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Induced Graphoidal Covers in a Graph

K. Ratan Singh, P. K. Das

Abstract—An induced graphoidal cover of a graph G is a collec-
tion v of (not necessarily open) paths in G such that every path in
1 has at least two vertices, every vertex of (G is an internal vertex
of at most one path in ¢, every edge of G is in exactly one path in
7 and every member of ¢ is an induced cycle or an induced path.
The minimum cardinality of an induced graphoidal cover of G is
called the induced graphoidal covering number of GG and is denoted
by 7:(G) or n;. Here we find induced graphoidal cover for some
classes of graphs.

Keywords—Graphoidal cover, Induced graphoidal cover, Induced
graphoidal covering number.

I. INTRODUCTION

graph is a pair G = (V,E), where V is the set of

vertices and F is the set of edges. Here, we consider only
nontrivial, finite, connected and simple graphs. The order and
size of G are denoted by p and ¢ respectively. The concept
of graphoidal cover was introduced by B.D. Acharya and E.
Sampathkumar [1] and the concept of semigraphoidal cover
was introduced by S. Arumugram et.al. [3] (see also induced
graphoidal cover by S. Arumugram [4]). The study of this
parameter was initiated by S. Arumugram [4]. The reader may
refer [3], [5] and [6] for the terms not defined here.

Definition 1.1. [1] A graphoidal cover of a graph G is a
collection ) of (not necessarily open) paths in G satisfying
the following conditions:

(i) Every path in v has at least two vertices.

(ii) Every vertex of G is an internal vertex of at most one path
in .

(iii) Every edge of G is in exactly one path in 1.

The minimum cardinality of a graphoidal cover of G is
called the graphoidal covering number of G and is denoted
by n(G) .

Definition L.2. [2] A simple graphoidal cover of a graph G is
a collection v of (not necessarily open) paths in G satisfying
the following conditions:

(i) Every path in v has at least two vertices.

(ii) Every vertex of G is an internal vertex of at most one path
in .

(iii) Every edge of G is in exactly one path in v and any two
paths in 1 have at most one vertex in common.

The minimum cardinality of a simple graphoidal cover of
G is called the simple graphoidal covering number of G and
is denoted by n,(G) or 7.

Definition L3. [3] Let v be merely a partition of the edge-
set E(G) of G, each part of which, as an edge-induced
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subgraph of G, spans either a path or a cycle which is called
semigraphoidal cover of G.

Definition 1.4. [4] An induced graphoidal cover of a graph G
is a collection 1) of (not necessarily open) paths in G satisfying
the following conditions:

(i) Every path in v has at least two vertices.

(ii) Every vertex of G is an internal vertex of at most one path
in 1.

(iii) Every edge of G is in exactly one path in ).

(iv) Every member of 1 is an induced cycle or an induced
path.

The minimum cardinality of an induced graphoidal cover
of G is called the induced graphoidal covering number of G
and is denoted by 7;(G) or ;.

Remark L.5. We observe that every path(cycle) in a simple
graphoidal cover is an induced path(cycle) but every induced
graphoidal cover is not necessarily a simple graphoidal cover

of a graph.

Definition 1.6. Let i) be a collection of internally edge disjoint
paths in G. A vertex of G is said to be an internal vertex of
W if it is an internal vertex of some path in 1), otherwise it is
called an external vertex of 1.

II. MAIN RESULTS

The following result for graphoidal covering number also
holds for induced graphoidal covering number.

Theorem I1.1. ([3],Theorem 3.6) For any induced graphoidal
cover 1 of a (p,q)- graph G, let ty, denote the number of
external vertices of 1 and let t = min t.;,, where the minimum
is taken over all induced graphoidal covers 1 of G then
ni(G) =q—p+t.

Corollary IL.2. For any graph G, 1;(G) > q — p. Moreover,
the following are equivalent

(i) 7:(G) = q—p.

(ii) There exists an induced graphoidal cover of G without
external vertices.

