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IFS on the Multi-Fuzzy Fractal Space
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Abstract—The IFS is a scheme for describing and
manipulating complex fractal attractors using simple mathematical
models. More precisely, the most popular “fractal —based” algorithms
for both representation and compression of computer images have
involved some implementation of the method of Iterated Function
Systems (IFS) on complete metric spaces. In this paper a new
generalized space called Multi-Fuzzy Fractal Space was constructed.
On these spases a distance function is defined, and its completeness is
proved. The completeness property of this space ensures the
existence of a fixed-point theorem for the family of continuous
mappings. This theorem is the fundamental result on which the IFS
methods are based and the fractals are built. The defined mappings
are proved to satisfy some generalizations of the contraction
condition.

Keywords—Fuzzy metric space, Fuzzy fractal space, Multi fuzzy
fractal space.

I. INTRODUCTION

EPRESENTATION as well as compression of a computer

images involves implementation to the methods of
Iterated Function Systems (IFS) on complete metric space [1].
In 1981, Hutchinson [17] introduced the formal definition of
iterated function systems (IFS). These methods are useful
tools to build fractals and other similar sets. In many scientific
and engineering applications the fuzzy set concept plays an
important role [15]. The fuzziness appears when we need to
perform, calculations with imprecision variable on a manifold.
The concept of fuzzy sets was introduced initially by Zadah
[16] in 1965 as an extension to the classical notion of set.
Since then, various concepts of fuzzy metric spaces were
considered. George and Veeramani [14] and Kramosil and
Michalek [12] have introduced the concept of fuzzy metric
space which has important application in quantum particle
physics. Fadel S.F. [2], in his thesis generalized the fixed-
point theorem to IFS. Fixed-point theory of contractive type
mappings in fuzzy metric spaces for different is closely related
to that in probabilistic metric spaces [13].

Nadia M. G. AL-Sa’idi, is with Institute for Mathematical Research
(INSPEM) ,University Putra Malaysia(UPM), 43400, Serdang, Selangor,
Malaysia (phone: 03-8946 6841, fax: 03-8942 3789, H/P: 0060162144183, e-
mail: nadia_alsaidi@hotmail.com, m_nadia@putra.upm.edu.my).

Muhammad Rushdan Md. Sd., is with Institute for Mathematical Research
(INSPEM) ,University Putra Malaysia(UPM), 43400, Serdang, Selangor,
Malaysia (phone: 03-8946 6841, fax: 03-8942 3789, H/P: 006012-216 5335,
e-mail: mrushdan@putra.upm.edu.my).

Adil M. Ahmed is with Mathematical Department, IBB University,
Yemen, H/P:00967711770370 (e-mail: adilm_ahmed@yahoo.com).

International Scholarly and Scientific Research & Innovation 3(5) 2009

In this paper, new fuzzy metric space are introduced and
used to construct fuzzy fractal space, some of their properties
are studied in terms of their completeness to ensure the
existence and uniqueness of a fixed point for a family of
continuous mappings. A generalization of the theory of fuzzy
metric space to construct a new space called Multi-Fuzzy
Fractal Space is presented.

The layout of this paper is organized as follows. In section
11, some background material is included to assist readers less
familiar with the detailed exposition of the fundamentals of
metric space and Hausdorff space, and IFS concepts, to
consider. Section Ill, is devoted to the fundamental result on
fuzzy fractal space, the uniform structure of this space and the
theory of a fuzzy contractive mapping. In section 1V, the
structure of the multi-fractal space is drawn, and then the
concept of IFS is applied. In section V, new space called the
multi-fuzzy fractal space is constructed, proving its
completeness and an extension of the contraction property
(which represents the fundamental idea of this paper) is
proved. Conclusions are drawn in section VI.

Il. PRELIMINARIES

In this section, some definitions and theories of metric
space and Hausdorff space are given to fill in some
background for the reader. A more detailed review of the
topics in this section was given in [6]

Definition 1. Let (X,d) be a complete metric space. The
Iterated Function System (IFS) is a set of n contraction maps
W={Wy,Wa,...,Wp}, W;: X —> X

The space of fractal denoted by H(X) is the place where
fractals live. The elements of this space are the non-empty
compact subsets of the complete metric space (X,d). There is a
relation between the spaces X and H(X), since a point A in
H(X) corresponds to a compact subset in X [3]. In order to
show that H(X) is a metric space we must define a distance
function between any two compact sets called Hausdorff
distance defined as follows.

Definition 2. D(A,B)=max {d(A,B),d(B,A)}, (AB ¢«
H(X)) = max{ max myind(x,y),myax mind(x,y):xeAyeB}
where d(A,B)=max{d(x,B):x A} d(x,B)=
min{d(x,y):y eB}.

