 for i=N only

(16)

2

0
-1 -1 0 0 2

T
iP D P D Q T Q T R

i i i i i i i

                                                                  for i =1 (1) N      (17) 

Here, values of Pi, P'i, P'i-1, Pi+1, Pi-1, P''i, P''i-1, Q0, Qi, Q'i, Q''i,

Qi-1, Qi+1, Q''i-1, Ri, R'i, and R''i etc. are given in appendix. 

    Now, following Fourier series is applied to eliminate the  

variable  from above equation (17). We have: 

( cos sin )
0 00 0 0

1

T A A n B n
n n

n

           (18)

( cos sin )
0

1

T A A n B n
i i ni ni

n

(19)

( cos sin )00 0 00
1

D A A n B nn n
n

           (20)

( cos sin )0
1

D A A n B ni ni nii
n

(21)

 Here the coefficients A00 , An0 , and Bn0 are known due to 

boundary condition (4). All the coefficients A0i, 0iA , 00A ,

0nA , Ani, niA , Bni, 0nB , and niB (i=1,... N) are unknowns and 

are obtained by solving the system of linear equations (15), 

(16), (17) and (18). 

  Here as a special case a dermal (SST) region of elliptical 

organs resembling human limbs have been considered. The 

SST region consists of three component layers namely 

epidermis, dermis and subcutaneous tissues.  Thus the annular 

cross section of human limb has been divided into three 

annular layers (i.e. N=3). These three layers have different 

biological properties. The outermost layer epidermis is made 

up of mainly dead tissues. Hence it does not have any 

metabolic heat generation and blood flow. Below the 

epidermis is dermis, which consists of connective tissues, 

capillaries, sweat glands and fat cells etc. (Fig.1). The 

subcutaneous tissue consists of connective tissues, arterioles, 

venules, fat cells, sweat glands, and oil glands etc. The 

innermost solid cross-section is the limb core which consists of 

muscles, major blood vessels and bone etc. Parabolic variation 

of temperatures along the inner boundary has been taken as 

given below (Saxena and Bindra [10]): 

( - )( - 2 ) 2 ( - 2 ) ( - )
( )

0 2 2 22 (-2 ) 2
T F T T T

                                                                                              (22) 

   Where T  and T  are temperatures at =0 and =

respectively.  Using ( )F  in terms of Fourier series, the 

constants 00A , n0A and n0B are determined and then 

substituted in the system of equations (15), (16), and (17). 

These equations are solved to find the values of 0iA , niA and

niB which in turn are substituted in expression (19) to obtain 

Ti and temperature profiles for each subregion.  A computer 

program in MATLAB 7.0 has been developed to compute 

numerical results. 

III. NUMERICAL RESULTS AND DISCUSSION

   The following values of physical and physiological 

parameters have been used (Saxena and Bindra [10] and 

Pardasani and Adlakha[11]). 

K1= 0.06 Cal/cm-min.deg.C, K2 = 0.045 Cal/cm-min.deg. C, 

K3 = 0.03 Cal/cm-min.deg. C, L= 579.0 Cal/gm, K0=K1.

h = 0.009 Cal/cm2 –min.deg. C. 

The results have been computed for two cases of 

atmospheric temperatures and parameters M, S and E have 

been assigned the values as given below: 

  (i) T
a

 = 150 C, E=0,        

 M1=0.003Cal/cm3-min.deg.C,  S1=0.0357 Cal/ cm3-min.

M2=0.015 Cal/cm3-min.deg.C, S2=0.0178 Cal/ cm3-min

 M3=0, M0 =M1 ,S3=0, S0 =S1, , T =320C  and  T =350C
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  (ii) T
a

 = 230 C, E=0,

   M1=0.018 Cal/cm3-min.deg.C,  S1=0.018 Cal/ cm3-min.

M2=0.009 Cal/cm3-min.deg.C,S2=0.009 Cal/ cm3-min

    M3=0,   M0 =M1 ,S3=0,   S0 =S1, T =340C  and  T =370C

 The constants ( 0(1)3)i i can be assigned any value 

depending upon the sample of skin layers under study. Here as 

particular case following values have been used  

0 =6.0 cm, 1=6.5 cm, 2 =6.9 cm, 3 =7.1 cm. (jas [14]). 