(iii) There exists a set Q of internally disjoint and edge disjoint
induced graphoidal cycle or path without exterior vertices
(From such a set Q of paths the required induced graphoidal
cover can be obtained by adding the edges which are not
covered by the paths in Q).

Corollary I1.3. If there exists an induced graphoidal cover
of a graph G such that every vertex of G with degree at least
two is internal to 1), then 1 is a minimum induced graphoidal
cover of G and 1;(G) = q — p + n, where n is the number of
pendant vertices of G.
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Corollary 11.4. Since every graphoidal cover of a tree T is
also an induced graphoidal cover of T, we have n;(T) = n—1,
where n is the number of pendant vertices of T.

Theorem ILS5. Let G be a complete bipartite graph K, »,
then
(@) ni(Kin) =n—1, n=>2

y —p+1 ifn=23
(1) m(Kan)= {2 PFL Y
qg—p ifn>4
—p+1 ifn=3
(i) 1:i(K3n) = =P f
q—p ifn>4

(iv) ni(Kmn)=q—p, n>mandn>4

Proof: Let X = {v1,va,03,...,0m,} and
Y = {w1,wz,ws, ..., w,} be a bipartition of K, .

(i). When n > 2. K ,, is a tree with n pendant vertices and
hence 7; (K1) =n— 1.

(ii). Case(a). When n = 2, i.e. Koo
ni(Ka2) = 1.

Case(b). When n = 3, let X = {v1,v2} and
Y = {wi,ws, w3} be a bipartition of Ky3. Let P, =
(vl,wl,vg,wg,vl) and P, = (Ul,wg,’()g) then ¢ = {P17P2}
is an induced graphoidal cover of K5 3 with vy as its external
vertex. Hence, n;(K23) =q¢—p+ 1.

Case(c). When n > 4, let X = {v1,v2} and YV =
{w1,wz,ws, ..., wy,} be a bipartition of Kj,. Let P, =

= (4 , we have

(vl,wl,vg,wg,vl) R P2 = (Ug,wg,vl,w4,vg) and Pi_g =
(thi,vg),i = 5,6,...,7’1,. Then ’l/} = {P17P2,Pi,2‘i =
5,6,...,n} is an induced graphoidal cover of K5, and every

vertex is an internal vertex of exactly one path in . Hence,
ni(Kan) = q—p.

(iii). Case(a). When n = 3, let X = {v1,v2,v3} and
Y = {w;,wz, w3} be a bipartition of Ks33. Let P, =
(v1, w1, v2,w2,v1) , P = (vi,ws,v2) , P3 = (w1, v3,w2),
P, = (vs,ws). Then ¢ = {Py, Py, P5,P,} is an induced
graphoidal cover of K3 3 with v; as its external vertex. Hence,
ni(K33) =q—p+1.

Case(b). When n > 4, let X = {vy,vz,v3} and ¥ =

{w1,wz,ws,...,wy} be a bipartition of K3,. Let P, =
(vi,w1,v2,w2,v1) , Po = (v2,w3,vi,ws,v2) , Py =
(v1,w;,v2),i =5,6,...,n and Q = (w1, v3, wa).
Then v = {P, Py, Ps5,Py,...,P,_2,Q} US, where S is
the set of edges not covered by Py, P, Ps,...,P,_2,Q is
an induced graphoidal cover of K3, and every vertex is an
internal vertex of a path in ¢. Hence, 7;(K3 ) = ¢ — p.

(iv). When m > n and n > 4, let X = {v1,v2,03,...,0m}
and Y = {w;,we, ws, ..., w,} be a bipartition of K,, ,. Let
P, = (U17w17v2,w2,?11) , Py = (1)2,103,?11771)4,’02) , Pio=

(UlathZ)vi = 5,6,...,7’L and Qj*? = (wly’ujva):j =
3,4,...,m.

