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Abstract—In this work, we obtain some analytic solutions for
the (3+1)-dimensional breaking soliton after obtaining its Hirota's
bilinear form. Our calculations show that, three-wave method is
very easy and straightforward to solve nonlinear partial differential
equations.
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. INTRODUCTION

N recent years, many kinds of powerful methods have been

proposed to find solutions of nonlinear partial differential
equations, numerically and/or analytically, e.g., the variational
iteration method [1], [2], [3], the homotopy perturbation
method [4], [5], [6], [7], [8], parameter expansion method [9],
[10], [11], spectral collocation method [12], [13], [14], [15],
[16], homotopy analysis method [17], [18], [19], [20], [21],
[22], and the Exp-function method [23], [24], [25], [26], [27],
[28].

The (2+1)-dimensional nonlinear breaking soliton equation
has the following form

Uzt — 4uacyuw - 2uwzuy — Uggzy = 0, (1)

this equation describes the (2+1)-dimensiona interaction of
the Riemann wave propagated along the y-axis with a long
wave propagated along the z-axis [29]. Wazwaz [30] intro-
duced an extension to equation (1) by adding the last three
terms with y replaced by z. His work, enables us to establish
the following (3+1)-dimensional breaking soliton equation

(uwmxy + uxzwz) = 0:

)

where u = u(x,y, z,t) : Ry x Ry x R, x Ry — R.

Recently, Dai et al. [31], suggested the three-wave method for
nonlinear evolution equations. The basic idea of this method
applies the Painlevé analysis to make a transformation as

u="T(f) ©)

for some new and unknown function f. Then we use this
transformation in a high dimensional nonlinear equation of
the genera form

) =0, (4)
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where u = u(z,y,2,t) and F' is a polynomia of v and its
derivatives. By substituting (3) in (4), the first one converts
into the Hirota's bilinear form, which it will solve by taking
a specia form for f and assuming that the obtained Hirota's
bilinear form has three-wave solutions, then we can specify
the unknown function f. For more details see [31], [32]. In
this paper we solve equation (1) by the three-wave method
and obtain some exact and new solutions for it.

Il. THE (3+1)-DIMENSIONAL BREAKING SOLITON
EQUATION

In this section, we investigate explicit formula of solutions
of the following (3+1)-dimensiona breaking soliton equation

Ugt — 4“’1‘ (ULy + Umz) - ZU.LL (uy + uz)_

(uxxzy + uz:mcz) =0. (5)
To solve this equation we suppose that
0=y+kz (6)

then equation (5) reduces to

Ut — 4 (k + Duguge — 2 (k + Dugzug — (kK + 1)ugere = 0.
(7
To solve equation (7), we introduce a new dependent variable
u by

u=2(Inf), (8)

where f isan unknown real function which will be determined.
Substituting eguation (8) into equation (7), we have

2 (k + 1) [Q(hl f)a:]m:v [2(111 f)oc]@ (9)
—(k+1)[2(In f)z)zazo = 0,

which can be integrated once with respect to = to give
2(In f)lze = 3 (k + 1) [2(In f)]zz [2(In f)]2o—
(k+ D[2(In f)]zzze + 2890_1((111 Paze (0 f)zg—

(In fae (0 fzzg) = C,

where 9,19, = 1. Taking C = 0, therefore, equation (10) can
be written as

(10)

(Do Dy + D3 Do) f - f +2 f2 071 (Da(In )z - (In f)ap) = 0,
(11)
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where the D-operator is defined by
D;nDlyCDgD?f(l’7y7Z,t) 'g(xvyvz>t) =

Ie o (O O \k( 0O el el el
(3ar = 223) " (ayr — 3y3) (827 — 93) (o — 85)"

[f(@1,91,21,t1)9(T2, Y2, 22, t2)],
and the right hand side is computed in
L1 =To=T, Y1 =Y2 =Y, 21 =22=2, t;1 =ta =1.
We suppose that
97 (Dol f)ag - (In f)zg) = 0, (12)
note that to have a correct solution for equation (5) we must
consider (12) in our algebraic systems of equations, which

that will be our modification from the three-wave method.
Therefore, by our assumption, equation (11) reduces to

(D.Dy + D2 Dg)f - f = 0. (13)
Now we suppose that the solution of equation (11) as
fla, & t) =e " + 6y cos (&) + 2% (14)
where
&=ax+b0+ct, i=1,2 (15)

and a;, b;, c;, 0; are some constants to be determined later.
Substituting equation (14) into equation (13) and equating all
coefficients of sin(&3), cos(€2), exp(&1) and exp(—&;) to zero,
we get the following set of algebraic equation for a;,b;,c;,
b, (i=1,2)
3as2a1b1 + 3a12bsas — kbsas® + 3 kai2byas + craq
—ka13b1 — a13b1 — b2a23 — agCy + 3ka22a1b1 = O,
ka23b1 + 3b2a22a1 - 3&121)1(12 - ka13b2 + c2a1
-3 ka12b1a2 +3 kb2a22a1 — a13b2 + a23b1 + cia2 = 07 s
—4 k512a23b2 - 4(512(123[)2 - 5120,262 — 16 ka1353b1
—16 a13(53b1 + 4 cla153 = O,
(16)
and from our assumption, that is, from eguation (12) we have
a24b1 — a13a262 — a23a1b2 + a22b1a12 =0,
—4 a12a2262 + 4a13a2b1 + 40,23()1&1 - 4(114b2 = 0.
(17)