The expression for nodal information is as given below: 

   Angular Coordinates: - 

00 1(1) 4, 45 for 1(1) 28
4

for i i
i i i

  Radial Coordinates: - 

1 4 , , 2 4 , , 3 4 , , 4 4
0 1 2 3i fori j i j i j i j

i i i

for =0(1)7j

 Eccentricity is given by: - 

, 2 4 ,
1

, 3 4 ,
2

, 4 4 .
3

d d for i j
i

d d for i j
i

d d for i j
i

for 0(1)7j =

The following eccentricities have been calculated for each 

layer.

d1=. 0030 d2=. 0020 d3=. 0017 

   The graphs have been plotted between Ti (i=0 (1) 3) and for 

two cases of atmospheric temperatures. Fig. 3 is for Ta=150C

and E=0, and Fig. 4 is for Ta=230C and E=0.

Fig. 3  Graph between Temperature Ti (
0C) and angle (deg.)

for Ta= 150C

   The curve for T0 in Fig.3 and Fig.4 are respectively the inner 

boundary conditions.  The temperature rises slowly at =0

and later on it rises sharply and takes on maximum at = .

There is significant difference among the curves with the 

increase in radial distances i (i=0 (1) 3) from the centre. 

This may be due to heat loss from the outer surface to the 

environment.  Thus the heat loss from the outer surface is 

quite significant.  The variation in temperature is more for 

Ta=150C in Fig. 3 as compared to Fig. 4 at Ta=230C. This may 

be due to more heat loss to the environment at low 

atmospheric temperatures. 

Fig. 4  Graph between Temperature Ti (
0C) and angle (deg.)

for Ta= 230C

   The graphs in Fig.5 and Fig.6 represent the variation of 

temperature along radial direction for Ta=150C and Ta=230C

respectively.  In these figures it can be seen that the slope of 

the curve changes at the junction of each layer. This is due to 

different physiological properties of each layer. Also the 

temperature profiles fall downwards as we move towards the 

outer surface of the limb. This is due to the heat loss from the 

outer surface of the limb to the environment. 

Fig. 5  Graph between Temperature Ti (
0C) and Radial distance   

i  (cm) for Ta= 150C

World Academy of Science, Engineering and Technology
International Journal of Physical and Mathematical Sciences

 Vol:2, No:11, 2008 

835International Scholarly and Scientific Research & Innovation 2(11) 2008 ISNI:0000000091950263

O
pe

n 
Sc

ie
nc

e 
In

de
x,

 P
hy

si
ca

l a
nd

 M
at

he
m

at
ic

al
 S

ci
en

ce
s 

V
ol

:2
, N

o:
11

, 2
00

8 
pu

bl
ic

at
io

ns
.w

as
et

.o
rg

/1
07

96
.p

df



Fig. 6 Graph between Temperature Ti (
0C) and Radial distance 

i  (cm) for Ta= 230C

   The computations involved in this method are less as 

compared to those in variational finite element method for a 

two dimensional steady case.  Further the use of cubic splines 

along with Fourier series has given better accuracy and 

reduced the computations as compared with Ritz method 

along with Fourier series using linear shape and quadratic 

shape functions.  Such mathematical models and techniques 

can be developed to study heat flow problems of human and 

animal body organs under various conditions and the 

information extracted from these models may prove to be 

useful for clinical situations like applications in thermography 

and hyperthermia. 

APPENDIX

The values of constants used in equations (15), (16), and 

(17) are given as: 

Pi=1, P i-1=0,  P'i-1=
-

6

i , 1

1
6

i

ik , Qi-1=
1

i

P"i-1 =
6

i

ik , P' i =
1

1( )
3 3

i i

i ik k , Qi=
( ) ( )

1 1
( -1)i ii

i

M
L

k

Q0=
( ) ( )

2 1

i ii

i

M
L

k
, Q"i =

1
-( )

i i

h

k
, Qi+1=

1

1

- i

i

k
, R"i =0 

Ri=
( )

1

ii

i

S
L

k
,  Q'i=

1

1

( )i i

i i

k k
, Q"i-1 = i

i

-k
, and

R'i=
1

( - )a

i

h T L E
k

.
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