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Abstract—Smoke discharging is a main reason of air pollution
problem from industrial plants. The obstacle of a building has an
affect with the air pollutant discharge. In this research, a mathematical
model of the smoke dispersion from two sources and one source with
a structural obstacle is considered. The governing equation of the
model is an isothermal mass transfer model in a viscous fluid. The
finite element method is used to approximate the solutions of the
model. The triangular linear elements have been used for discretising
the domain, and time integration has been carried out by semi-implicit
finite difference method. The simulations of smoke dispersion in
cases of one chimney and two chimneys are presented. The maximum
calculated smoke concentration of both cases are compared. It is then
used to make the decision for smoke discharging and air pollutant
control problems on industrial area.

Keywords—Air pollution, Smoke dispersion, Finite element
method, Stream function, Vorticity equation, Convection-diffusion
equation, Semi-implicit method

I. INTRODUCTION

THe air pollution problem is still important for human
health. This research is considered the air pollution

problem using the mass transfer model. In [8], a nonlinear
mathematical model is proposed and analyzed to study the
removal of gaseous pollutants and particulate matters from
the atmosphere of a city by precipitation. The three pollution
indexes (SO2, NO2 and PM10) and the daily air pollution
indexes (APIs) of Shanghai in China are analyzed by rescaled
range analysis (R/S), detrended fluctuation analysis (DFA) and
spectral analysis is presented in [4]. In [1], they study the
air flow using a lubricated system consisting of two bodies
in proximity. The Poincare compactification to the dynamical
system to get a complete qualitative analysis of the global flow
is applied in [11].

In [10], [12] and [5], they used the finite difference method
in the air pollution model of two dimensional spaces with
single point source. In [6], they are consider the air pollution
problem in three dimensional spaces. The initial conditions
in the domains were assumed to be zero everywhere without
structural obstacles. In [7] and [13], the fractional steps
method, Carlson method and Crank-Nicolson method [2] are
used to approximate the concentration of smoke dispersion.
The diffusion of dust particles from a point source above
ground level is considered in [3].

In this research, we investigate the behavior of smoke
release into the atmosphere with a structural obstacle in two-
dimensional spaces and one-dimensional in time using the
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Fig. 1. The initial and boundary conditions of the problem

finite element method and finite difference method, respec-
tively. The structural obstacle and chimneys are added in the
simulation. The simulation attempts to predict the behavior of
the dispersion of smoke in the problem.

II. THE GOVERNING EQUATION

A. The mass transport model

Consider the equations describing the smoke dispersion in
terms of the streamfunction, vorticity and convection-diffusion
equations as follows [9],

∂2ψ

∂x2
+
∂2ψ

∂y2
= −ω, (1)

∂ω

∂t
+
∂ψ

∂y

∂ω

∂x
−
∂ψ

∂x

∂ω

∂y
= ν∇2ω, (2)

∂C

∂t
+
∂ψ

∂y

∂C

∂x
−
∂ψ

∂x

∂C

∂y
= η∇2C + S, (3)

where ν is a kinematic viscosity, ω is a vorticity, ψ is a stream
function, C is a concentration, η is assumed to ba a constant
of diffusion coefficient and S is intensity of mass source.

World Academy of Science, Engineering and Technology
International Journal of Mathematical and Computational Sciences

 Vol:5, No:12, 2011 

1968International Scholarly and Scientific Research & Innovation 5(12) 2011 ISNI:0000000091950263

O
pe

n 
Sc

ie
nc

e 
In

de
x,

 M
at

he
m

at
ic

al
 a

nd
 C

om
pu

ta
tio

na
l S

ci
en

ce
s 

V
ol

:5
, N

o:
12

, 2
01

1 
pu

bl
ic

at
io

ns
.w

as
et

.o
rg

/1
07

52
.p

df



B. The boundary conditions

The boundary conditions of the streamfunction equation
Eq.(1) are

ψ = ψB , (4)

which is specified on the boundary Γψ , and

∂ψ

∂n
= −Vs, (5)

with tangential flow velocity Vs specified on the rest of the
boundary Γs. Here n denotes the outward unit normal to the
boundary. Boundary conditions on the vorticity Eq.(2) are

ω = ωB , (6)

which is specified on the boundary Γω , and

∂ω

∂n
= χn, (7)

with the value of the normal derivative specified on the other
part of the boundary Γχ. The boundary conditions of the
convective-diffusion Eq.(3) are

C = CB on ΓC , (8)

−
∂C

∂n
= jB on Γj . (9)

Since boundary is a non-absorbing, we can put jB = 0.