Solving the system of equations (16) and (17) with the aid of
Maple, yields the following cases:
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A. Case 1
2_g4.2
by = %,01 = bacs (o1 ;; )(k+1),
(18)
Cy = b2 (a12 — ka22 + 3ka12 — a22) ,52 = 76412(1222

for some arbitrary real constants a, as, b2, k and §,. Substi-
tute equations (18) into equation (8) with equation (14), we
obtain the solution as

f(2,y,2,t) = e + 6 cos (&) + d2e™

and
—aje” 8 — 4y si 3
woyan =2 =20 Sclfs(fgz)ﬁ LR (9
for
LH=ax+ bzaliy;kz) + b2“1(_3“22+k‘;1;—3ku22+a12)t’
and
&2 =
azx + by (y + k2) + (3a12by — kbyas? + 3kay 2by — b2a22) :
and
b=~

If 55 > 0, then we obtain the exact breather cross-kink solution

—2a1+/02 sinh(&; — B) — 61 sin (&) az
2 /35 cosh(&1 — B) + 81 cos (£3)

u(x7y7z7t) :2

for 4
ﬁ = 5 111(52)
If 6 < 0, then we obtain the exact breather cross-kink solution

—2 aiy/ *62 cosh(& — 6) — (Sl sin (52) ao

u(z,y,z,t) =2 2\/=063sinh(&; — B) + 61 cos (&)

for

,6 = % 111(*62)

B. Case 2
ayp = iaz, Coy = 07b2 = O,Cl =—4 a22b1 (k -+ 1) (20)

for some arbitrary real constants as, by, k, 61 and .. Substitute
eguation (20) into equation (8) with equation (14), we obtain
the solution as
f (.’L‘, Y, =z, t) = eigl + 51 COSs (62) + 52651
and
*iaze_gl — 071 sin (Eg) as + Z'(Sgagefl
e~ + 81 cos (&3) + dae8t

u(z,y,z,t) =2 (21)

for
& =idasxr 4+ by (y + k‘Z) — 4@22171 (k‘ + 1)t

52 = a2X.
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We make the dependent variable transformation in equation
(21) as follows

ag = —1 AQ, (22)

where A, is real. We obtain new form for equation (21) as

follows

—142675I + 487 sin (65) As + (5214265;
e~61 + &y cos (&2) + daefi

u(x7y7z)t) :2

(23
for

5; =—1 A2 x.
If 55 > 0 then we obtain the exact breather cross-kink solution

—2 Ag\/ba sinh (&5 — B) + idy sin (£5) Ao

u(z,y,2,t) =2 2/8; cosh (&5 — B) + 6, cos (€3)

for 1
0= 5 1n(52)

If 55 < 0 then we obtain the exact breather cross-kink solution
—2 Agy/—62 cosh(&5 — B) + @61 sin (€5) Ao

u(z,y,2,t) =2 -
(@y ) 2y/—d2sinh (& — B) + 1 cos (£5)
f
> H—EIn(—c;)
= 2 2 .
C. Case 3

ayp = 7:(1,27 bl = ibg,
(24)
c1 = —1 (8 kb2a22 + 8[)2@22 + Cg) ,(52 = %
for some arbitrary real constants as, b, c2, k and §;. Substitute
equation (24) into equation (8) with equation (14), we obtain
the solution as follows

f(zyy,2,t) = e~ 8 + 8, cos (&) + Jyeft

and

—iage™ — §y sin (&) ag + idaaget?
e~81 + &1 cos (&2) + daeft

u(z,y,z,t) =2 (25)

for
€1 = iagx + Zbg (y + k:z) —1 (8 kb2a22 +8 b2a22 + CQ) t

o =agr + by (y+ kz) + cot
and
=
We make the dependent variable transformation in equation
(25) as follows

8o (26)

as = iA27
b2 = iBQv (27)
ey =10y,
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where A,, By and C3 are real. We obtain new form for

equation (25) as

A2 (e_ﬁ — 51 sinh (f;) — 52€§I)
e~¢ + 07 cosh (£5) + daeft

“(%?J;th) =-2 (28)

for
gf = Az + Boy + Bokz + (8 BQk’AQZ + 8B2A22 - CQ) t

f; = AQI + Bgy + ngZ + C2t.
If 55 > 0 then we obtain the exact breather cross-kink solution

Az (2 VB2 sinh(¢f — ) — 01 sinh (€3))
2/8 cosh(&] — B) + by cosh (£5)

U(ﬂ%yazﬂf) =-2

for )
1 5
B=5 ) . &=

If 65 < 0 then we obtain the exact breather cross-kink solution

Ay (2/=85 cosh(& — B) — 6y sinh (£5))

@y 2 t) = = (& — ) + b1 cosh (&)

for
0= % In(—d2) , da=—.

I11. CONCLUSIONS

In this paper, we introduced a modification of three-wave
method, and we obtained some analytic solutions for the
(3+1)-dimensional breaking soliton equation in its bilinear
form. We can apply this modification when a PDE does not
have a bilinear closed form. By comparison of three-wave
method and another analytic methods, like HAM, HTA and
EHTA methods, we can see that the new idea is very easy
and straightforward which can be applied on another nonlinear
partial differential equations.
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