D defined in this form is a metric function, and (H(X),D) is a

metric space. The fixed point theorem is proved in [6], after
proving the completeness of (H(X), D).

and

Definition 3. Let (X,d) be a complete metric space. A
mapping f: X—>X is called a contraction mapping (or
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contraction on X) if there exists a real number r with 0<r<1
such that d(f(x),f(y))< rd(x,y) for every x,y eX.

Let (X,d) be a complete metric space. Then (H(X),D) is a
complete metric space. Moreover if {A,eH(X)}"=1 is a
Cauchy  sequence, then A= Lim A, € H(X) ,where

n—o

A={xeX:there is a Cauchy sequence {x,cA,} that converges
to x}.

Definition 4 [4]. The transformation W:H(X)—>H(X), is
defined, whereW (B) = n{\‘len(B) for any BeH(X), it is easily
shown that W is a stricticontraction, with contractivity factor

o= 1’33:%;{5'"}. According to the contraction mapping
theorem, if (X,d) is complete, then W has a unique fixed point
A in H(X), satisfying the remarkable self-covering condition,

N
A=W(A)= U wn(A).
n=

I1l. Fuzzy FRACTAL SPACE

A fuzzy singleton as introduced by Zadeh [16], is an
ordered pair (x,t), where xeX and tel. These singleton
represent the element of the set X =XxI. A new fuzzy space is
constructed depending on the elements of this set, which is
defined as follows. Most of the definitions and concepts in this
section can be found in [11].

Definition 1. Let (X,d) be a metric space. Let X be a set
consisting of all fuzzy singleton (x,t) defined as a mapping X
X—[0,1] where xe X and te[0,1], associating with each
element x; its grade of membership Hy, » defined as a

nonempty subset. x, ={(x,x, ):xe X,te 1}, these elements
are defined also as:

0 X#U
X (U) =
¢ (U) ) =L
Definition 2. A distance function d° is defined
asd” (., ys) = max{d(x,y),[t=s|}, X, Ys€ X . It’s easy to

show that d” satisfies the following axioms:-

o d*(X;,Ys) 20 VX, eX

o d*(X,ys)=0 iff x, =y,

o d*(x¥s) =d* (Yo%) VX, Y5 € X

o d*(X,Ys) <d*(X,zp)+d*(zp,Ys), V x,[,ys,zpe)h(~

Definition 3. The space, F(X)cP( X ) where F(X)={AeP(X )
[A:X—>1LA(X)=t}, and P( X ) is the power set of Xxl, is called
fuzzy space. The space (F(X),d*) is a complete metric

space.
Definition 4. w': X — X , is defined as w"(x,t)=(w(x),t).

Theorem 5. w" is a contraction mapping on the

space (F(X),d*).
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Proof. d"(w"(x,t),w’(y,s))=d"((w(x),rt),w(y),rs))
=max(d(w(x),w(y)),|rt-rs|)
<max(rd(x,y),r|t-s|)
<r max(d(x,y),|t-s|)
<r d'((x.t).(y.5)) O

Definition 6. The space H(F(X))={AcF(X)|A=d, A
compact}cF(X), is called fuzzy Hausdorff space or fuzzy
fractal space.

Definition 7. The distance function D" on H(F(X)), is defined
as follows.

su p inf max {d(x,y),|A(x)- B(yj},

D* — max xeX yeY ,

su p inf max {d(x,y),|A(x)- B(yj}
yeY xeX
Definition 8. Let w:H(F(X))»> H((F(X)) be defined as
W A)={w (x,1)|(x,t) A}, A={(x,A(x))[xeX}, and
W (A)={w’(x),rt)|(x,t) e A}={(W(x),FA(X))[xe X} e F(X).

Theorem 9.  w*:H(F(X))— H((F(X)),
mapping on the space (H(F(X)),D*).
Proof. D"(w'(A),w'(B))=D"((w(x),rA(x)),(w(y),rB(y)))

is a contraction

= maxy sup inf max {d(w(x),w(y),|rA(x)- rBy)|r,
Xy

supin f max {d(w(x),w(y),er(x)- rB(y)|

y X

< max{su p inf max {rd(x,y),r|A(x)— B(y)|}},
X y

{su p inf max {rd(x,y),r|A(X)- B(Yj}}
y X

sup inf max {d(x, y),|A(x)- B(y)|},

X y

sup inf max {d(x,y),A(x)- B(y)}
y X

= rmax

=rD"(AB)
Therefore W™ is a contraction mapping on the space
(H(F(X).D). 0O
Let (F(X),w wo,..wy) be a hyperbolic fuzzy dynamical
system, where (F(X),d") is a complete metric space, and each

w*, :F(X)—>F(X), is a contractive function with corresponding
contractivity factor s, r=1,2,...,N.