Then d) = {P17P27P37*">Pn72>Q17Q27"'7Qm72} U
S ,where S is the set of edges not covered by

P, P, ...,Py_2,Q1,Q2,...,Qm,_2is an induced graphoidal
cover of K, , and every vertex is an internal vertex of a path
in . Hence, 0;(K,.n) = q — p. [ |

Theorem IL.6. If G is a unicyclic graph with n pendant
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vertices and the unique cycle Cy, and j denote the number of
vertices of degree greater than 2 on CY, then

1 ifj=0;

n+1 ifj =1 and the unique vertex is of deg 3;
7:(GQ) = or j = 2 and the two vertices of deg 3 are
adjacent on Cy;
n otherwise.
Proof: Let C, = {v1,v9,vs,...,v,v1} be the unique
cycle in G.

Case(a). When j = 0, then G = C}, so that n;(G) = 1.

Case(b). When j = 1 and the unique vertex, say u, of degree
3o0n Cy. Let T = G — C} be the tree rooted at u, then T
has n + 1 pendant vertices so that 7;(T)) = n. Let ¢, be a
minimum induced graphoidal cover of 7' and so || = n.
Then ¥ = 11 U Ck, where an arbitrary vertex of Cy is taken
as an external vertex of CY, is an induced graphoidal cover of
G and so || = n+ 1. Hence, 1;(G) < n+ 1. Further, for any
induced graphoidal cover ¢ of G, the n pendant vertices of G
and at least one vertex on C, are external vertices in v so that
t >n+1. Hence, ,(G) =q—p+t>qg—p+n+l=n+1.

When j = 2 and v; and vs are adjacent vertices in C, with
deg v, deg vo = 3. Let T} be the tree rooted at vy, then T}
has n; + 1 pendant vertices so that 7;(71) = n1. Let ¢); be a
minimum induced graphoidal cover of T}. Similarly, 7% is also
a tree rooted at vy, then 75 has noe + 1 pendant vertices so that
n = ny +ng and n;(T2) = na. Let 1)3 be a minimum induced
graphoidal cover of T5. Then v = 11 Uy U Cy is an induced
graphoidal cover of G and |¢)| = |¢1| + |2 +1 = n + 1.
Hence, 7;(G) < n + 1. Again, for any induced graphoidal
cover ¢ of G, the n pendant vertices of G and at least one
vertex on C} are external vertices in 1) so that t > n + 1.
Hence 7;(G) =¢—p+t>qg—p+n+1l=n+1

Case(c). When j = 1 and the unique vertex u is of deg u >
3. Let T' be the subgraph of G obtained by deleting all the
vertices other than u of the unique cycle Cj in G so that
7:(T) = n — 1, with ¢; as a minimum induced graphoidal
cover. Then ¥ = 1 U Cy, where u is taken as an external
vertex of CY, is an induced graphoidal cover of G' and every
vertex of degree greater than 1 is an internal vertex of some
path in . Hence 7;(G) = n.

If j = 2 and the vertices of deg > 4 are adjacent then the
result follows from case(c) with j = 1.

When j = 2 and v;, v3 are the two non adjacent
vertices with each of deg vi,deg v > 3. Let P =
(1, Vg, Vg—1,--.,v4,v3) be an induced path of length & — 2.
Then T' = G — P is a tree with n pendant vertices so that
n:(T) = n — 1, with ¢; as a minimum induced graphoidal
cover. Then ¥ = 11 U P is an induced graphoidal cover of G
such that every vertex of degree greater than 1 is an internal
vertex of some path in ¢. Hence, 1;(G) = n.

When j7 > 3 and deg v; > 3,¢ = 1,2,...,r and r < Kk,
where v;,7 = 1,2,3, ...,k are the vertices on Cl.