III. THE NUMERICAL TECHNIQUE

A. The finite element discretisation

The Galerkin finite element method to discretising of
the streamfunction Eq.(1), the vorticity transport Eq.(2), and
the convection-diffusion equation Eq.(3) will be used. Let
Wψ,Wω and WC be weighting functions. The finite element
formulation with the weighted residual forms of these equa-
tions:

∫

Ω

Wψ(
∂2ψ

∂x2
+
∂2ψ

∂y2
)dΩ +

∫

Ω

WψωdΩ = 0, (10)

∫

Ω

Wω

∂ω

∂t
dΩ +

∫

Ω

Wω(
∂ψ

∂y

∂ω

∂x
−
∂ψ

∂x

∂ω

∂y
)dΩ

−

∫

Ω

Wων∇
2ωdΩ = 0, (11)

∫

Ω

WC

∂C

∂t
dΩ +

∫

Ω

WC(
∂ψ

∂y

∂C

∂x
−
∂ψ

∂x

∂C

∂y
)dΩ

−

∫

Ω

WCη∇
2CdΩ−

∫

Ω

WCSdΩ = 0. (12)

Integration by parts of terms concerning the Laplacian, we get
∫

Ω

(
∂Wψ

∂x
+
∂Wψ

∂y
)(
∂ψ

∂x
+
∂ψ

∂y
)dΩ +

∫

Ω

WψωdΩ

−

∫

Γs

Wψ

∂ψ

∂n
dΓ = 0, (13)

∫

Ω

Wω

∂ω

∂t
dΩ +

∫

Ω

Wω(
∂ψ

∂y

∂ω

∂x
−
∂ψ

∂x

∂ω

∂y
)dΩ

+

∫

Ω

ν∇Wω∇ωdΩ−

∫

Γχ

νWω

∂ω

∂n
dΓ = 0, (14)

∫

Ω

WC

∂C

∂t
dΩ +

∫

Ω

WC(
∂ψ

∂y

∂C

∂x
−
∂ψ

∂x

∂C

∂y
)dΩ

+

∫

Ω

η∇WC∇CdΩ−

∫

Ω

WCSdΩ−

∫

Γj

jBWCdΓ = 0.

(15)

The domain Ω is divided into triangular elements with
local node numbers 1, 2 and 3 with nodal coordinates
(x1, y1), (x2, y2) and (x3, y3), respectively. The unknown
streamfunction, vorticity and concentration are linearly inter-
polated as follows,

ψ =

3
∑

α=1

φαψα, Wψ =

3
∑

α=1

φαWψα
, (16)

ω =

3
∑

α=1

φαωα, Wω =

3
∑

α=1

φαWωα
, (17)

C =

3
∑

α=1

φαCα, WC =

3
∑

α=1

φαWCα
, (18)

where linear interpolation functions, φα = 1

2∆e (aα + bαx +
cαy) with area of a triangular element e is ∆e = b2c3−b3c2

2
. For

ψα, ωα, Cα are nodal values of the corresponding unknown,
and Wψα

,Wωα
,WCα

are their arbitrary variations.
Substituting Eqs.(16-18) into Eqs.(13-15), it is obtain that

3
∑

β=1

De
αβψβ −

3
∑

β=1

Me
αβωβ − Γesα = 0, (19)

3
∑

β=1

Me
αβω̇β +

3
∑

β=1

Aeαβωβ + ν

3
∑

β=1

De
αβωβ − Γeχα = 0, (20)