Definition 10. Let W": H(F(X))—>H(F(X)), be defined as:
W (B)= _lef(s) for any B H(F(X), B = {(X,B(X))| xe X }.
i=

Theorem 11. W™ is a contraction mapping provided w" is a
contraction.
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Proof. Let A, BeH(F(X)), q">D"(A,B) be given, if x, is any
element of W(A), then

(VX ) (% €W (A),(3i)(3x{ ),(x{ € A) suchthat w; (x{)= X,

since D" (AB)<q=(3y, )y, €B),>d*(x,y.)<q*.
=(3Ys)¥s €W, (B),> W (ys)=Y;. then

d* (g, ¥s ) =0 (w; (). i (¥5))
= max{d(w(<)w(y ) rt - rs |}
<max{rd(x’,y’),r|t-s|}
< rmax{d(x’,y’)|t-s|}
= rd*(x{,y’ )
<rg*

this is true for all x.eW'(A), so W'(A) is in the rg-
neighborhood W'(B), also if ys is any element of W’(B),

then  (vys)(ys € w; (B)),(Ji)(3ys).(y; € B) such that
wie) =1,
since D'(AB)<q= (3x )X €A),2d*(x,y.)<q*.

= (3x), % €W (A), > W, (x) =X, then
d* (%, ys) =d* (W (X)), wi (¥4))
= max{d(w(x),w(y).l rt-rs|}
< max{rd(x,y"),r |t-s|}
< rmax{d(x,y’),|t-s|}
=rd"(xys)
<rg*
this is true for all yse W'(B), so W(B) is in the rg-
neighborhood of W(A), therefore D"(W"(A),W’(B)<rq’, and
this is true for every q>D"(AB), which implies
D(W'(A),W'(B)<D"(A,B), and W is a contraction in the
complete metric space H(F(X)). 0

IV. MULTI FRACTAL SPACE

Let J be a set, assume that for each jeJ we have a metric
space (X;,d;). The product space ¥ = J.I;IJ Xj is the space that

consists of all J-tuples (X;)jc; with xjeX;, define d:XxX— R as

follows: If X=(X1,Xz,...Xn) and, Y=(y1,Ya,....yn) are elements of

X, then d(X,Y)=_ Tax N dj (xj,yj) . Itis easy to verity that d
i=1,..

satisfies the requirements to be a distance function, if d

represents the product metric on X then (X,d) is a metric space.

This result follows also from the following theorem.

Theorem 1. [10] The product of a finite number of metric
spaces is a metric spaces.

Let (X;,d;), be complete metric spaces, for i=1,2,...,N. Let
N
2= TT Xj 2XXx,.... 5%y, (1.d) be a complete metric
i=1
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space. For each complete metric space ((X;,d), i=1,...,N)
there is an associated Hausdorff space ((H(X;),D;) i=1,...,N),
which is also complete metric spaces.

Definition 2. Let AX)=H(X)xH(X2)x...xH(Xy) then “AX) is a
Hausdorff space (since the product of Hausdorff spaces is a
Hausdorff space) [4].To prove that ~AX) is a metric space the
following steps are important, let A=(A;A,,...,Ay) and
B=(By,B,,...,By) are element of H(X).

Definition 3. Let [9] & (A,B)=£<nig>,§|{Di(ﬁ,Bi )}, where
A&BeH(X) (each of A & B are an n-tuple of elements of
H(X;)), 7 satisfies the requirements to be a distance function,

so (-AX), ) is a metric space, and moreover it is a complete
metric space.

Let (X; wq,Ws,...,wy) be a hyperbolic IFS on a complete
metric space X. then there exists unique A < X such that

N
A= U wj (A).
i=1

Let (X;d), i=1,2,...,N, be complete metric space. Let
Wil} X > X, k=1, 2, ... m(i,j), i, j=1,2, ...,N be contraction

mapping. Then there exists a unique A=(Ay,...,Ay) such that
=00 )

c = Wi i),
i1k )

N N N m@ij) |
IT A =11 U U wjj(Aj)].
i=1 i=1li=1 k=1

i=1,2,...,N and hence

Definition 4. [12]. Let W:}N[H(Xi)e]’%lH(Xi) be defined
= i=
by:

N N m@j)
#°B)=11(U U Wij(Bj )
i=1 i=1 k=1

Theorem 5. [12] 7 is a contraction mapping on the complete

N
metric space (il:llH( X; )0 ), where

N N N m(i,j)
7#°(I1B)=11(U U

k
w::(B:)).
iZ1 =1i=1 k=1 ")