Suppose k = 3, Let G1 = G— (v1v2) be a tree with n pendant
vertices. Also, let T" be the induced subgraph of (G; containing
vo and wvs such that vs is a pendant vertex in 7. Then 7' has
n1 + 1 pendant vertices so that n;(T) = ny. Let 1), be a
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minimum induced graphoidal cover of 7" and so |¢1]| = ny.
Again, T’ = G — T is also a tree with no pendant vertices so
that n;(T") = na—1, where ny+ng = n. Let 19 be a minimum
induced graphoidal cover of 7" and so |¢)2| = ng — 1. Then
¥ = 11 Uhg U (v1v3), is an induced graphoidal cover of G
and every vertex of degree greater than 1 is an internal vertex
of some path in . Hence, 7;(G) =ni; +ne — 1+ 1=n.
Next, suppose k > 3. let G’ be the induced subgraph of G
with vertex set {v1,va,...,vs}, where s < r and deg vy, v >
3, on the cycle Ck. Then G’ has n; pendant vertices so that
7:(G") = ny — 1. Let 91 be the minimum induced graphoidal
cover of G'. Then T'= G — G’ is a tree with ny + 2 pendant
vertices so that n = ny +ns and 1;(T) = na+1. Let ¢ be the
minimum induced graphoidal cover of T'. Then ¥ = 1 U)o,
is an induced graphoidal cover of G and every vertex of degree
greater than 1 is an internal vertex of some path in ¢). Hence,
7:(G) = n. |

Theorem IL.7. Let G be a bicyclic graph with n pendant
vertices containing a U(l;m) [see, [6]] and j be the number
of vertices of degree greater than 2 in U(l;m). Then

2 if G=U(l;m);
n+2 ifeither j = 1 and deg ug = 5; orj = 2,
deg ug = 4 and the vertex of deg 3 in
U(l;m) is adjacent to ug; or j = 3,

deg ug = 4 such that uq is adjacent to
both vertices v and w of degree 3 in C|

and C,, respectively,

n+1 otherwise.

Proof: Let the [—cycle be C; = {ug,u,..
and the m—cycle be C,,, = {uo, uy, w41, -
G.

Case (a). Suppose G = U(l;m). Then ¢p = {C},Cy,,} is an
induced graphoidal cover of G with ug as the external vertex
for both C; and C,,. Hence, 1;(G) =q—p+1=2.

Case(b). When j = 1 and deg ug = 5. Then G; = G — C,
is a unicyclic graph with one vertex of deg 3 in the cycle so
that 7;(G1) = n+1. Let ¢b; be a minimum induced graphoidal
cover of Gy. Then ¢ = ¢ UC,, is an induced graphoidal cover
of G and || = |¢1] + 1 = n + 2. Hence, n;(G) < n + 2.
Again, for any induced graphoidal cover ¢ of G, the n pendant
vertices of G and at least one vertex in U(l;m) are external
vertices in 1 so that ¢ > n + 1. Hence, 7,(G) =q—p+1t >
n+l+1l=n+2

When j = 2, deg up = 4 and deg v = 3 are adjacent
to ug in Cy,. Then G; = G — (] is a unicyclic graph with
deg v = 3 so that 7;(G1) = n + 1. Let ¢; be a minimum
induced graphoidal cover of G;. Then ¢ = 1 U Cj is an
induced graphoidal cover of G and || = |[¢p1| +1 =n + 2.
Hence, 7;(G) < n + 2. Again, for any induced graphoidal
cover 1 of GG, the n pendant vertices of G and at least one
vertex in U(l;m) are external vertices in 1 so that ¢t > n+ 1.
Hence, n,(G) =q—p+t>n+1+1=n+2.