3
∑

β=1

Me
αβĊβ +

3
∑

β=1

AeαβCβ + η
3

∑

β=1

De
αβCβ − Seα

+Γejα = 0, (21)

for each α = 1, 2, 3, where the coefficients are given by

Me
αβ =

∫

e

φαφβdΩ =
∆e

12
(1 + δαβ), (22)

De
αβ =

∫

e

(
∂φα
∂x

∂φβ
∂x

+
∂φα
∂y

∂φβ
∂y

)dΩ

=
1

4∆e
(bαbβ + cαcβ), (23)

Aeαβ =

∫

e

φα(
3

∑

γ=1

∂φγ
∂y

ψγ
∂φβ
∂x

−
3

∑

γ=1

∂φγ
∂x

φγ
∂φβ
∂y

)dΩ,

=
1

12∆e

3
∑

γ=1

(cγbβ − bγcβ)ψγ , (24)

Seα =

∫

e

φα(
3

∑

γ=1

φγSγ)dΩ =
1

12∆e
(Sα +

3
∑

γ=1

Sγ),(25)

Γesα =

∫

Γe
s

φα
∂ψ

∂n
dΓ = −

Vs
2
|Γes|





0
1
1



 , (26)
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Γeχα =

∫

Γe
χ

νφα
∂ω

∂n
dΓ = ν

χn
2
|Γeχ|





0
1
1



 , (27)

Γejα =

∫

Γe
j

φαjBdΓ =
jB
2
|Γej |





0
1
1



 , (28)

with δαβ is the Kronecker delta function, Γei = Γi ∩∂e where
∂e is a boundary of an element e and |Γei | is a length of
adjacent nodes on a boundary element, for all i = s, χ, j.

Assembling all element equations over domain Ω, the total
equations becomes,

[D] {ψ} − [M ]{ω} − {Γs} = {0}, (29)

[M ] {ω̇}+ [A(ψ)]{ω}+ ν[D]{ω} − {Γχ} = {0}, (30)

[M ] {Ċ}+ [A(ψ)]{C}+ η[D]{C}+ {S}+ {Γj} = {0}, (31)

where [D], [M ], [A] denote the total matrices, {ψ}, {ω}, {C}
are the nodal unknown column vectors.

B. Time integration

We interprets Eqs.(29-31) as a nonlinear system of first-
order ordinary differential equations for unknown {ψ}, {ω}
and {C}. Consider the discretisation of the total equations
with respect to time, the semi-implicit scheme to the initial
value problem is applied. The time derivatives of the nodal
vorticity and concentration are approximated by

ω̇β =
dωβ
dt

'
ωn+1

β − ωnβ
∆t

, (32)

Ċβ =
dCβ
dt

'
Cn+1

β − Cnβ
∆t

, (33)

where ωnβ and Cnβ denote the nodal vorticity and concentration,
respectively. For a time level tn is defined by tn+1 = tn+∆t
with the time increment ∆t for each n = 0, 1, 2, . . . Substitut-
ing Eqs.(32-33) into Eqs.(29-31) at time level tn+1, it follows
that

[D] {ψn+1} = [M ]{ωn}+ {Γs}, (34)

1

∆t
[M ] {ωn+1}+ ν[D]{ωn+1} =

1

∆t
[M ]{ωn}

−[A(ψn+1)]{ωn} − {Γn+1
χ }, (35)

1

∆t
[M ] {Cn+1}+ η[D]{Cn+1} =

1

∆t
[M ]{Cn}

−[A(ψn+1)]{Cn}+ {Sn+1} − {Γn+1
j }. (36)

for all n = 1, 2, 3, . . .

IV. NUMERICAL EXPERIMENT

A. Topography of a domain

The dispersion of smoke from 2 chimneys into the atmo-
sphere as shown in Fig.1 will be considered. Let C (kg/m3) be
the concentration of the substances in smoke. There are two
chimney pots are located 7 m high above the ground. The wind
at mean velocity U = 2 m/sec is assumed to flow horizontally
from left to right. Downstream from the chimneys is located

Fig. 2. The triangular finite element mesh with 190 elements and 120 nodes

a structural obstacle with cross section of 6 m high and 4 m
wide. In our assumption, we assume that the flow does not
depend on the concentration.