V. MULTI-Fuzzy FRACTAL SPACE

In this section we define a new space called “multi-fuzzy
fractal space” as a generalization of the fuzzy fractal space,
and then we give some definitions and prove some results
about this space. Let (F(X;),D;), i=1, 2, ...,N be a complete

«k
metric space. Let w.. :F(Xj)—>F(X;) (k=12,....m(ij),

1)
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i,j=1,2,...,N) be a contraction mapping such that
’dm(Lijj) *k(A)f hi=1,2,...N

P = Wi i) foreachi=1,2,...,

AU G i G

Definition 1. A multi-fuzzy fractal space is defined
N
as H(F(X))= TTHFXG) = H(F(X0)xH(F(X2)x,...,xH(F(X))

Definition 2. A distance function on this space defined as.

(AB)
—max {D; (A,B,):i=1..N },( A BeHF(X)= iEIIH(F(Xi )

then _AF(X)) with " is a complete metric space.

Definition 3. Define W™ 1‘[ H(F(X;))— 1‘[ H(F(X;)) such
1

m(i. ) K

i=
N
that W™ (B = HB) I U U wj (Bj)
i=1j=1 k=1

Theorem 4. / 'is a contraction mapping on the complete
metric space (AF(X), *) if it satisfies,
*( 7 (A), 7(B))<r </ (A,B) where ~*=max{D;}and D; is a
distance function defined on the space H(F(X;))

N
Proof. W*(A):W*(_HlAi):W*(Al ..... AN) =
1=

N N m(l i) «K
where w;" (HB)fl‘[lU U wij (B,
I
N
Let ABeH(F(X)= T H(F(X,)
i=1

where A= 1‘[ A ,and B= 1‘[18,
i=1
Letq > ~*(A,B) be given, then
1,2 Ny_ N N
(V X )Xy = Xy Xty 0o Xy ) = il:llxti = ilill(xi 1)
where x; =(x;.t; )€ H(F(X;)),

N N m(@i,j) =k
XeW(A) 1'[1U UW(A)
_J_ _

(v )(xt € U (U )w (Aj))), (3]) (3k), such that

(X' e A), 9(w:} (x')=x{ ) since ~*(AB)<q", then

(7 )(3Fys )y €B)a(d" (X' ys ) <q )=
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<K
3yS EUUW (BJ)1

X :]'[x.
it

d7(XeYs )= max d” (x;,¥s, )

* «K i K i
=max(d (w.. (xt, ),W-- (Vs )
< max {d(w,,(x )W (Y5 )t — 1S |}
sgzﬁ {rijd(xj,y,- )y It =5 1f

S

<fd (Xt Ve )

<rg; where =mjax{ i }

<rq forall r=max{r}
1

which implies that 7*(A) is in the rg*-neighborhood of

7*(B) . By the same steps we have,

N N
(VYt )(Yt :(yt]; lyt22 l'--lytﬁ )zll:llyilll :Il:[]_(yl ’Si )

m(i,j) «k
i\llj (Aj)

* N N m(1,]
i =(Vi,8i)e H(F(X;)), Y, eW (A)=TTU U
i=1j=1 k 1

i Nm(iLj) Kk .
(vi)(yi e U U v (a), (3) (3K),  such
! j=1 k=1 1]

: Koo . .
(3y; €B;) > (w; (yi )=V ), since “*(AB)<q’, then

(V)3 ) € A ) (d (X ys )<di)=3% € QUw;
J

Yo =11yl
s—iIZTlei

d7(X,Ys )= maxd” (g,.y5)

- max(d*(w’fk(x{.i ),w’f-k(y;.i )
< max {d(W,J(X )le(yj DELATEIS Jl}
sggﬁ {ri,-d(Xj Y It =S |}
< ry max {d(X’j,y'j )t =s; |
rd" (e )
<rg; where r, =max{ry }

<rq" forall r:m;ax{ri}
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which implies that 7*(B) is in the rg*-neighborhood of
7%(A) and hence, ~*(W"(A),W'(B))<rg, which implies
*(7*(A), 7*(B)<r 2*(A,B).  Therefore, 77 is a
contraction with contractivity factor, r=max{r,r,...,rn}. [

By the contraction mapping theorem on the space
(AF(X)), ~*), has a unique fixed point A, i.e. 7*(A)=A.

VI. CONCLUSION

New fuzzy metric spaces are introduced and used to
construct fuzzy fractal space; some of their properties are
studied in term of their completeness to ensure the existence
and uniqueness of a fixed point for a family of continuous
mappings. A generalization of the theory of fuzzy metric
space to construct a new space called Multi-Fuzzy Fractal
Space is provided.
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