When j = 3, deg ug = 4 such that ug is adjacent to both
vertices v and w of degree 3 in C; and C), respectively. Then
G — U(l;m) gives two trees, say 11 and Ty, rooted at v and

~,U171,U0}
-»um+l—27u0} mn
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w with ny + 1 and no + 1 pendant vertices respectively such
that ny + no = n. Also, 1;(T1) = ny and 7;(T2) = ns. Then
¥ =11 Uty UU(I;m) is an induced graphoidal cover of G
and [¢)| = |¢1| + |¥2| + 2 = n1 + n2 + 2 = n + 2. Hence,
n:(G) < n + 2. Again, for any induced graphoidal cover 1
of G, the n pendant vertices of G and at least one vertex on
U(l;m) are external vertices in v so that ¢ > n + 1. Hence
ni(G)=q—p+t>q—p+n+l=n+2

Case(c). When j = 1 and deg ugp > 6. Then G; = G—C is
a unicyclic graph with n pendant vertices so that n;(G1) = n,
with 1)1 as a minimum induced graphoidal cover of GG;. Then
1 = 11 U C} is a minimum induced graphoidal cover of G
such that every vertex of degree greater than 1 is an internal
vertex of some path in ¢. Hence, n;(G) = n + 1.

Similarly, we can prove for 5 > 2 and deg uy > 6 in one
cycle.

When j = 2 and deg v > 3 such that ug and v are not
adjacent. Let T' denote this induced v — ug subgraph section
with n; + 2 pendant vertices so that n;(T) = ny + 1. Let ¢,
be a minimum induced graphoidal cover of T. Also, G; =
G —T is a unicyclic graph with ny pendant vertices such that
7:(G1) = na, where n1 + ny = n. Let 1)y be a minimum
induced graphoidal cover of Gj. Then ¢ = ¥ U is a
minimum induced graphoidal cover of GG and every vertex of
degree greater than 1 is an internal vertex of some path in .
Hence, n,(G) =n+ 1.

Similarly, we can prove the result for j = 3, deg ug > 4
such that ug is non adjacent to both v and w of degree 3 in
C; and C,, respectively.

Otherwise, let T" be the induced subgraph of G with vertex
set {ug, u1,,...,us}, where s < [ and deg us > 3, on the
cycle C;. Then T has ny pendant vertices so that n;(7) =
ny — 1. Let ¢, be the minimum induced graphoidal cover of
T. Then G; = G — T is a unicyclic with ns + 2 pendant
vertices so that n = ny 4+ ng and 7;(G1) = nay + 2. Let
1o be the minimum induced graphoidal cover of G;. Then
1) =11 U1, is an induced graphoidal cover of G and every
vertex of degree greater than 1 is an internal vertex of some
path in . Hence, 7;(G) = n + 1. ]

Theorem IL.8. Let G be a bicyclic graph with n pendant
vertices containing a D(l, m;1) [see, [6]] and j be the number
of vertices of degree greater than 2 on cycles in D(l,m;?1).
Then

3 if G = D(l,m;1);
n+3 ifj =3, exactly one vertex which is
adjacent to either u;—1 or Uj4;—1 in
D(l,m;1) is of degree 3 and deg u;_,
Uj+i—1 = 3, or j = 4, v and w are two
vertices of degree 3 adjacent to u;—
and ujy;_1respectively and

deg wp—1,U4i-1 = 3;

n+2 ifdegu—1 >4, deg uj4i—1 =3
and j > 2 in Cy;

otherwise.

n+1
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Proof: G is bicyclic, so G contains at least C; =
{uo,u1,...,u—1,u}, Py = {w_1,us,...,u;—1} and
Cr = {Wtio1, Witiy - -, UWigmti—2, Wit} in G

Case(a). G = D(l,m;i). Then ¢ = {C, P;,C,,} is an
induced graphoidal cover of G with u;_; and u;4;—1 as its
only external vertices. Hence, 1;(G) = ¢—p+2 = 3.

Case(b). When j = 3 and exactly one vertex, say v, which is
adjacent to either u;_; or w;4;—1 in D(l,m;1) is of degree 3.
Suppose v lies in Cj. Then GG; = G —C),, is a unicyclic graph
with n+1 pendant vertices so that 7;(G1) = n+2. Let ¢); be a
minimum induced graphoidal cover of G;. Then ¢ = ¥ UC,,
is an induced graphoidal cover of G and [¢| = |11 |+1 = n+3.
Hence, 7;(G) < n+3. Again, for any induced graphoidal cover
¥ of G, the n pendant vertices of G and at least two vertices
in D(I,m;i) are external vertices in ¢ so that t > n + 2.
Hence, 7,(G) =¢—p+t>n+2+1=n+3.