Physical constants for the wind are; kinematic viscosity of
the air ν = 1.45 × 10−5 m2/sec, diffusion coefficient of the
substance is η = 4.58 × 10−5 m2/sec, gravity acceleration
g = 9.81 m/sec2. Since the structural obstacle building height
L = 6 m, the Reynolds and Peclet numbers for the problem
are Re = UL/ν ' 827,586 and Pe = ν/η ' 0.9178

B. The initial and boundary conditions

The initial and boundary conditions are indicated in Fig.1.
The initial condition, the atmosphere is assumed to be mo-
tionless. The boundary conditions for t > 0 are

C = 0 at 0 ≤ x ≤ 70, y = 34, (37)

C = 0 at x = 0, 0 ≤ y ≤ 34, (38)
∂C

∂n
= 0 at 0 ≤ x ≤ 70, y = 0, (39)

∂C

∂n
= 0 at x = 70, 0 ≤ y ≤ 34. (40)

C. Finite element solutions

Assume the condition that the concentration contours per-
pendicularly intersect the efflux boundary CD on the right-
hand side. The time increment ∆t = 0.1 sec. is used. The
triangular finite element mesh with 190 elements and 120
nodes is presented in Fig. 2 .

Consider the problem in 2 cases: 1 source and 2 sources.
In 2 sources problem, the intensities of smoke discharging are
S1 = 0.001 kg/m2sec and S2 = 0.001 kg/m2sec at element
numbers 7th and 10th, respectively. The case of 1 source, the
intensity of smoke has been increased to be 2 folds of the first
case, S1 = 0.002 kg/m2sec only at element numbers 7th.

The approximation of smoke concentration at 4, 200 and
800 sec of both cases are summarized in Fig.3 - Fig.5. The
maximum of smoke concentration at each time levels are given
in Table I.

V. DISCUSSION AND CONCLUSIONS

In this research, two cases of smoke dispersion with a
structural obstacle structure from 1 and 2 chimneys discharge
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Fig. 3. The finite element approximations of smoke concentration in 2 cases:
2 points source and 1 point source at 4 sec

Fig. 4. The finite element approximations of smoke concentration in 2 cases:
2 points source and 1 point source at 3 min 20 sec

Fig. 5. The finite element approximations of smoke concentration in 2 cases:
2 points source and 1 point source at 13 min 20 sec

TABLE I
THE MAXIMUM OF SMOKE CONCENTRATION IN EACH TIME LEVELS

Element number S1 S2 Time Maximum of smoke
of point sources (kg/m2sec) (kg/m2sec) (sec) concentration (mg/m2sec)

E7, E10 0.001 0.001 4 1.3789
E7 0.002 0 4 1.4358

E7, E10 0.001 0.001 40 2.9256
E7 0.002 0 40 3.2673

E7, E10 0.001 0.001 400 3.9370
E7 0.002 0 400 3.7763

E7, E10 0.001 0.001 800 3.9181
E7 0.002 0 800 3.6947

into the atmosphere are presented. The smoke concentration
measurement is simulated using the isothermal mass transfer
in a viscous fluid. The diffusion of smoke dispersion is coupled
to the equations of viscous fluid flow.

A model of type presented here, it is possible to determined
velocity and vorticity of the air, and smoke concentration at
every point of industrial area with simple structural obstacle.
For the discretisation of the domain, triangular linear elements
have been used. Time integration has been carried out by
means of semi-implicit method.

The numerical example is supposed that concentration of
smoke of 1 source is greater than 2 point sources. From the
calculation results, it is obtained that the overall concentration
by the case of 2 points discharging is lower than 1 point
discharging in a short time. However, if we consider the
maximum smoke concentration in a larger time, we found that
the case of 1 source will give lower concentration than case
of 2 sources. This mean that the case of 1 point source of
concentration could be a better choice in this consideration
problem.
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For the real-world application, more complicate structural
obstacle structures and several point sources should be con-
sider. It is possible to take another indexes of air quality
or concentration of toxic as the smoke concentration in this
model.
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