When j = 4, v and w are two vertices of degree 3 adjacent
to u;—1 and Uy, respectively and deg w;—1,uj+i—1 = 3.
Let T} be the tree rooted at v, then 77 has n; + 1 pendant
vertices so that 7;(T1) = ny. Let ¢; be a minimum induced
graphoidal cover of T7. Similarly, 75 is also a tree rooted at w,
then 7% has no + 1 pendant vertices so that n = n; + ny and
1:(T>) = no. Let 19 be a minimum induced graphoidal cover
of T5. Then ¥ = 11 U2 UD(I, m; 1) is an induced graphoidal
cover of G and || = 91| + |2| +3 =n1 +n2+3=n+3.
Hence, 77;(G) < n+3. Again, for any induced graphoidal cover
¥ of G, the n pendant vertices of G and at least two vertices
on D(I,m;1) are external vertices in ¢ so that ¢ > n + 2.
Hence ;(G)=q—p+t>q—p+n+2=n+3.

Case(c). When deg u;—1 > 4, deg uj+;—1 = 3 and j > 2
in C;. Here, G; = G — C,, is a unicyclic graph with n + 1
pendant vertices so that 7;(G1) = n+1, with ¢ as a minimum
induced graphoidal cover of G1. Then ¥ = ¥ U C,, is an
induced graphoidal cover of G and |[¢)| = |¢1] +1 =n + 2.
Hence, 7;(G) < n + 2. Again, for any induced graphoidal
cover 1 of GG, the n pendant vertices of G and at least one
vertex in D(I, m; 1) are external vertices in ¢ so that ¢ > n+1.
Hence, 7;,(G) =q—p+t>1+n+1=n+2.

Similarly, we can prove the result for j = 3, deg u;—1 =
deg uj4+;—1 = 3 and the vertex v of deg 3 is adjacent to neither
uj—1 nor uj4+;—1 and j = 4, deg v,w = 3 and at least either
v is not adjacent to w;—1 or w is not adjacent to u;4;—1.

Case(d). When 7 = 2. Then G; = G — (j is a unicyclic
graph with n pendant vertices so that 7;(G1) = n, with ¢ as
a minimum induced graphoidal cover of G;. Then ¢ = 1), UC;
is a minimum induced graphoidal cover of GG such that every
vertex of degree greater than 1 is an internal vertex of some
path in ¢. Hence, 1;(G) =n + 1.

Similarly, it can be proved for ;7 = 3 and exactly one vertex,
say v, which is adjacent to either w;—1 or u;4;—1 in D(l, m; 1),
is of deg > 3.

When j = 3. let v be the vertex in D(I, m;4) which is non
adjacent to either w;_1 or w;4;—1 in D(l,m;14) is of deg > 3
and suppose v lie in Cj. Let T' denote this induced v — u;_1
subgraph section with n; + 2 pendant vertices so that 7;(T") =
ny + 1. Let ¢; be a minimum induced graphoidal cover of
T. Also, G; = G — T is a unicyclic graph with ny, pendant
vertices such that n;(G1) = n2, where ny +ns = n. Let ¢9 be
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a minimum induced graphoidal cover of GG1. Then 1) = 11 U)o
is a minimum induced graphoidal cover of G and every vertex
of degree greater than 1 is an internal vertex of some path in
. Hence, n;(G) = n + 1.

Otherwise, take an induced tree 7" containing all vertices in
an arc of a cycle in D(I,m;4) such that its end vertices are
of deg > 3. Then T has ny pendant vertices so that n;(T) =
ny — 1. Let ¢ be a minimum induced graphoidal cover of 7.
Also, G; = G — T is a unicyclic graph with ny + 2 pendant
vertices such that 7;,(G1) = ng + 2, where ny + ny = n.
Let 2 be a minimum induced graphoidal cover of GG;. Then
1 = 11 U1y is a minimum induced graphoidal cover of GG
and every vertex of degree greater than 1 is an internal vertex
of some path in ¢. Hence, 1;(G) = n + 1. [ |

Theorem I1.9. Let G be a bicyclic graph with n pendant
vertices containing a C,(i;1) [see, [6]] and j be the number
of vertices of degree greater than 2 on cycles in Cy, (i;1). Then

3 if G=Cn(i;1) and | = 1,
2 if G=Cy(i;1) and | > 2;
n+3 ifj=2 1= 1 and either deg ug or
deg u; =4 in Cp(i;1); orj=2,1=1
and each adjacent vertices are of deg 4;
n+2 ifj=2 1= 1 and either deg ugy or
deg u; >4 in Cp(i;1); orj=3,1=1
7:(G) = deg of one of u; and uqg is 3 and the other
is 4 and the third vertex of deg > 3 is
adjacent to either uy or u;; or j = 2,
I > 2 and either deg ug or deg u; =4 in
C(3;1); or j = 3, 1 > 2 and third vertex
of deg 3 is adjacent to either deg ug or
deg u; =4 in Cy,(i;1) is of degree 3;
n+1 otherwise.

Proof: G is bicyclic, so it contains at least C,,, =
{ug,u1,..., Ui, Um—1,u0} with m > 4 the chord P, =
{0, U, U1y - - Uitm—2, Ui}, L > T and 2 < i <m — 2.

Case(a). When G = C,,(i;]) and | = 1. Let P, =
(Uh Uo, u’m—l), P2 = (U(), Umy Um+1y -+ -+ 5 UWl4m—2; ui)7 2 <
i <m—2,and P; = (u1,u2, U, - .., Un_1) be induced paths
in Cp,(4;1). Then ¥b = {P, P, P3} is a minimum induced
graphoidal cover of GG such that any two vertices of deg 2 can
be taken as an external vertex. Hence, 7;(G) = ¢—p+2 = 3.

Case(b). When G = C,(4l) and [ > 2. Let
P1 = (uo,ul,...,um_huo), m > 4 and P2 =
(U0y Upny U1y -+ s Ulpm—2,Ui), | > 2 be induced paths
in Cp,(i;1). Then ¢ = {P;, P} is a minimum induced
graphoidal cover of G such that any one vertex in C,, can
be taken as an external vertex. Hence, 7;(G) = ¢—p+1=2.

Case(c). When j = 2, [ = 1 and either deg ug or deg u; =
4 in C,,(i;1). Let us, 0 < s < i, be the vertex in C,,(4;1).
Then P; = (ug,us), Po = (us,u1,...,u;) be induced paths
in Cy,(i;1). Let Gy = G—{P1, P2} is a unicyclic graph with n
pendant vertices so that 1;(G1) = n+1. Let ¢); be a minimum
induced graphoidal cover of Gy. Then ¢ = 1)1 U{Py, P>} is an
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induced graphoidal cover of G and |¢)| = [¢1]|+2 =n—+142.
Hence, 7;(G) < n+3. Again, for any induced graphoidal cover
1 of G, the n pendant vertices of G and at least two vertices
in C,, (i;1) are external vertices in ¢ so that ¢ > n+ 3. Hence,
n(G)=q—p+t>n+1+2=n+3.

Similarly, we can prove for j = 2, [ = 1 and each adjacent
vertices are of deg 4.

Case(d). When j = 2, [ = 1 and either deg ug or deg u; >
4 in C,,(i;1). Let ug, 0 < s < i, be the vertex in C,,(i;1).
Then Py, = (ug,us), Po = (us,u1,...,u;) be induced paths
in Cp,(i;1). Let G1 = G — {P1, P2} is a unicyclic graph with
n pendant vertices so that 7;(G1) = n. Let 1)1 be a minimum
induced graphoidal cover of G;. Then ¢ = ¢y U {Py, Po} is
an induced graphoidal cover of G and || = |¢1|+2 = n+2.
Hence, 7;(G) < n + 2. Again, for any induced graphoidal
cover ¢ of G, the n pendant vertices of G and at least one
vertex in C),(i;1) are external vertices in 1) so that ¢ > n+ 2.
Hence, 7,(G) =q¢—p+t>n+2=n+2.

Similarly, we can prove for j = 3, | = 1 degree of one
of u; and ug is 3 and the other is 4 and the third vertex of
deg > 3 is adjacent to either ug or u;.

When j = 2, [ > 2 and either deg ug or deg u; = 4
in Cp,(4;1). Let P = (UoUmUmt1 - - - Uipm—2Ui), 2 < 1 <
m — 2, be the chord in C,,(¢;1) such that n;(P) = 1. Then
G1 = G — P is a unicyclic graph with n pendant vertices so
that 7;(G1) = n+1. Let ¢»; be a minimum induced graphoidal
cover of G1. Then 1) = 11 U P is an induced graphoidal cover
of G and |[¢| = |[¢1] + 1 = n + 2. Hence, 7;(G) < n + 2.
Again, for any induced graphoidal cover v of G, the n pendant
vertices of G and at least one vertex in C,,(i;1) are external
vertices in 1 so that ¢ > n + 2. Hence, 7;,(G) = ¢ —p+t >
n+2=n+2.

Similarly, we can prove for 7 = 3, | > 2 and the third
vertex of degree 3 adjacent to either deg ug or deg u; =4 in
Cn(i51).

Case(e). When j > 4, | = 1, us and v be the two vertices of
deg > 3 in C,,(i; 1) other than ug, u;. Let G be the subgraph
of G with vertex set {ug, u1, ..., us, u; }, where 0 < s < 4 in
Cn(i;1) such that both uy and w; are pendent vertices. Then
T = G1 — (up,us) is a tree with n; + 1 pendant vertices so
that 7;(7) = ny. Let ¢; be a minimum induced graphoidal
cover of T. Also, G2 = G — G is a unicyclic graph with
no pendant vertices so that ny + ny = n and 7;(G2) = no.
Let 12 be a minimum induced graphoidal cover of G;. Then
1 = 1)1 U by U (ug, us) is an induced graphoidal cover of G
and every vertex of degree greater than 1 is an internal vertex
of some path in . Hence, 7;,(G) =n1 +no+1=n+ 1.

When j > 2, 1 > 2. Let P =
(UoUmUmt1 - - - Ulgbm—2ui),2 < 1 < m — 2, be the
chord in C),(i;1) such that n;(P) = 1. Then G; = G — P is
a unicyclic graph with n pendant vertices so that n;(G1) = n.
Let ¢; be a minimum induced graphoidal cover of G;. Then
1) = 11 U P is an induced graphoidal cover of G and every
vertex of degree greater than 1 is an internal vertex of some
path in v. Hence, 1;(G) =n + 1. [

The following result for simple graphoidal covering number
also holds for induced graphoidal covering number.
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Theorem I1.10. For the wheel W, = K; + Cp_1,p > 4, we

have
4 ifp=47>5

ni(Wp) = {5 ifp=06
q—p ifp=T
Theorem IL.11. For the complete graph K,(p > 3), we have
1 ifp=3
4 ifp=4
ni(Kp) = . .
q—p if p>6 and p is even
g—p+1 ifp>5andpis odd.

Corollary IL.12. Let C), be a cycle with p vertices, then

21 J4—0p
mKQJ]—{qp+1

if p>>5and p is even
if p>4and p is odd.

Corollary I1.13. Let C), be a cycle with p vertices, then

if p>5and p is even

if p>4and p is odd.

_Ja-p
mw«an{q_p+1
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